4.0 Math Review

Although this chapter provides a review of some of the mathematical concepts of
arithmetic, algebra, and geometry, it is not intended to be a textbook. You should use this
chapter to familiarize yourself with the kinds of topics that may be tested in the GMAT®
exam. You may wish to consult an arithmetic, algebra, or geometry book for a more
detailed discussion of some of the topics.

Section 4.1, “Arithmetic,” includes the following topics:
1. Properties of Integers
Fractions

Decimals

Real Numbers

Ratio and Proportion

Percents

Powers and Roots of Numbers
Descriptive Statistics

Sets

Counting Methods
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1. Discrete Probability

Section 4.2, “Algebra,” does not extend beyond what is usually covered in a first-year high
school algebra course. The topics included are as follows:

1. Simplifying Algebraic Expressions

Equations

Solving Linear Equations with One Unknown
Solving Two Linear Equations with Two Unknowns
Solving Equations by Factoring

Solving Quadratic Equations

Exponents

Inequalities

Absolute Value
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Functions

Section 4.3, “Geometry,” is limited primarily to measurement and intuitive geometry or
spatial visualization. Extensive knowledge of theorems and the ability to construct proofs,



skills that are usually developed in a formal geometry course, are not tested. The topics
included in this section are the following:

1. Lines

Intersecting Lines and Angles
Perpendicular Lines

Parallel Lines

Polygons (Convex)

Triangles

Quadrilaterals

Circles

Rectangular Solids and Cylinders
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Coordinate Geometry

Section 4.4, “Word Problems,” presents examples of and solutions to the following types
of word problems:

1. Rate Problems
Work Problems
Mixture Problems
Interest Problems
Discount

Profit

Sets

Geometry Problems

Measurement Problems
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Data Interpretation



4.1 Arithmetic

1. Properties of Integers

An integer is any number in the set {... -3, -2, -1,0,1, 2, 3,...}. If x and y are integers
and .0, then x is a divisor (factor) of y provided that »-= for some integer n. In this case, y
is also said to be divisible by x or to be a multiple of x. For example, 7 is a divisor or factor
of 28 since 2#-(7J4, but 8 is not a divisor of 28 since there is no integer n such that 28 = 8n.

If x and y are positive integers, there exist unique integers g and r, called the quotient and
remainder, respectively, such that »-#+- and o<,<:. For example, when 28 is divided by 8,
the quotient is 3 and the remainder is 4 since 2¢-/(3)+4, Note that y is divisible by x if and
only if the remainder r is 0; for example, 32 has a remainder of 0 when divided by 8
because 32 is divisible by 8. Also, note that when a smaller integer is divided by a larger
integer, the quotient is 0 and the remainder is the smaller integer. For example, 5 divided
by 7 has the quotient 0 and the remainder 5 since 5-(7)0)+3,

Any integer that is divisible by 2 is an even integer; the set of even integers is {... -4, -2,
0, 2,4, 6,8,...}. Integers that are not divisible by 2 are odd integers;{...-3,-1,1,3,5, ..
.} is the set of odd integers.

If at least one factor of a product of integers is even, then the product is even; otherwise
the product is odd. If two integers are both even or both odd, then their sum and their
difference are even. Otherwise, their sum and their difference are odd.

A prime number is a positive integer that has exactly two different positive divisors, 1 and
itself. For example, 2, 3, 5, 7, 11, and 13 are prime numbers, but 15 is not, since 15 has four
different positive divisors, 1, 3, 5, and 15. The number 1 is not a prime number since it has
only one positive divisor. Every integer greater than 1 either is prime or can be uniquely
expressed as a product of prime factors. For example, 14-(2K7), 81-(3)3)(3)(3), and 48+ = (2)2)11)(11),

The numbers -2, -1, 0, 1, 2, 3, 4, 5 are consecutive integers. Consecutive integers can be
representedbyn,n+1,n+2,n + 3,...,where nis an integer. The numbers 0, 2, 4, 6, 8
are consecutive even integers, and 1, 3, 5, 7, 9 are consecutive odd integers. Consecutive
even integers can be represented by 2n, 2.+2, 244, . . . , and consecutive odd integers can be
represented by 2:+1, 2043, 2545, . . ., Where n is an integer.

. . . o ] -
Properties of the integer 1. If n is any number, then 1..-., and for any number .o, " "'
The number 1 can be expressed in many ways; for example, » "' for any number »«o.

Multiplying or dividing an expression by 1, in any form, does not change the value of that
expression.

Properties of the integer 0. The integer 0 is neither positive nor negative. If n is any
number, then »+0-. and »-0-0. Division by 0 is not defined.

2. Fractions



In a fraction 4, n is the numerator and d is the denominator. The denominator of a
fraction can never be 0, because division by 0 is not defined.

Two fractions are said to be equivalent if they represent the same number. For example, %
and & are equivalent since they both represent the number 5. In each case, the fraction is
reduced to lowest terms by dividing both numerator and denominator by their greatest
common divisor (ged). The ged of 8 and 36 is 4 and the ged of 14 and 63 is 7.

Addition and subtraction of fractions.

Two fractions with the same denominator can be added or subtracted by performing the
required operation with the numerators, leaving the denominators the same. For
example, s+3=*¢ -Tand > 7-°"-3. If two fractions do not have the same denominator,
express them as equivalent fractions with the same denominator. For example, to add 3
and 7, multiply the numerator and denominator of the first fraction by 7 and the
numerator and denominator of the second fraction by 5, obtaining % and 3, respectively;
3

For the new denominator, choosing the least common multiple (Ilcm) of the
denominators usually lessens the work. For i‘*l, the lcm of 3 and 6 is 6 (not 3xs-18), SO

2 4 2% 1 d.1.5
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Multiplication and division of fractions.

To multiply two fractions, simply multiply the two numerators and multiply the two
denominators.
4_2x4_8

2
For example, 37 57 721,

To divide by a fraction, invert the divisor (that is, find its reciprocal) and multiply. For
4 71 7
example, -3 8-%

In the problem above, the reciprocal of 7 is i In general, the reciprocal of a fraction i is :,
where n and d are not zero.

Mixed numbers.

. . 2 ., .
A number that consists of a whole number and a fraction, for example, '3, is a mixed
number:

2 2
2 means "*3.

To change a mixed number into a fraction, multiply the whole number by the

denominator of the fraction and add this number to the numerator of the fraction; then

: : 2 _[Bx7)2_ 2
put the result over the denominator of the fraction. For example, 3= 3 = 3.

3. Decimals



In the decimal system, the position of the period or decimal point determines the place
value of the digits. For example, the digits in the number 7,654.321 have the following
place values:

~ Thousands

= Hundreds

+  (nes ar wnits
o Tenths

Lo | |I.I:|:‘||.!||:||,‘| this

= Thousancths

Some examples of decimals follow.

4 3. 2 1 _ 31
0321 =5 * 100 " 1,000 ~ 1,000

i WesE R 1 321
00321 = - y 2 o 1 _ 3Z
“*=70 " 100 " 1,000 T 10,000 " 10,000

s & § 158
L36=1+ 16 100 " 100

Sometimes decimals are expressed as the product of a number with only one digit to the
left of the decimal point and a power of 10. This is called scientific notation. For example,
231 can be written as 2u1«10° and 0.0231 can be written as 2:1<10. When a number is
expressed in scientific notation, the exponent of the 10 indicates the number of places
that the decimal point is to be moved in the number that is to be multiplied by a power of
10 in order to obtain the product. The decimal point is moved to the right if the exponent
is positive and to the left if the exponent is negative. For example, 2ms«10' is equal to 20,130
and 191x10~ 1S equal to 0.000191.

Addition and subtraction of decimals.

To add or subtract two decimals, the decimal points of both numbers should be lined up.
If one of the numbers has fewer digits to the right of the decimal point than the other,
zeros may be inserted to the right of the last digit. For example, to add 17.6512 and 653.27,
set up the numbers in a column and add:

17.6512
+ 653.2700
609212

Likewise for 653.27 minus 17.6512:

6532700
- 17.6512
#35.6188

Multiplication of decimals.

To multiply decimals, multiply the numbers as if they were whole numbers and then
insert the decimal point in the product so that the number of digits to the right of the
decimal point is equal to the sum of the numbers of digits to the right of the decimal
points in the numbers being multiplied. For example:



209 (2 digits to the right)
% 1.3 {'. digit to the nr;‘m]
627
2090
2717 (241 =3 digits to the right|

Division of decimals.

To divide a number (the dividend) by a decimal (the divisor), move the decimal point of
the divisor to the right until the divisor is a whole number. Then move the decimal point
of the dividend the same number of places to the right, and divide as you would by a
whole number. The decimal point in the quotient will be directly above the decimal point
in the new dividend. For example, to divide 698.12 by 12.4:

12.4|698.12

will be replaced by: 124612

and the division would proceed as follows:

56.3
124)6981.2

(20
781
744

372
an
0

4. Real Numbers

All real numbers correspond to points on the number line and all points on the number
line correspond to real numbers. All real numbers except zero are either positive or
negative.

3
2 0242
A
- =5 -4 =3 =210 1 2
On a number line, numbers corresponding to points to the left of zero are negative and
numbers corresponding to points to the right of zero are positive. For any two numbers
on the number line, the number to the left is less than the number to the right; for
example,

3 _
a3yl and 1«4z <2

To say that the number n is between 1 and 4 on the number line means that »>1 and .-,
that is, 1<»<4. If n is “between 1 and 4, inclusive,” then 1za=4.

The distance between a number and zero on the number line is called the absolute value
of the number. Thus 3 and —3 have the same absolute value, 3, since they are both three
units from zero. The absolute value of 3 is denoted 5. Examples of absolute values of



numbers are

f-5mB=5, =5 e L, and j0=0

0
2

ba |~

Note that the absolute value of any nonzero number is positive.

Here are some properties of real numbers that are used frequently. If x, y, and z are real
numbers, then

(1) #+»=»+= and === For example, s+3-3.8-11, and (17)5)=5)17) =5,
(2) [+ 3)+2=x+(y+2) and [w)==+], For example, (7+5)+2=7+(5+2)=7+(7)=14 and (5/3)(3) = G)¥3+5) = (5)(3) =15,
(3) =+==xly+2). For example, 718(36)+ 718(64) - 718(36 + 64) - 718(100) - 71,600,
(4) If x and y are both positive, then =+ and xy are positive.
(5) If x and y are both negative, then =+» is negative and xy is positive.
(6) If x is positive and y is negative, then xy is negative.
(7) If »=0, then «-0 or »~0. For example, 3»-0 implies »=0.
(8) k+4ski+ly, For example, if «-10 and »-2, then k+»=h2-12-k+ly; and if .10 and »--2, then
e o= HaB <12 o],
5. Ratio and Proportion
The ratio of the number a to the number b ¢#9 3,

A ratio may be expressed or represented in several ways. For example, the ratio of 2 to 3
can be written as 2 to 3, 2:3, or 3. The order of the terms of a ratio is important. For
example, the ratio of the number of months with exactly 30 days to the number with
exactly 31 days is 7, not i.

A proportion is a statement that two ratios are equal; for example, i"hisa proportion.
One way to solve a proportion involving an unknown is to cross multiply, obtaining a new

equality. For example, to solve for n in the proportion -1, cross multiply, obtaining 24-3;
then divide both sides by 3, to get »-s.

6. Percents

Percent means per hundred or number out of 100. A percent can be represented as a
fraction with a denominator of 100, or as a decimal. For example:

. 37
3% - - 0.37
100 .

To find a certain percent of a number, multiply the number by the percent expressed as a
decimal or fraction. For example:



-?-M ‘:I‘I'_':JU- ﬂle ':I'D- IE
or

20% of 90 = 20 %90~ 1 x90-18
|'rH-' a .

Percents greater than 100%.

Percents greater than 100% are represented by numbers greater than 1. For example:

300
300% = 200 _ 3
100

250% of 80 = 2.5 x 80 = 204,

Percents less than 1%.

The percent 0.5% means sof 1 percent. For example, 0.5% of 12 is equal to o.00sx12-00s.

Percent change.

Often a problem will ask for the percent increase or decrease from one quantity to
another quantity. For example, “If the price of an item increases from $24 to $30, what is
the percent increase in price?” To find the percent increase, first find the amount of the
increase; then divide this increase by the original amount, and express this quotient as a
percent. In the example above, the percent increase would be found in the following way:
the amount of the increase is (#-2-6. Therefore, the percent increase is %%~ 2%,

Likewise, to find the percent decrease (for example, the price of an item is reduced from
$30 to $24), first find the amount of the decrease; then divide this decrease by the
original amount, and express this quotient as a percent. In the example above, the
amount of decrease is (30-24)-¢,

Therefore, the percent decrease is 3 =%~

Note that the percent increase from 24 to 30 is not the same as the percent decrease from
30 to 24.

In the following example, the increase is greater than 100 percent: If the cost of a certain
house in 1983 was 300 percent of its cost in 1970, by what percent did the cost increase?

L

If n is the cost in 1970, then the percent increase is equal to ~» " "% or 200%.

7. Powers and Roots of Numbers

When a number k is to be used n times as a factor in a product, it can be expressed as k",
which means the nth power of k. For example, »-2x2-4 and 2 -=2x2x2-5 are powers of 2.

Squaring a number that is greater than 1, or raising it to a higher power, results in a larger
number; squaring a number between 0 and 1 results in a smaller number. For example:



3'-9 (9> 3)

@-3 (<Y

(01) =0.01 (001<0.)
A square root of a number n is a number that, when squared, is equal to n. The square
root of a negative number is not a real number. Every positive number n has two square
roots, one positive and the other negative, but v» denotes the positive number whose
square is n. For example, s denotes 3. The two square roots of 9 are +s-3 and - --a.

Every real number r has exactly one real cube root, which is the number s such that . -..
The real cube root of ris denoted by . Since » -5, 4 -2. Similarly, +=--2, because [-2) =+,

8. Descriptive Statistics

A list of numbers, or numerical data, can be described by various statistical measures.
One of the most common of these measures is the average, or (arithmetic) mean, which
locates a type of “center” for the data. The average of n numbers is defined as the sum of

the n numbers divided by n. For example, the average of 6, 4, 7, 10, and 4 is 5"~ § -2

The median is another type of center for a list of numbers. To calculate the median of n
numbers, first order the numbers from least to greatest; if n is odd, the median is defined
as the middle number, whereas if n is even, the median is defined as the average of the
two middle numbers. In the example above, the numbers, in order, are 4, 4, 6, 7, 10, and
the median is 6, the middle number.

For the numbers 4, 6, 6, 8, 9, 12, the median is *3**7_ Note that the mean of these numbers
1S 7.5.

The median of a set of data can be less than, equal to, or greater than the mean. Note that
for a large set of data (for example, the salaries of 800 company employees), it is often
true that about half of the data is less than the median and about half of the data is
greater than the median; but this is not always the case, as the following data show.

3, 5, 7’ 7, 7, 7, 7, 7? 8’ 97 9’ 9, 9’ 10? 10
Here the median is 7, but only s of the data is less than the median.

The mode of a list of numbers is the number that occurs most frequently in the list. For
example, the mode of 1, 3, 6, 4, 3, 5 is 3. A list of numbers may have more than one mode.
For example, the list 1, 2, 3, 3, 3, 5, 7, 10, 10, 10, 20 has two modes, 3 and 10.

The degree to which numerical data are spread out or dispersed can be measured in many
ways. The simplest measure of dispersion is the range, which is defined as the greatest
value in the numerical data minus the least value. For example, the range of 11, 10, 5, 13,
21 is 21-5-16. Note how the range depends on only two values in the data.

One of the most common measures of dispersion is the standard deviation. Generally
speaking, the more the data are spread away from the mean, the greater the standard
deviation. The standard deviation of n numbers can be calculated as follows: (1) find the



arithmetic mean, (2) find the differences between the mean and each of the n numbers,
(3) square each of the differences, (4) find the average of the squared differences, and (5)
take the nonnegative square root of this average. Shown below is this calculation for the
data 0, 7, 8, 10, 10, which have arithmetic mean 7.

-7 (e-7)

x

0 -7 49

7 0 0

8 1

10 3 9

10 3 9
Total 68

Standard deviation V5 ~*’

Notice that the standard deviation depends on every data value, although it depends most
on values that are farthest from the mean. This is why a distribution with data grouped
closely around the mean will have a smaller standard deviation than will data spread far
from the mean. To illustrate this, compare the data 6, 6, 6.5, 7.5, 9, which also have mean
7. Note that the numbers in the second set of data seem to be grouped more closely
around the mean of 7 than the numbers in the first set. This is reflected in the standard
deviation, which is less for the second set (approximately 1.1) than for the first set
(approximately 3.7).

There are many ways to display numerical data that show how the data are distributed.
One simple way is with a frequency distribution, which is useful for data that have values
occurring with varying frequencies. For example, the 20 numbers

-400-3-2-1-10-1-4

-1-50-20-5-200 -1

are displayed on the next page in a frequency distribution by listing each different value x
and the frequency f with which x occurs.

Data Frequency
Value f

I
w
W N DN



Total 20

From the frequency distribution, one can readily compute descriptive statistics:

Mean: - [-5}(2}4[_4}(2}+[-3}[1};i-z]{3}+[_1]{5}4(¢}[;]. oy

Median: -1 (the average of the 10th and 11th numbers) Mode: o (the number that occurs
most frequently) Range: 0-(-5)-5

| ol T 35
. L. (-5+1.6) (2)+(—4+186)(2)+...+(0+16)(7) __
Standard deviation: V T LINE

9. Sets

In mathematics a set is a collection of numbers or other objects. The objects are called the
elements of the set. If Sis a set having a finite number of elements, then the number of
elements is denoted by 5. Such a set is often defined by listing its elements; for example,
s-f5.0.1 is a set with -2,

The order in which the elements are listed in a set does not matter; thus |- ¢ 1}={o.1. -5}, If all
the elements of a set S are also elements of a set T, then S is a subset of T; for example,
s-{s.0.1 is a subset of 7={-.0.1. 4. 10},

For any two sets A and B, the union of A and B is the set of all elements that are in A or in
B or in both. The intersection of A and B is the set of all elements that are both in A and
in B. The union is denoted by 4us and the intersection is denoted by 4ns. As an example, if
4=13.4} and #-{+5. 6|, then 24U~ 4 5.¢f and 4n5-{+}. Two sets that have no elements in common
are said to be disjoint or mutually exclusive.

The relationship between sets is often illustrated with a Venn diagram in which sets are
represented by regions in a plane. For two sets S and T that are not disjoint and neither is
a subset of the other, the intersection snr is represented by the shaded region of the
diagram below.

This diagram illustrates a fact about any two finite sets S and T: the number of elements
in their union equals the sum of their individual numbers of elements minus the number
of elements in their intersection (because the latter are counted twice in the sum); more
concisely,

SUT| =8+ frf-sn7,

This counting method is called the general addition rule for two sets. As a special case, if S



and T are disjoint, then

BUT =8+

since FN7i-0,

10. Counting Methods

There are some useful methods for counting objects and sets of objects without actually
listing the elements to be counted. The following principle of multiplication is
fundamental to these methods.

If an object is to be chosen from a set of m objects and a second object is to be chosen
from a different set of n objects, then there are mn ways of choosing both objects
simultaneously.

As an example, suppose the objects are items on a menu. If a meal consists of one entree
and one dessert and there are 5 entrees and 3 desserts on the menu, then there are s«i-1s
different meals that can be ordered from the menu. As another example, each time a coin
is flipped, there are two possible outcomes, heads and tails. If an experiment consists of 8
consecutive coin flips, then the experiment has 28 possible outcomes, where each of these
outcomes is a list of heads and tails in some order.

A symbol that is often used with the multiplication principle is the factorial. If n is an
integer greater than 1, then n factorial, denoted by the symbol n!, is defined as the product
of all the integers from 1 to n. Therefore,

2=1){2)=2,
3t=(1)(2)(3) =5,
41 =[1)(2)(3)(4) = 24, exc.

Also, by definition, o= 11-1.

The factorial is useful for counting the number of ways that a set of objects can be
ordered. If a set of n objects is to be ordered from 1st to nth, then there are n choices for
the 1st object, »-1 choices for the 2nd object, »-2 choices for the 3rd object, and so on, until
there is only 1 choice for the nth object. Thus, by the multiplication principle, the number
of ways of ordering the n objects is

aln-1)e-2) , (3(2)0)=n,

For example, the number of ways of ordering the letters A, B, and C is 3!, or 6:
ABC, ACB, BAC, BCA, CAB, and CBA.

These orderings are called the permutations of the letters A, B, and C.

A permutation can be thought of as a selection process in which objects are selected one
by one in a certain order. If the order of selection is not relevant and only k objects are to
be selected from a larger set of n objects, a different counting method is employed.



Specifically, consider a set of n objects from which a complete selection of k objects is to
be made without regard to order, where o<:<». Then the number of possible complete
selections of k objects is called the number of combinations of n objects taken k at a time

" n) n) e 1 N
and is denoted by [:;. The value of [-t; is given by [*J el - g,

Note that [.1,. is the number of k-element subsets of a set with n elements. For example, if

s={a.8,¢0,E then the number Qf 2-element subsets of S, or the number of combinations of
s 120

5 letters taken 2 at a time, is [3] 23" (2ffe] ™

The subsets are {A, B}, {A, C}, {A, D}, {A, E}, {B, C}, {B, D}, {B, E}, {C, D}, {C, E}, and {D,

E}.

5 5\
Note that [;] g [ﬁ; because every 2-element subset chosen from a set of 5 elements

corresponds to a unique 3-element subset consisting of the elements not chosen.

m

| n Y
In general, # '(n—m.

11. Discrete Probability

Many of the ideas discussed in the preceding three topics are important to the study of
discrete probability. Discrete probability is concerned with experiments that have a finite
number of outcomes. Given such an experiment, an event is a particular set of outcomes.
For example, rolling a number cube with faces numbered 1 to 6 (similar to a 6-sided die)
is an experiment with 6 possible outcomes: 1, 2, 3, 4, 5, or 6. One event in this experiment
is that the outcome is 4, denoted {4}; another event is that the outcome is an odd
number: {1, 3, 5}.

The probability that an event E occurs, denoted by P (E), is a number between 0 and 1,
inclusive. If E has no outcomes, then E is impossible and *(£)-9; if E is the set of all
possible outcomes of the experiment, then E is certain to occur and *l£)-1, Otherwise, E is
possible but uncertain, and °<*(£)<1, If F is a subset of E, then ?[¥)#l£], In the example above,
if the probability of each of the 6 outcomes is the same, then the probability of each
outcome is s, and the outcomes are said to be equally likely. For experiments in which all
the individual outcomes are equally likely, the probability of an event E is

P(£) = ——The number of outcomes in £
The total member of possible cutcomes,

In the example, the probability that the outcome is an odd number is

ni e aay Be o
P(f1, 3, s})="" = =g=3

Given an experiment with events E and F, the following events are defined:
“not E” is the set of outcomes that are not outcomes in E;

“E or F” is the set of outcomes in E or F or both, that is, zur;



“E and F” is the set of outcomes in both E and F, that is, n~.

The probability that E does not occur is Pl £)-1-r£], The probability that “E or F” occurs is
P(E o F)= P{E)+ P(F)- P[Ewd 7] ysing the general addition rule at the end of section 4.1.9 (“Sets™).
For the number cube, if E is the event that the outcome is an odd number, {1 3, 5}, and F
is the event that the outcome is a prime number, {2, 3, 5}, then " =47 #5521 and so

P(E or F)=P(E)+ P(F)- P[Eand F)= 243 - 222
] .

. 4}1 203 J}'
Note that the event “E or F” is #U7-{1.2.3.5] and hence “(E= =" =43,

If the event “E and F” is impossible (that is, £n has no outcomes), then E and F are said

to be mutually exclusive events, and #(£=4#)-0, Then the general addition rule is reduced to
P(E or F| = P(E)+ P(F),

This is the special addition rule for the probability of two mutually exclusive events.

Two events A and B are said to be independent if the occurrence of either event does not
alter the probability that the other event occurs. For one roll of the number cube, let

4-2.4,6) and let #-15¢l. Then the probability that A occurs is 7/ 23 -3, while, presuming B
occurs, the probability that A occurs is

ung  fo} 4

B {5’,";}1 "2,

Similarly, the probability that B occurs is Ple)- ¢~¢73, while , presuming A occurs, the
probability that B occurs is

HIHI.*f [fr} 1
7] {z 4, ﬁ}' '3'.

Thus, the occurrence of either event does not affect the probability that the other event
occurs. Therefore, A and B are independent.
The following multiplication rule holds for any independent events E and F: P(E wd )= P{z]p(F),

For the independent events A and B above, "1 ¢5)=#l417(5)- Z)6)-6)

Note that the event “A and B” is 4"#-1}, and hence *“*4#-?[d)- . Tt follows from the general
addition rule and the multiplication rule above that if E and F are independent, then

P(E o F)= P(E)+ P(F)- P(E)P(F),

For a final example of some of these rules, consider an experiment with events A, B, and
C for which #l4l-023 p()-040 and »lci-0s5, Also, suppose that events A and B are mutually
exclusive and events B and C are independent. Then

P[.»‘f or H}- I’{.'F:l - P[H} {5'Ln:r: A or B are mumally mﬂ:]us.il.'cjl
= 0,23 +0.40
= (1.A3



P(B or C)= P(B)+ P(C)- P(B)P(C) (by independence)

= 0.40 +0.85 - 0.40){0.85)

= (1.9
Note that P (A or C) and P (A and C) cannot be determined using the information given.
But it can be determined that A and C are not mutually exclusive since Pl4)+?(c)-108 which is
greater than 1, and therefore cannot equal P (A or C); from this it follows that #l4wdc)=008,
One can also deduce that Pl4=dc)=r(4)-023 gince anc is a subset of A, and that Pl4 e )= P(c]=0ss
since C is a subset of «uc. Thus, one can conclude that 085=P(4e¢)=1 gnd 0082 P(4and ¢} <023,



4.2 Algebra

Algebra is based on the operations of arithmetic and on the concept of an unknown
quantity, or variable. Letters such as x or n are used to represent unknown quantities.
For example, suppose Pam has 5 more pencils than Fred. If F represents the number of
pencils that Fred has, then the number of pencils that Pam has is ».s. As another example,
if Jim’s present salary S is increased by 7%, then his new salary is 1.07S. A combination of

. . . P 3z’ . .
letters and arithmetic operations, such as “** 2.-s, and 19.-s«+3, is called an algebraic
expression.

The expression .-+ 3 consists of the terms 19x>, —6x, and 3, where 19 is the coefficient of
x2, —6 is the coefficient of x!, and 3 is a constant term (or coefficient of «-1). Such an
expression is called a second degree (or quadratic) polynomial in x since the highest
power of x is 2. The expression r.sis a first degree (or linear) polynomial in F since the
highest power of Fis 1. The expression »-5 is not a polynomial because it is not a sum of
terms that are each powers of x multiplied by coefficients.

1. Simplifying Algebraic Expressions

Often when working with algebraic expressions, it is necessary to simplify them by
factoring or combining like terms. For example, the expression s.s. is equivalent to (6+3)s,
or 11x. In the expression -3, 3 is a factor common to both terms: %-3r-3(3+-5), In the
expression 5= +6, there are no like terms and no common factors.

If there are common factors in the numerator and denominator of an expression, they can
be divided out, provided that they are not equal to zero.

For example, if ««3, then s equal to 1; therefore,

3.1}' ‘}}: 3')-":" 5 3}
x—3 x—3

- (3,)(1)

-3y

To multiply two algebraic expressions, each term of one expression is multiplied by each
term of the other expression. For example:

(3.1.- - 4](9_-,- - r:l = 3.1-I:9;..- - x]— 4[??_1.- - x] . .
= (3x)(9)+ (3)(x) + (~4)9) + (~4)(x]
= 2Ty +3x’ -3y -dx
An algebraic expression can be evaluated by substituting values of the unknowns in the
expression. For example, if -3 and »--2, then 3»-++» can be evaluated as
3(3)(-2)-(3) +(-2)=-18-9-2=-29

2. Equations

A major focus of algebra is to solve equations involving algebraic expressions. Some



examples of such equations are

Sx-2ml_x II:. linear equation with one u nlumﬂ}
Ix#lmy=-2 {a linear equation with two unknmms}
Sx' 4 3x=2=mTx [a quadratic equation with one un]crmmj'

J:[: - SH.E"+ 'E}

3 =} {u.n cquation that is factored on one side with 0 on the 1:rt|'u:|.‘]
-

The solutions of an equation with one or more unknowns are those values that make the
equation true, or “satisfy the equation,” when they are substituted for the unknowns of
the equation. An equation may have no solution or one or more solutions. If two or more
equations are to be solved together, the solutions must satisfy all the equations
simultaneously.

Two equations having the same solution(s) are equivalent equations. For example, the
equations

24x=]
4+2x=iy

each have the unique solution :-1. Note that the second equation is the first equation
multiplied by 2. Similarly, the equations

Je=y=6

br=2y=12
have the same solutions, although in this case each equation has infinitely many
solutions. If any value is assigned to x, then s«-¢ is a corresponding value for y that will

satisfy both equations; for example, .-z and »-0is a solution to both equations, as is «-s and
y=9,

3. Solving Linear Equations with One Unknown

To solve a linear equation with one unknown (that is, to find the value of the unknown
that satisfies the equation), the unknown should be isolated on one side of the equation.
This can be done by performing the same mathematical operations on both sides of the
equation. Remember that if the same number is added to or subtracted from both sides of
the equation, this does not change the equality; likewise, multiplying or dividing both
sides by the same nonzero number does not change the equality. For example, to solve

the equation *7%=4 for x, the variable x can be isolated using the following steps:

Sx—6=12 [mu'ltipl}in,g by '3]
Sx=18 (addirg 6)

18 s s
x= 5 ld.r.-'lrd'.rl.g by 5}

The solution, S, can be checked by substituting it for x in the original equation to
determine whether it satisfies that equation:
5(18

~5)' 18-6 12
SN §- L R S|
3 3 3



Therefore, *~ % is the solution.

4. Solving Two Linear Equations with Two Unknowns

For two linear equations with two unknowns, if the equations are equivalent, then there
are infinitely many solutions to the equations, as illustrated at the end of section 4.2.2
(“Equations”). If the equations are not equivalent, then they have either a unique
solution or no solution. The latter case is illustrated by the two equations:

Je+dy=17

Gx+8y=35
Note that 3=+4y-17 implies ¢=+8y-34, which contradicts the second equation. Thus, no values of
x and y can simultaneously satisfy both equations.

There are several methods of solving two linear equations with two unknowns. With any
method, if a contradiction is reached, then the equations have no solution; if a trivial
equation such as o-0is reached, then the equations are equivalent and have infinitely
many solutions. Otherwise, a unique solution can be found.

One way to solve for the two unknowns is to express one of the unknowns in terms of the
other using one of the equations, and then substitute the expression into the remaining
equation to obtain an equation with one unknown. This equation can be solved and the
value of the unknown substituted into either of the original equations to find the value of
the other unknown. For example, the following two equations can be solved for x and y.

(1) 3+ 2y =11
{E} x=y=2

In equation (2), =-2+». Substitute 2+ in equation (1) for x:

3|:2+ J-}+2_5--1]
G+ iy+dy=11
G+3y=11
S5ym5

y=1

If y-1, then :-1-2and x«241-5.
There is another way to solve for x and y by eliminating one of the unknowns. This can be
done by making the coefficients of one of the unknowns the same (disregarding the sign)

in both equations and either adding the equations or subtracting one equation from the
other. For example, to solve the equations

1) 6r+5y=29
(1) 6x+5y
(2) 4x-3y=-6

by this method, multiply equation (1) by 3 and equation (2) by 5 to get

18x+ 15_1.' = 87
2x=15ym =30



Adding the two equations eliminates y, yielding ss.-ss, or *" 2. Finally, substituting > for x in
one of the equations gives »-4. These answers can be checked by substituting both values
into both of the original equations.

5. Solving Equations by Factoring

Some equations can be solved by factoring. To do this, first add or subtract expressions to
bring all the expressions to one side of the equation, with 0 on the other side. Then try to
factor the nonzero side into a product of expressions. If this is possible, then using
property (77) in section 4.1.4 (“Real Numbers”) each of the factors can be set equal to 0,
yielding several simpler equations that possibly can be solved. The solutions of the
simpler equations will be solutions of the factored equation. As an example, consider the
equation « -2 +x=-5(«-1);

=2 +x+5(x-1) =0
x(x -2 41)+5(x-1] =0
x(x=1) +5(x=1) =0
(x+5)[x=1) =0
x+5mler(x=1) =0

rm-Sorx=l,

) xfx—3)(x? + 3) . . .
For another example, consider ~ «-4+ % A fraction equals 0 if and only if its numerator

equals 0. Thus, *(==3)[x'+5)-0;

vmlors=t=mDorz’+5=0

s=lors=3orx" +5=10.

But .:.s-0 has no real solution because . s-0 for every real number. Thus, the solutions are
0 and 3.

The solutions of an equation are also called the roots of the equation. These roots can be
checked by substituting them into the original equation to determine whether they satisfy
the equation.

6. Solving Quadratic Equations

The standard form for a quadratic equation is

ae’ 4 b temil,

where a, b, and c are real numbers and .-¢; for example:

4 bhx+5=i)
Ja' = 2x =10, and
2+ 4=

Some quadratic equations can easily be solved by factoring. For example:



e sbr+5=0

(x4 5)x+1)=0

x+5=Dorx+1=0

(1) rm—Sorx=-1

3x' - 3=8x
3x'-Bx-1=0
(3x+1)(x-3]=0
Jx+l=Dorx=3=0

(2) .1:-—.1 orxm3

A quadratic equation has at most two real roots and may have just one or even no real
root. For example, the equation «-s:+s9-0 can be expressed as (+-3) =0, or (+-3(x-3)=0; thus the
only root is 3. The equation »+4-0 has no real root; since the square of any real number is
greater than or equal to zero, »*++ must be greater than zero.

An expression of the form .-+ can be factored as l¢-#«+4),

For example, the quadratic equation s -2-0 can be solved as follows.

(3x-5)(3x+5)=0
Jx-5=00r Jx+35=10

% §
E ._.LU[A 3

If a quadratic expression is not easily factored, then its roots can always be found using
the quadratic formula: If &+ s+c-0l2=9), then the roots are

=+ /b = dar s =h = b = dr

2a 2a

Ea

These are two distinct real numbers unless # - 4x<0. If 4 - 4. -0, then these two expressions for

x are equal to - %, and the equation has only one root. If » - <0, then V¥ -z« is not a real
number and the equation has no real roots.

7. Exponents

A positive integer exponent of a number or a variable indicates a product, and the positive
integer is the number of times that the number or variable is a factor in the product. For

example, x> means (x)(x)(x)(x)(x); that is, x is a factor in the product 5 times.
Some rules about exponents follow.
Let x and y be any positive numbers, and let r and s be any positive integers.
(1) )l=)==""" for example (27)(2) = 2" w2 w32,
(2) i . for example, ¢ =¥ "4 =64,
(3) )=(o); for example, [¥)(+)-12"-1.72¢,

8

(4) [:ﬁ] 'i-r"; for example, ﬁ'fz?
(5) (=) =="=(]; for example, (=) =="=(=",



(6) =" "+ for example,* =¥ i

(7) « -1; for example, & -1.

(8) *=|x) =) =" for example, * =|¥) =) =E =1 g 50 G,

It can be shown that rules 1—6 also apply when r and s are not integers and are not
positive, that is, when r and s are any real numbers.

8. Inequalities

An inequality is a statement that uses one of the following symbols:

= not equal to

= preater than

& preater than or equal to

< |ess than

= less than or equal to

Some examples of inequalities are s.-1<s, éx=5, and 344, Solving a linear inequality with one
unknown is similar to solving an equation; the unknown is isolated on one side of the
inequality. As in solving an equation, the same number can be added to or subtracted
from both sides of the inequality, or both sides of an inequality can be multiplied or
divided by a positive number without changing the truth of the inequality. However,
multiplying or dividing an inequality by a negative number reverses the order of the
inequality. For example, -2, but (-1){)<[-1)2],

To solve the inequality 3:-2-5 for x, isolate x by using the following steps:

Jx-2>5

3x>7 (adding 2 to both sides)
x> (dividing both sides by 3)

To solve the inequality "< for X, isolate x by using the following steps:

Sx—1=-6 [mu.'lrip]}-ing hath sides by —2]
5x>-5 (adding 1 to both sides)
x>-1 {d.i\liding both sides by 5|

9. Absolute Value

The absolute value of x, denoted ¥, is defined to be x if =0 and —x if «<o. Note that
denotes the nonnegative square root of x2, and so ¥+* -k,

10. Functions

An algebraic expression in one variable can be used to define a function of that variable. A
function is denoted by a letter such as f or g along with the variable in the expression. For
example, the expression -5 .2 defines a function f that can be denoted by



_flz.r]-xl - 5::1::I +2

247

The expression Jz+1 defines a function g that can be denoted by

ole)- 2L
The symbols “f (x)” or “g (z)” do not represent products; each is merely the symbol for an
expression, and is read “f of x” or “g of z.”

Function notation provides a short way of writing the result of substituting a value for a
variable. If x = 1 is substituted in the first expression, the result can be written /1)--2, and
/11 is called the “value of f at «-1.” Similarly, if - -0 is substituted in the second expression,

then the value of g at --ois (-7,

Once a function /[ is defined, it is useful to think of the variable x as an input and /(- as
the corresponding output. In any function there can be no more than one output for any
given input. However, more than one input can give the same output; for example, if
bs=b+3 then #l-4)=1=4-2],

The set of all allowable inputs for a function is called the domain of the function. For f
and g defined above, the domain of fis the set of all real numbers and the domain of g is
the set of all numbers greater than —1. The domain of any function can be arbitrarily
specified, as in the function defined by “#(x}-%:-5 for 0<xs10.” Without such a restriction, the
domain is assumed to be all values of x that result in a real number when substituted into
the function.

The domain of a function can consist of only the positive integers and possibly 0. For
example, “")="*% for s-0,1.2.5.. . . .

Such a function is called a sequence and a(n) is denoted by a,. The value of the sequence
a, at n-3is =" $=9%_ As another example, consider the sequence defined by %=+ for
=123 ... Asequence like this is often indicated by listing its values in the order b,, b,,
by, ..., by, ...a8 follows:

-1,2,-6,...,(-1)"n!),...,and (-1)*(n!) is called the nth term of the sequence.



4.3 Geometry

1. Lines

In geometry, the word “line” refers to a straight line that extends without end in both
directions.

p i)

e

The line above can be referred to as line PQ or line . The part of the line from Pto Q is
called a line segment. P and Q are the endpoints of the segment. The notation »¢ is used to
denote line segment PQ and PQ is used to denote the length of the segment.

2. Intersecting Lines and Angles

If two lines intersect, the opposite angles are called vertical angles and have the same
measure. In the figure

«rrg and <srr are vertical angles and <exs and «prr are vertical angles. Also, =+»=1%0" since PRS
is a straight line.

3. Perpendicular Lines

An angle that has a measure of «- is a right angle. If two lines intersect at right angles, the
lines are perpendicular. For example:

r,and *. above are perpendicular, denoted by . ... A right angle symbol in an angle of
intersection indicates that the lines are perpendicular.

4. Parallel Lines

If two lines that are in the same plane do not intersect, the two lines are parallel. In the
figure

lines #. and ¢. are parallel, denoted by ¢ |« If two parallel lines are intersected by a third
line, as shown below, then the angle measures are related as indicated, where x+y=1s0,



5. Polygons (Convex)

A polygon is a closed plane figure formed by three or more line segments, called the sides
of the polygon. Each side intersects exactly two other sides at their endpoints. The points
of intersection of the sides are vertices. The term “polygon” will be used to mean a convex
polygon, that is, a polygon in which each interior angle has a measure of less than 1s-.

The following figures are polygons:

The following figures are not polygons:
X TR g

A polygon with three sides is a triangle; with four sides, a quadrilateral; with five sides, a
pentagon; and with six sides, a hexagon.

The sum of the interior angle measures of a triangle is 5. In general, the sum of the
interior angle measures of a polygon with n sides is equal to (-2'%", For example, this sum
for a pentagon is (5- 2)180° = (380 = 540,

Note that a pentagon can be partitioned into three triangles and therefore the sum of the
angle measures can be found by adding the sum of the angle measures of three triangles.

The perimeter of a polygon is the sum of the lengths of its sides.

The commonly used phrase “area of a triangle” (or any other plane figure) is used to
mean the area of the region enclosed by that figure.

6. Triangles

There are several special types of triangles with important properties. But one property
that all triangles share is that the sum of the lengths of any two of the sides is greater
than the length of the third side, as illustrated below.

i

&

T

x+yrmxezrpandyezrx



An equilateral triangle has all sides of equal length. All angles of an equilateral triangle
have equal measure. An isosceles triangle has at least two sides of the same length. If two
sides of a triangle have the same length, then the two angles opposite those sides have the
same measure. Conversely, if two angles of a triangle have the same measure, then the
sides opposite those angles have the same length. In isosceles triangle PQR below, ==
since rg-or,

A triangle that has a right angle is a right triangle. In a right triangle, the side opposite the
right angle is the hypotenuse, and the other two sides are the legs. An important theorem
concerning right triangles is the Pythagorean theorem, which states: In a right triangle,
the square of the length of the hypotenuse is equal to the sum of the squares of the
lengths of the legs.

In the figure above, arsr is a right triangle, so (&) +(&7) =(s7] Here, zs-s and &r-s, SO sr-10, since
6'+8"=36+64=10=(sT]" and sr-vieo. Any triangle in which the lengths of the sides are in the ratio
3:4:5 is a right triangle. In general, if a, b, and c are the lengths of the sides of a triangle
and .-+ # .+, then the triangle is a right triangle.

In 474590 triangles, the lengths of the sides are in the ratio 112, For example, in axz, if /-2,
then sx-2 and &.-22. In so-s0-90° triangles, the lengths of the sides are in the ratio 1:v32. For
example, in axz, if xz.3, then x-35 and vz-s.

The altitude of a triangle is the segment drawn from a vertex perpendicular to the side
opposite that vertex. Relative to that vertex and altitude, the opposite side is called the
base.

The area of a triangle is equal to:

(the length of the altinude) x (the length of the base)



In asrc, w0 is the altitude to base ¢ and 4= is the altitude to base #e. The area of ac is equal
to
Rsz:fﬂ'_i;ﬁ_zﬂ.

. AE x BC . . . 1.
The area is also equal to = 2> . If a4rc above is isosceles and 4 - zc, then altitude & bisects

the base; that is, - nc-4. Similarly, any altitude of an equilateral triangle bisects the side
to which it is drawn.

3\'5_ :_‘E' - g\‘lrg

In equilateral triangle DEF, if pe-¢, then ne-3 and z¢-343. The area of aper is equal to ™

7. Quadrilaterals

A polygon with four sides is a quadrilateral. A quadrilateral in which both pairs of
opposite sides are parallel is a parallelogram. The opposite sides of a parallelogram also
have equal length.

: oo

| PR

In parallelogram JKLM, /% | iM and sk « v K2 | M and &z« m,
The diagonals of a parallelogram bisect each other (that is, xv- s and v -az),

The area of a parallelogram is equal to

(the length of the altirude) x the length of the base),

The area of JKLM is equal to sx6=24.

A parallelogram with right angles is a rectangle, and a rectangle with all sides of equal
length is a square.

b |
I

The perimeter of #¥1Z-2(3)+2[7)-20 and the area of WXYZ is equal to 3x7-21,

The diagonals of a rectangle are equal; therefore wy - xz-5:% - 5.




A quadrilateral with two sides that are parallel, as shown above, is a trapezoid. The area of
trapezoid PQRS may be calculated as follows:

3 {the sum of the lengths of the bases)[the height) = 7 (QR + Ps)(8) = 2(28:x8) =112

8. Circles

A circle is a set of points in a plane that are all located the same distance from a fixed
point (the center of the circle).

A chord of a circle is a line segment that has its endpoints on the circle. A chord that
passes through the center of the circle is a diameter of the circle. A radius of a circle is a
segment from the center of the circle to a point on the circle. The words “diameter” and
“radius” are also used to refer to the lengths of these segments.

The circumference of a circle is the distance around the circle. If r is the radius of the
. . . . . 22
circle, then the circumference is equal to 2:, where = is approximately 7 or 3.14. The area

of a circle of radius r is equal to .
/_\x
W
o 7 |

r 2

S o

In the circle above, O is the center of the circle and /x and #z are chords. = is a diameter
and oz is a radius. If or-7, then the circumference of the circle is 2+7)=14= and the area of the
circle is #{7) =49,

The number of degrees of arc in a circle (or the number of degrees in a complete
revolution) is 360.

R
>l
I.\ r)a /l.*;
“
¢
In the circle with center O above, the length of arc RST is 3 of the circumference of the
circle; for example, if «-«, then arc RST has length s of the circumference of the circle.

A line that has exactly one point in common with a circle is said to be tangent to the
circle, and that common point is called the point of tangency. A radius or diameter with
an endpoint at the point of tangency is perpendicular to the tangent line, and, conversely,
a line that is perpendicular to a radius or diameter at one of its endpoints is tangent to the
circle at that endpoint.
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The line : above is tangent to the circle and radius o7 is perpendicular to .

If each vertex of a polygon lies on a circle, then the polygon is inscribed in the circle and
the circle is circumscribed about the polygon. If each side of a polygon is tangent to a
circle, then the polygon is circumscribed about the circle and the circle is inscribed in the
polygon.

0" SR y P

ra
P\M_ _F’F__/E A 3

In the figure above, quadrilateral PQRS is inscribed in a circle and hexagon ABCDEF is
circumscribed about a circle.

If a triangle is inscribed in a circle so that one of its sides is a diameter of the circle, then
the triangle is a right triangle.
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In the circle above, xz is a diameter and the measure of .xz is s-.

9. Rectangular Solids and Cylinders

A rectangular solid is a three-dimensional figure formed by 6 rectangular surfaces, as
shown below. Each rectangular surface is a face. Each solid or dotted line segment is an
edge, and each point at which the edges meet is a vertex. A rectangular solid has 6 faces,
12 edges, and 8 vertices. Opposite faces are parallel rectangles that have the same
dimensions. A rectangular solid in which all edges are of equal length is a cube.

The surface area of a rectangular solid is equal to the sum of the areas of all the faces.
The volume is equal to

1:!rngrh}| ® {widuh}l u Iihr.i.gh'r]:

in other words, {ma of '.':u,s-::l k{]wigt::].

In the rectangular solid above, the dimensions are 3, 4, and 8. The surface area is equal to
2(3x4)+2(3x8)+2(4x8)=136, The volume is equal to 3xaxs-s%.



The figure above is a right circular cylinder. The two bases are circles of the same size
with centers O and P, respectively, and altitude (height) ar is perpendicular to the bases.
The surface area of a right circular cylinder with a base of radius r and height h is equal to
2=")+2e% (the sum of the areas of the two bases plus the area of the curved surface).

The volume of a cylinder is equal to =, that is,

f,m:a of ham} x [hcighr].

In the cylinder above, the surface area is equal to

2(2sw) + 2(s]8) = 130=

and the volume is equal to
257 (8) = 2007

10. Coordinate Geometry

1 a4 IV

The figure above shows the (rectangular) coordinate plane. The horizontal line is called
the x-axis and the perpendicular vertical line is called the y-axis. The point at which these
two axes intersect, designated O, is called the origin. The axes divide the plane into four
quadrants, I, II, ITI, and IV, as shown.

Each point in the plane has an x-coordinate and a y-coordinate. A point is identified by an
ordered pair (x,y) of numbers in which the x-coordinate is the first number and the y-
coordinate is the second number.



J4—= — gp
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In the graph above, the (x,y) coordinates of point P are (2,3) since P is 2 units to the right
of the y-axis (that is, »-2) and 3 units above the x-axis (that is, »~3). Similarly, the (x,y)
coordinates of point Q are (—4,—3). The origin O has coordinates (0,0).

One way to find the distance between two points in the coordinate plane is to use the
Pythagorean theorem.

O . s E
" (331

To find the distance between points R and S using the Pythagorean theorem, draw the
triangle as shown. Note that Z has (x,y) coordinates (-2,—3), r#z-7, and z.s. Therefore, the
distance between R and S is equal to

o T s
T 45 m T4,

For a line in the coordinate plane, the coordinates of each point on the line satisfy a linear
equation of the form »=m+¢ (or the form ... if the line is vertical). For example, each point
on the line on the next page satisfies the equation ’=~ >**1, One can verify this for the
points (—2,2), (2,0), and (0,1) by substituting the respective coordinates for x and y in the
equation.

(=2,2)
-

\\T“ 'U.]_:'
\\‘I_E,'EI:-
b

-3 -2 -1 % 1 2 3
-1

In the equation »-==+: of a line, the coefficient m is the slope of the line and the constant
term b is the y-intercept of the line. For any two points on the line, the slope is defined to
be the ratio of the difference in the y-coordinates to the difference in the x-coordinates.
Using (-2, 2) and (2, 0) above, the slope is



The difference in the y-coordinates 0-2 =2 1

The difference in the x-coordinates . 2 _|:_2} T

The y-intercept is the y-coordinate of the point at which the line intersects the y-axis. For
the line above, the y-intercept is 1, and this is the resulting value of y when x is set equal

to 0 in the equation 7=~ >**1 The x-intercept is the x-coordinate of the point at which the
line intersects the x-axis. The x-intercept can be found by setting »-¢ and solving for x. For
the line 7= -2**, this gives

-;r-—l

x=2

Thus, the x-intercept is 2.

Given any two points (x,,y,) and (x,,y,) with ===, the equation of the line passing through
i

these points can be found by applying the definition of slope. Since the slope is ™" =, -,
then using a point known to be on the line, say (x,,y,), any point (x,y) on the line must

satisfy o ", or y-r=nl=-=) (Using (x,,y,) as the known point would yield an equivalent
equation.) For example, consider the points (-2,4) and (3,—3) on the line below.

(-2,4)

.LI
5
N
q
3
T &
13
OI

-1 T
=24
o
-4 4

=3-4 _=7
The slope of this line is 3--2) " %, so an equation of this line can be found using the point (3,

—3) as follows:

y—Pi-—ﬁh—ﬂ

The y-intercept is :. The x-intercept can be found as follows:

f
5

0= —E x4+
7,.6
57 s
X o= b

7

Both of these intercepts can be seen on the graph.
If the slope of a line is negative, the line slants downward from left to right; if the slope is
positive, the line slants upward. If the slope is 0, the line is horizontal; the equation of



such a line is of the form »~¢ since »-0. For a vertical line, slope is not defined, and the
equation is of the form .-, where a is the x-intercept.

There is a connection between graphs of lines in the coordinate plane and solutions of
two linear equations with two unknowns. If two linear equations with unknowns x and y
have a unique solution, then the graphs of the equations are two lines that intersect in
one point, which is the solution. If the equations are equivalent, then they represent the
same line with infinitely many points or solutions. If the equations have no solution, then
they represent parallel lines, which do not intersect.

There is also a connection between functions (see section 4.2.10) and the coordinate
plane. If a function is graphed in the coordinate plane, the function can be understood in
different and useful ways. Consider the function defined by

fle)=-Txs

If the value of the function, f (x), is equated with the variable y, then the graph of the
function in the xy-coordinate plane is simply the graph of the equation

shown above. Similarly, any function f (x) can be graphed by equating y with the value of
the function:

y= 1),

So for any x in the domain of the function f, the point with coordinates (x, f (x)) is on the
graph of f, and the graph consists entirely of these points.

As another example, consider a quadratic polynomial function defined by /:)-+' -1, One can
plot several points (x, f (x)) on the graph to understand the connection between a
function and its graph:

X Sx)
5 3
-1 (0]

(0} -1
1 (@)

2 3

(-23) J2n

{=1,0) (1,0

-11 {0=1)




If all the points were graphed for -2<«<2, then the graph would appear as follows.

¥

7 2.0
ra

The graph of a quadratic function is called a parabola and always has the shape of the
curve above, although it may be upside down or have a greater or lesser width. Note that
the roots of the equation /lz}-+-1-0 are ..1 and «.-1; these coincide with the x-intercepts
since x-intercepts are found by setting »-¢ and solving for x. Also, the y-intercept is /(0)--1
because this is the value of y corresponding to «-0. For any function f, the x-intercepts are
the solutions of the equation /4-¢ and the y-intercept is the value f (0).



4.4 Word Problems

Many of the principles discussed in this chapter are used to solve word problems. The
following discussion of word problems illustrates some of the techniques and concepts
used in solving such problems.

1. Rate Problems

The distance that an object travels is equal to the product of the average speed at which it
travels and the amount of time it takes to travel that distance, that is,

Rare x Time = Distance.

Example 1: If a car travels at an average speed of 70 kilometers per hour for 4 hours, how
many kilometers does it travel?

SOlution.' Since rate ¥ time = distance, Simply multiply 70 lerm/haour % 4 hours, ThU.S, the car tI‘avels 280
kilometers in 4 hours.

To determine the average rate at which an object travels, divide the total distance traveled
by the total amount of traveling time.

Example 2: On a 400-mile trip, Car X traveled half the distance at 40 miles per hour
(mph) and the other half at 50 mph. What was the average speed of Car X?

Solution: First it is necessary to determine the amount of traveling time. During the first
. . 200 .

200 miles, the car traveled at 40 mph; therefore, it took  =° hours to travel the first 200

miles.

During the second 200 miles, the car traveled at 50 mph; therefore, it took % ~*hours to

travel the second 200 miles. Thus, the average speed of Car X was et mph. Note that
. I+ 50
the average speed is not Hifow

Some rate problems can be solved by using ratios.
Example 3: If 5 shirts cost $44, then, at this rate, what is the cost of 8 shirts?

Solution: If ¢ is the cost of the 8 shirts, then .. Cross multiplication results in the
equation

SemBxdd =352

e= 322 L 70,40
!

The 8 shirts cost $70.40.

2. Work Problems

In a work problem, the rates at which certain persons or machines work alone are usually
given, and it is necessary to compute the rate at which they work together (or vice versa).



The basic formula for solving work problems is sl }J, where r and s are, for example, the
number of hours it takes Rae and Sam, respectively, to complete a job when working
alone, and h is the number of hours it takes Rae and Sam to do the job when working

together. The reasoning is that in 1 hour Rae does ; of the job, Sam does ; of the job, and
Rae and Sam together do > of the job.

Example 1: If Machine X can produce 1,000 bolts in 4 hours and Machine Y can produce
1,000 bolts in 5 hours, in how many hours can Machines X and Y, working together at
these constant rates, produce 1,000 bolts?

Solution:

Working together, Machines X and Y can produce 1,000 bolts in 2 hours.

Example 2: If Art and Rita can do a job in 4 hours when working together at their
respective constant rates and Art can do the job alone in 6 hours, in how many hours can
Rita do the job alone?

Solution:

Working alone, Rita can do the job in 12 hours.

3. Mixture Problems

In mixture problems, substances with different characteristics are combined, and it is
necessary to determine the characteristics of the resulting mixture.

Example 1: If 6 pounds of nuts that cost $1.20 per pound are mixed with 2 pounds of nuts
that cost $1.60 per pound, what is the cost per pound of the mixture?

Solution: The total cost of the 8 pounds of nuts is

6(1.20)+ 2($1.60) = $10.40_

. 81040 _
The cost per poundis s ~**.

Example 2: How many liters of a solution that is 15 percent salt must be added to 5 liters
of a solution that is 8 percent salt so that the resulting solution is 10 percent salt?



Solution: Let n represent the number of liters of the 15% solution. The amount of salt in
the 15% solution [0.151] plus the amount of salt in the 8% solution [(0.08)(5)] must be
equal to the amount of salt in the 10% mixture [*1%¢+5]. Therefore,

0.15n+0.08(5) = 0.10{n + 5|

150 + 40 = 10n + 50
Sn=10

n= 2 liters

Two liters of the 15% salt solution must be added to the 8% solution to obtain the 10%
solution.

4. Interest Problems

Interest can be computed in two basic ways. With simple annual interest, the interest is
computed on the principal only and is equal to (pindpal)x{inerest rte| < ime], If interest is
compounded, then interest is computed on the principal as well as on any interest already
earned.

Example 1: If $8,000 is invested at 6 percent simple annual interest, how much interest
is earned after 3 months?

Solution: Since the annual interest rate is 6%, the interest for 1 year is

(0.06)(83,000) = $480_

. . . 3 e
The interest earned in 3 months is 15(840)-%120,

Example 2: If $10,000 is invested at 10 percent annual interest, compounded
semiannually, what is the balance after 1 year?

Solution: The balance after the first 6 months would be

10,000 + (10,000)(0.05) = $10,500_

The balance after one year would be 10.500+(10,500){0.05) - s11,025,

Note that the interest rate for each 6-month period is 5%, which is half of the 10% annual
rate. The balance after one year can also be expressed as

10,000(1 + “';‘3‘) dollars

5. Discount

If a price is discounted by n percent, then the price becomes (i%-#) percent of the original
price.

Example 1: A certain customer paid $24 for a dress. If that price represented a 25 percent
discount on the original price of the dress, what was the original price of the dress?

Solution: If p is the original price of the dress, then 0.75p is the discounted price and



075p=524 or ¢=$32, The original price of the dress was $32.

Example 2: The price of an item is discounted by 20 percent and then this reduced price is
discounted by an additional 30 percent. These two discounts are equal to an overall
discount of what percent?

Solution: If p is the original price of the item, then 0.8p is the price after the first
discount. The price after the second discount is ©7(02¢)=056z, This represents an overall
discount of 44 percent (100%-5¢%),

6. Profit

Gross profit is equal to revenues minus expenses, or selling price minus cost.

Example: A certain appliance costs a merchant $30. At what price should the merchant
sell the appliance in order to make a gross profit of 50 percent of the cost of the
appliance?

Solution: If s is the selling price of the appliance, then :-30=(05)%), or ,-sss. The merchant
should sell the appliance for $45.

7. Sets

If Sis the set of numbers 1, 2, 3, and 4, you can write $- {1 23,4, Sets can also be represented
by Venn diagrams. That is, the relationship among the members of sets can be
represented by circles.

Example 1: Each of 25 people is enrolled in history, mathematics, or both. If 20 are
enrolled in history and 18 are enrolled in mathematics, how many are enrolled in both
history and mathematics?

Solution: The 25 people can be divided into three sets: those who study history only,
those who study mathematics only, and those who study history and mathematics. Thus a
Venn diagram may be drawn as follows, where n is the number of people enrolled in both
courses, 2-» is the number enrolled in history only, and 1s-» is the number enrolled in
mathematics only.

Mathematics

Since there is a total of 25 people, (20-#)+#+(18-2)=25 or ,.13, Thirteen people are enrolled in
both history and mathematics. Note that 20+1s-13-25, which is the general addition rule for
two sets (see section 4.1.9).

Example 2: In a certain production lot, 40 percent of the toys are red and the remaining
toys are green. Half of the toys are small and half are large. If 10 percent of the toys are
red and small, and 40 toys are green and large, how many of the toys are red and large.

Solution: For this kind of problem, it is helpful to organize the information in a table:



Red Green Total

Small 10% 50%
Large 50%
Total 40% 60% 100%

The numbers in the table are the percentages given. The following percentages can be
computed on the basis of what is given:

Red Green Total
Small 10% 40% 50%
Large 30% 20% 50%
Total 40% 60% 100%

Since 20% of the number of toys (n) are green and large, 0.4 (40 toys are green and
large), or »- 0. Therefore, 30% of the 200 toys, or (03)20)-60, are red and large.

8. Geometry Problems
The following is an example of a word problem involving geometry.

Example:

s

200 meters

200 mieters

The figure above shows an aerial view of a piece of land. If all angles shown are right
angles, what is the perimeter of the piece of land?

Solution: For reference, label the figure as

0 R

S iy
: [
W

If all the angles are right angles, then ¢r+sr+vv-rw and &s+mv+vw -rg, Hence, the perimeter of
the land iS 2PHW % 2P0 = 2 200 4 2 x 300 = BOD meters

fi

9. Measurement Problems

Some questions on the GMAT involve metric units of measure, whereas others involve
English units of measure. However, except for units of time, if a question requires
conversion from one unit of measure to another, the relationship between those units
will be given.

Example: A train travels at a constant rate of 25 meters per second. How many kilometers



does it travel in 5 minutes? (i kiometer =1,000 meters

Solution: In 1 minute the train travels (25)(0)=1.50 meters, so in 5 minutes it travels 7,500
7,500

meters. Since 1 komeer =1,000 meters, it follows that 7,500 meters equals 10w, or 7.5 kilometers.

10. Data Interpretation

Occasionally a question or set of questions will be based on data provided in a table or
graph. Some examples of tables and graphs are given below.

Example 1:

Population by Age Group
(in thousands)

Age Population
17 years and under 63,376
18—44 years 86,738
45—64 years 43,845
65 years and over 24,054

How many people are 44 years old or younger?

Solution: The figures in the table are given in thousands. The answer in thousands can be
obtained by adding 63,376 thousand and 86,738 thousand. The result is 150,114 thousand,
which is 150,114,000.

Example 2:
AVERAGE TEMPERATURE AND PRECIPITATION IN CITY X

Precipiration
3y  (nght-hand suin-]\ . H2
@ 35+ . +10 g
3 201 §
il 5 L

4
2

re in

Centimeten

o s

B 1004 =Temperatune
o P o

B gl (left-hand scale)

4]

F'n.h:i.p.ta tion &

Temperar

jJ.I!I,I!Jr:.' .-";p.ril JI;I\' Oictober :
What are the average temperature and precipitation in City X during April?

Solution: Note that the scale on the left applies to the temperature line graph and the one
on the right applies to the precipitation line graph. According to the graph, during April
the average temperature is approximately 1+ Celsius and the average precipitation is
approximately 8 centimeters.

Example 3:
DISTRIBUTION OF AL’S WEEKLY NET SALARY



Fisel and
Insarance

Al’'s weekly net salary is $350. To how many of the categories listed was at least $80 of
Al’'s weekly net salary allocated?

Solution: In the circle graph, the relative sizes of the sectors are proportional to their
. . . a0 .
corresponding values and the sum of the percents given is 100%. Note that 3 is

approximately 23%, so at least $80 was allocated to each of 2 categories—Rent and
Utilities, and Savings—since their allocations are each greater than 23%.



5.0 Problem Solving

The Quantitative section of the GMAT® exam uses problem solving and data sufficiency
questions to gauge your sKkill level. This chapter focuses on problem solving questions.
Remember that quantitative questions require knowledge of the following:

¢ Arithmetic
o Elementary algebra
e Commonly known concepts of geometry

Problem solving questions are designed to test your basic mathematical skills and
understanding of elementary mathematical concepts, as well as your ability to reason
quantitatively, solve quantitative problems, and interpret graphic data. The mathematics
knowledge required to answer the questions is no more advanced than what is generally
taught in secondary school (or high school) mathematics classes.

In these questions, you are asked to solve each problem and select the best of the five
answer choices given. Begin by reading the question thoroughly to determine exactly
what information is given and to make sure you understand what is being asked. Scan the
answer choices to understand your options. If the problem seems simple, take a few
moments to see whether you can determine the answer. Then check your answer against
the choices provided.

If you do not see your answer among the choices, or if the problem is complicated, take a
closer look at the answer choices and think again about what the problem is asking. See
whether you can eliminate some of the answer choices and narrow down your options. If
you are still unable to narrow the answer down to a single choice, reread the question.
Keep in mind that the answer will be based solely on the information provided in the
question—don’t allow your own experience and assumptions to interfere with your ability
to find the correct answer to the question.

If you find yourself stuck on a question or unable to select the single correct answer, keep
in mind that you have about two minutes to answer each quantitative question. You may
run out of time if you take too long to answer any one question, so you may simply need
to pick the answer that seems to make the most sense. Although guessing is generally not
the best way to achieve a high GMAT score, making an educated guess is a good strategy
for answering questions you are unsure of. Even if your answer to a particular question is
incorrect, your answers to other questions will allow the test to accurately gauge your
ability level.

The following pages include test-taking strategies, directions that will apply to questions
of this type, sample questions, an answer key, and explanations for all the problems.
These explanations present problem solving strategies that could be helpful in answering
the questions.



5.1 Test-Taking Strategies

1. Pace yourself.

Consult the on-screen timer periodically. Work as carefully as possible, but do not
spend valuable time checking answers or pondering problems that you find difficult.

2. Use the erasable notepad provided.

Working a problem out may help you avoid errors in solving the problem. If diagrams
or figures are not presented, it may help if you draw your own.

3. Read each question carefully to determine what is being asked.

For word problems, take one step at a time, reading each sentence carefully and
translating the information into equations or other useful mathematical
representations.

4. Scan the answer choices before attempting to answer a question.

Scanning the answers can prevent you from putting answers in a form that is not
given (e.g., finding the answer in decimal form, such as 0.25, when the choices are
given in fractional form, such as .11). Also, if the question requires approximations, a
shortcut could serve well (e.g., you may be able to approximate 48 percent of a
number by using half).

5. Don’t waste time trying to solve a problem that is too difficult for you.

Make your best guess and move on to the next question.



6.0 Data Sufficiency

Data sufficiency questions appear in the Quantitative section of the GMAT® exam.
Multiple-choice data sufficiency questions are intermingled with problem solving
questions throughout the section. You will have 75 minutes to complete the Quantitative
section of the GMAT exam, or about 2 minutes to answer each question. These questions
require knowledge of the following topics:

¢ Arithmetic
o Elementary algebra
¢ Commonly known concepts of geometry

Data sufficiency questions are designed to measure your ability to analyze a quantitative
problem, recognize which given information is relevant, and determine at what point
there is sufficient information to solve a problem. In these questions, you are to classify
each problem according to the five fixed answer choices, rather than find a solution to the
problem.

Each data sufficiency question consists of a question, often accompanied by some initial
information, and two statements, labeled (1) and (2), which contain additional
information. You must decide whether the information in each statement is sufficient to
answer the question or—if neither statement provides enough information—whether the
information in the two statements together is sufficient. It is also possible that the
statements in combination do not give enough information to answer the question.

Begin by reading the initial information and the question carefully. Next, consider the
first statement. Does the information provided by the first statement enable you to
answer the question? Go on to the second statement. Try to ignore the information given
in the first statement when you consider whether the second statement provides
information that, by itself, allows you to answer the question. Now you should be able to
say, for each statement, whether it is sufficient to determine the answer.

Next, consider the two statements in tandem. Do they, together, enable you to answer the
question?

Look again at your answer choices. Select the one that most accurately reflects whether
the statements provide the information required to answer the question.



6.1 Test-Taking Strategies

1. Do not waste valuable time solving a problem.

You only need to determine whether sufficient information is given to solve it.

2. Consider each statement separately.

First, decide whether each statement alone gives sufficient information to solve the
problem. Be sure to disregard the information given in statement (1) when you evaluate
the information given in statement (2). If either, or both, of the statements give(s)
sufficient information to solve the problem, select the answer corresponding to the
description of which statement(s) give(s) sufficient information to solve the problem.

3. Judge the statements in tandem if neither statement is sufficient by
itself.

It is possible that the two statements together do not provide sufficient information. Once
you decide, select the answer corresponding to the description of whether the statements
together give sufficient information to solve the problem.

4. Answer the question asked.

For example, if the question asks, “What is the value of y?” for an answer statement to be
sufficient, you must be able to find one and only one value for y. Being able to determine
minimum or maximum values for an answer (e.g., »=++2) is not sufficient, because such
answers constitute a range of values rather than the specific value of y.

5. Be very careful not to make unwarranted assumptions based on the
images represented.

Figures are not necessarily drawn to scale; they are generalized figures showing little
more than intersecting line segments and the relationships of points, angles, and regions.
So, for example, if a figure described as a rectangle looks like a square, do not conclude
that it is, in fact, a square just by looking at the figure.

If statement 1 is sufficient, then the answer must be A or D.

If statement 2 is not sufficient, then the answer must be A.

If statement 2 is sufficient, then the answer must be D.

If statement 1 is not sufficient, then the answer must be B, C, or E.
If statement 2 is sufficient, then the answer must be B.

If statement 2 is not sufficient, then the answer must be C or E.

If both statements together are sufficient, then the answer must be C.



If both statements together are still not sufficient, then the answer must be E.

[ Is Statement | Sufficient Alone! ]

Y~

Is Statement 2 Sufficient Alone? Is Statement 2 Sufficient Alone? ]
Comrect Comect Correct
Answer Answer Ansiwer Sufficient Together?
=D Is A Is B

Corract Corract
Answer Answar
s C IsE



6.2 The Directions

These directions are similar to those you will see for data sufficiency questions when you
take the GMAT exam. If you read the directions carefully and understand them clearly
before going to sit for the test, you will not need to spend much time reviewing them
when you take the GMAT exam.

Each data sufficiency problem consists of a question and two statements, labeled (1) and
(2), that give data. You have to decide whether the data given in the statements are
sufficient for answering the question. Using the data given in the statements plus your
knowledge of mathematics and everyday facts (such as the number of days in July or the
meaning of counterclockwise), you must indicate whether the data given in the
statements are sufficient for answering the questions and then indicate one of the
following answer choices:

(A) Statement (1) ALONE is sufficient, but statement (2) alone is not sufficient to
answer the question asked;

(B) Statement (2) ALONE is sufficient, but statement (1) alone is not sufficient to
answer the question asked;

(C) BOTH statements (1) and (2) TOGETHER are sufficient to answer the question
asked, but NEITHER statement ALONE is sufficient;

(D) EACH statement ALONE is sufficient to answer the question asked;

(E) Statements (1) and (2) TOGETHER are NOT sufficient to answer the question
asked, and additional data are needed.

NOTE: In data sufficiency problems that ask for the value of a quantity, the data given in
the statements are sufficient only when it is possible to determine exactly one numerical
value for the quantity.

Numbers: All numbers used are real numbers.

Figures: A figure accompanying a data sufficiency problem will conform to the
information given in the question but will not necessarily conform to the additional
information given in statements (1) and (2).

Lines shown as straight can be assumed to be straight and lines that appear jagged can
also be assumed to be straight.

You may assume that the positions of points, angles, regions, and so forth exist in the
order shown and that angle measures are greater than zero degrees.

All figures lie in a plane unless otherwise indicated.
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