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December 2nd, 2014
Dear Student,

Thank you for picking up a copy of Algebra. I hope this book gives you just the
guidance you need to get the most out of your GMAT studies.

A great number of people were involved in the creation of the book you are
holding. First and foremost is Zeke Vanderhoek, the founder of Manhattan Prep.
Zeke was a lone tutor in New York City when he started the company in 2000.
Now, well over a decade later, the company contributes to the successes of
thousands of students around the globe every year.

Our Manhattan Prep Strategy Guides are based on the continuing experiences of
our instructors and students. The overall vision of the 6th Edition GMAT guides
was developed by Stacey Koprince, Whitney Garner, and Dave Mahler over the
course of many months; Stacey and Dave then led the execution of that vision as
the primary author and editor, respectively, of this book. Numerous other
instructors made contributions large and small, but I'd like to send particular
thanks to Josh Braslow, Kim Cabot, Dmitry Farber, Ron Purewal, Emily
Meredith Sledge, and Ryan Starr. Dan McNaney and Cathy Huang provided
design and layout expertise as Dan managed book production, while Liz Krisher
made sure that all the moving pieces, both inside and outside of our company,
came together at just the right time. Finally, we are indebted to all of the
Manhattan Prep students who have given us feedback over the years. This book
wouldn't be half of what it is without your voice.



At Manhattan Prep, we aspire to provide the best instructors and resources
possible, and we hope that you will find our commitment manifest in this book.
We strive to keep our books free of errors, but if you think we've goofed, please
post to manhattanprep.com/GMAT/errata. If you have any questions or
comments in general, please email our Student Services team at
gmat(@manhattanprep.com. Or give us a shout at 212-721-7400 (or 800-576-
4628 in the US or Canada). I look forward to hearing from you.

Thanks again, and best of luck preparing for the GMAT!

Sincerely,

2,
(L ZLI{?/

Chris Ryan
Vice President of Academics
Manhattan Prep

www.manhattanprep.com/gmat 138 West 25th Street, 7th Floor, New York, NY 10001 Tel:
212-721-7400 Fax: 646-514-7425
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Official Guide Problem Sets

As you work through this strategy guide, it is a very good idea to
test your skills using official problems that appeared on the real
GMAT in the past. To help you with this step of your studies, we
have classified all of the problems from the three main Official

Guide books and devised some problem sets to accompany this
book.

These problem sets live in your Manhattan GMAT Student Center
so that they can be updated whenever the test makers update their
books. When you log into your Student Center, click on the link for
the Official Guide Problem Sets, found on your home page.
Download them today!

The problem sets consist of four broad groups of questions:

1.A mid-term quiz: Take this quiz after completing
Chapter 5 of this guide.

2.A final quiz: Take this quiz after completing this entire
guide.

3.A full practice set of questions: If you are taking one of
our classes, this is the homework given on your syllabus,
so just follow the syllabus assignments. If you are not
taking one of our classes, you can do this practice set
whenever you feel that you have a very solid
understanding of the material taught in this guide.

4.A full reference list of all Official Guide problems that
test the topics covered in this strategy guide: Use these
problems to test yourself on specific topics or to create
larger sets of mixed questions.

As you begin studying, try one problem at a time and review it
thoroughly before moving on. In the middle of your studies, attempt



some mixed sets of problems from a small pool of topics (the two
quizzes we've devised for you are good examples of how to do this).
Later in your studies, mix topics from multiple guides and include
some questions that you've chosen randomly out of the Official
Guide. This way, you'll learn to be prepared for anything!

Study Tips:

1. DO time yourself when answering questions.

2. DO cut yourself off and make a guess if a question is taking
too long. You can try it again later without a time limit, but
first practice the behavior you want to exhibit on the real
test: let go and move on.

3. DON'T answer all of the Official Guide questions by topic
or chapter at once. The real test will toss topics at you in
random order, and half of the battle is figuring out what each
new question is testing. Set yourself up to learn this when
doing practice sets.
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PEMDAS

When simplifying an algebraic expression, you have to follow a specific order of
operations. The correct order of operations is: Parentheses-Exponents-
(Multiplication/Division)-(Addition/Subtraction), or PEMDAS in the United
States. If you learned math in other English-speaking countries, you may have
memorized slightly different acronyms; the rules are still the same.
Multiplication and division are in parentheses because they are on the same level
of priority. The same is true of addition and subtraction. When two or more
operations are at the same level of priority, always work from left to right.

Simplify 5+ (2 x 4 + 2)° — |7(—4)| + 18 + 3 x 5-8.

P = PARENTHESES. First, perform all of the (2 x4+ 2)and |7(-4)|
operations that are inside parentheses. Note that in

terms of order of operations, absolute value signs

are equivalent to parentheses. In this expression,

there are two groups of parentheses:

In the first group, there are two operations to 2x4+2)=(8+2)=10
perform, multiplication and addition. According to

PEMDAS, multiplication must come before

addition:

In the second group, perform the operation inside |7(-4)| = | —28| = 28
first (multiplication), then take the absolute value of
that number:

Now the original expression looks like this: 5+102-28+18+3 %5
-8



E = EXPONENTS. Second, take care of any 102 =100
exponents in the expression:

Now the expression looks like this: 5+100-28 + 18 + 3 x
5-8

M&D = MULTIPLICATION & DIVISION. 18 +3 X5

Next, perform all the multiplication and division. -

Work from left to right: 6 X 5=30

Now the expression reads: 5+100-28+30-8

A&S = ADDITION & SUBTRACTION. Lastly, 5+100-28+30-8
perform all the addition and subtraction. Work from 105-28 + 30 -8

left to right. 77 +30-8
107 -8
The answer: 99

Subtraction of Expressions

One of the most common errors involving the order of operations occurs when
an expression with multiple terms is subtracted. The subtraction must occur
across every term within the expression. Each term in the subtracted part must
have its sign reversed. For example:

x—-(y-2)=x-y+z (Note that the signs of both y and —z have been
reversed.)

x—-(y+tz)=x-y-z (Note that the signs of both y and z have been
reversed.)

xX—2(y—3z)=x-2y (Note that the signs of both y and —3z have been

+ 6z reversed.)

Now try another example:
What is 5x — [y — (3x — 4y)]?

Both expressions in parentheses must be subtracted, so the signs of each term
must be reversed for each subtraction. Note that the square brackets are just



fancy parentheses, used so that you avoid having parentheses right next to each
other.

5x— [y — (3x— 4y)] =
5x—(y—-3x+4y)=

5x — (5y —3x) =
5x — 5y + 3x=8x — 5y

Fraction Bars as Grouping Symbols

Even though fraction bars do not fit into the PEMDAS hierarchy, they do take
precedence. In any expression with a fraction bar, pretend that there are
parentheses around the numerator and denominator of the fraction. This may be
obvious as long as the fraction bar remains in the expression, but it is easy to
forget if you eliminate the fraction bar or add or subtract fractions. For example:

x—1_2x—1

Simplify: 3

The common denominator for the two fractions is 6, so multiply the numerator
and denominator of the first fraction by 3, and those of the second fraction by 2:

=l Sk | Aopes]
2 13 3

Treat the expressions 3x — 3 and 4x — 2 as though they were enclosed in

parentheses! Accordingly, once you make the common denominator, actually

put in parentheses for these numerators. Then reverse the signs of both terms in
the second numerator:

2
ra
7
i

- S8 4x—2
6 6

(dx—=J)—{4x=12) Fx—F—Ax+]
6 6 6 6

—x—1 B x+1




Problem Set

1. Evaluate: (4 + 12 +3-18) - [-11 —(-4)]
2. Evaluate: -| =13 - (-17) |

4+8
2—-(-6)

4. Simplify: x — (3 -x)

3. Evaluate: [ J— (4+8+2—(-6))

5. Simplify: (4-y) -2y -3)



Solutions

1.-3: @+12+3-18)-C11~--4)=

d+4—18)—(-11+4)= Division before addition/subtraction
10y — (-7 = Subtraction of negative = addition
=10+7==3 Arithmetic—watch the signs!
2.4 |-13-(-17)|=
—|=13+17) | = Subtraction of negative = addition
—|4|=—4

Note that the absolute value cannot be made into 13 + 17. You must perform the
arithmetic inside grouping symbols first, whether inside parentheses or inside
absolute value bars. Then you can remove the grouping symbols.

.—% or —121'[ AT }—[4+8+2—f—6}]:

%)

2 | 2-(-6)

e

[ﬂ]—(4+3+2+6}=
2+6 -

— o —

4. 2x — 3: Do not forget to reverse the signs of every term in a subtracted
expression:

x—-B-x)=x-3+x=2x-3

5. -5y + 10 (or 10 — 5y): Do not forget to reverse the signs of every term in a
subtracted expression:

(4-y)-2(2y-3)=4-y—4y +6=-5y + 10 (or 10 — 5)
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Linear Equations

Linear equations are equations in which all variables have an exponent of 1. For
example, the equation x — 13 = 24 is linear because the variable x is raised to the
first power.

Expressions vs. Equations

The most basic difference between expressions and equations is that equations
contain an equals sign, and expressions do not.

An expression, even one that contains variables, represents a value. When
manipulating or simplifying expressions, you have to follow certain rules to
ensure that you don't change the value of the expression.

There are several methods for simplifying expressions. You can:

1. Combine like

6z+5z - 11z

terms

. 3 0.3 O} o
2. Flnd.a common I__|_ 3x % 3 —>L—|— 9x e Ix” +1
denominator 12 4 3 12 12 12
3. Pull out a 2ab + 4b - 2b(a + 2)
common factor
4. Cancel common 5,1"3

e i
factors 3

]

5y



What all of these moves have in common is that the value of the expression stays
the same. If you plug numbers into the original and simplified forms, the value is
the same. For example, replace z in the first expression with 3:

6z + 5z 11z
6(3) + 5(3) 11(3)
18 + 15 33
33

Thus, 6z + 5z is equivalent to 11z.

Equations behave differently. An equation contains an equals sign. In order to
keep the two sides of the equation equal, any change you make to one side must
also be made to the other side. Also, while the two sides are still equal, the
change may alter the values on both sides of the equation.

3=3 An equivalence
2x(3)=(3)x

5 Multiply both sides by 2

The two sides are still equal, but have

6=6 different values

In general, there are six operations you can perform to both sides of an equation.
Remember to perform the action on the entire side of the equation. For example,
if you were to square both sides of the equation \/A_ +1 = x you would have to
square the entire expression (,/x + 1), as opposed to squaring each term
individually.

You can:
1. Add the same thing to both sides z—13=~14
+13 +13
4 =—]
2. Subtract the same thing from both x+8=34
sides _3 -8



3. Multiply both sides by the same 4

thing P

ax 2 (a+b)Xa

a
4=a’+ab

4. Divide both sides by the same thing 3x=06y+12

3x _G6y+12

3 3
X = /__;l + 4

5. Raise both sides to the same power ( =

6. Take the same root of both sides

(Vo) =r+2

,1,1+I'2

rw

5

Solving One-Variable Equations

In order to solve one-variable equations, isolate the variable on one side of the
equation. In doing so, make sure you perform identical operations to both sides
of the equation. Here are three examples:

3x+5=26

3x =21

x=7
w=17w-1
0=16w-1
1=16w

1

16

I

Subtract 5 from both sides.
Divide both sides by 3.

Subtract w from both sides.
Add 1 to both sides.

Divide both sides by 16.



5 +3=5 Subtract 3 from both sides.
L—’; =72 Multiply both sides by 9.
p=18

Simultaneous Equations: Solving by
Substitution

Sometimes the GMAT asks you to solve a system of equations with more than
one variable. You might be given two equations with two variables, or perhaps
three equations with three variables. In either case, there are two primary ways
of solving simultaneous equations: by substitution or by combination.

Use substitution to solve the following for x and y.

x+ty=9
2x =5y +4

First, solve the first equation for x.
x+y=9
x=9-y

Next, substitute the expression 9 — y into the second equation wherever x
appears.

2x=5y+4
20—y =5y+4
Then, solve the second equation for y. You will now get a number for y.
20-9)=5y+4
18 —2y=5y+ 4
14 =Ty
2=y



Finally, substitute your solution for y into either of the original equations in
order to solve for x.

x+y=9
x+2=9

x=/

You could also have started this process by solving the first equation for y and
then substituting the expression 9 — x in place of y in the second equation.

Simultaneous Equations: Solving by
Combination

Alternatively, you can solve simultaneous equations by combination. In this
method, add or subtract the two equations to eliminate one of the variables.

Solve the following for x and y.

x+ty=9
2x =5y +4

To start, line up the terms of the equations.

x+ty=9
2x -5y =4

The goal is to make one of two things happen: either the coefficient in front of
one of the variables (say, x) is the same in both equations, in which case you
subtract one equation from the other, or the coefficient in front of one of the
variables is the same but with opposite signs, in which case you add the two
equations. You do this by multiplying one of the equations by some number. For
example, multiply the first equation by —2:

—2x+y=9) - —2x -2y =-18
2x -5y =4 - 2x -5y =4

Next, add the equations to eliminate one of the variables.



—2x—2y=-18

+ 2x=5y= 4

—7y=-14

Now, solve the resulting equation for the unknown variable.

~14
2

~Ty
y

Finally, substitute into one of the original equations to solve for the second
variable.

x+y=9
x+2=9
ar=F

Absolute Value Equations

Absolute value refers to the positive value of the expression within the absolute
value brackets. Equations that involve absolute value generally have two
solutions. In other words, there are two numbers that the variable could equal in
order to make the equation true, because the value of the expression inside the
absolute value brackets could be positive or negative. For instance, if you know |
x | =5, then x could be either 5 or -5 and the equation would still be true.

Use the following two-step method when solving for a variable expression inside
absolute value brackets.

Solve for w, given that 12 + | w — 4 | = 30.

Step 1: Isolate the expression within the absolute value brackets.

12+ |w—4|=30

|w—4|=18

Step 2: Once you have an equation of the form | x | = a with a > 0, you know that
x = +a. Remove the absolute value brackets and solve the equation for two
different cases:



CASE 1: x = a (x is positive) CASE 2: x = —a (x is negative)
w—4=18 w—4=-18
w =22 =-14




Problem Set

Now that you've finished the chapter, do the following problems.

—_

Solve for x: 22 -3x)-(4+x) =7

42—?_
3-2z

3. Solvefory:22—-|y+14|=20

2. Solve for z: -5

4. Solve forxand y:y =2x+9and 7x + 3y = -51

Save the below problem set for review, either after you finish this book or after you finish all
of the Quant books that you plan to study.

5. Every attendee at a monster truck rally paid the same admission fee. How
many people attended the rally?

(1)If the admission fee had been raised to $20 and twice as many people
had attended, the total admission fees collected would have been
three times greater.

(2)If the admission fee had been raised to $30 and two-thirds as many
people had attended, the total admission fees collected would have
been 150% of the actual admission fees collected.

5x+6
6. Solve for x: X| X — ” =%
7. Solve for x: X_6:x_6
+2 5

8. Solve for x:




Solutions

L-1: 22-3x)—-(@G+x)=7

4-6x—4—x=7

7

—x =
x=-—1
.4,
e
4z-7
3=2s .
4z—7=-53 - 22
4z—-7=-=15+4+ 10z
8 =0z
B A
"6 3

3.y = {-16, —12}: First, isolate the expression within the absolute value
brackets. Then, solve for two cases, one in which the expression is positive and
one in which it is negative:

22 —|y+ 14| =20
2=|y+ 14|

Case l: y+14=2 Case 2: y+ 14=-2
y=-12 y=-16

4. x = —6; y = —3: Solve this system by substitution. Substitute the value given
for y in the first equation into the second equation. Then, distribute, combine like
terms, and solve. Once you get a value for x, substitute it back into the first
equation to obtain the value of y:



y=2x+9 7x+ 3y=-51
7x+ 3(2x + 9) =51

7x+ 6x+ 27 =-51
13x 4+ 27 =-51
13x=-78

x=-0

y=2x+9=2(-6)+9=-3

5. (E): This question asks how many people attended a monster truck rally. The
number of attendees times the admission fee equals the total amount collected,
as such:

Total = Attendees X Price
T=AxP

You want to know A.
(1) INSUFFICIENT: If the price had been $20 and twice as many people had
attended, the total would be three times greater. Therefore:

3T =2A x 20
3T = 40A

This is not sufficient to solve for A.

(2) INSUFFICIENT: If the price had been $30 and two-thirds as many people
had attended, the total would be 150% of the actual total. Therefore:

LoF

Ax30

Il
| b

1.57" =204

_n
[~

This is not sufficient to solve for A.

(1) AND (2) INSUFFICIENT: Don't fall for the trap that two equations for two
variables is enough to solve. Notice that 3T = 40A and 1.5T = 20A are identical.
Combining the two statements is therefore no more sufficient than either
statement alone.



The correct answer is (E).

6. {6, —1}: Distribute the multiplication by x. Note that, when you cancel the x in
the denominator, the quantity 5x + 6 is implicitly enclosed in parentheses!

Sx+6
o .x'—}‘f =0
X

x*—(5x+6)=0
=5 —-6=0
(x—06)(x+1)=0

x=06or-1

Note also that the value 0 is impossible for x, because x is in a denominator by
itself in the original equation. You are not allowed to divide by 0. Do not look at
the product in the original equation and deduce that x = 0 is a solution.

7. 12: Solve by multiplying both sides by 5 to eliminate the denominator. Then,
distribute and isolate the variable:

3.1"—6_

J

x—=0

3x—=6=5x-—06)

3x—06=5—30
24 =2x
| =i

1 : . : _

8. x = —: Cross-multiply to eliminate the denominators. Then, distribute and
2

solve:



x+2_5

44+4x 9

x+2)=54 +x)
9%+ 18 =20+ 5x
qx=7

x=—

2
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Strategy: Choose Smart Numbers

Some algebra problems—problems that involve unknowns, or variables—can be
turned into arithmetic problems instead. You're better at arithmetic than algebra
(everybody is!), so turning an annoying variable-based problem into one that
uses real numbers can save time and aggravation on the GMAT.

Which of the below two problems is easier for you to solve?

If n employees are fulfilling orders If 2 employees are fulfilling orders
at the rate of 3 orders per employee at the rate of 3 orders per employee
per hour, how many orders are filled  per hour, how many orders are

in 4 hours? filled in 4 hours?

(A)3n  (B)4n  (C)12n (A)6  (B)12  (C)24

In the first problem, you would write an expression using the variable n and then
you would use algebra to solve. You may think that this version is not
particularly difficult, but no matter how easy you think it is, it's still easier to
work with real numbers.

The set-up of the two problems is identical—and this feature is at the heart of
how you can turn algebra into arithmetic.

How Do Smart Numbers Work?

Here's how to solve the algebra version of the above problem using smart
numbers.



Step 1: Choose smart numbers to replace the unknowns.

How do you know you can choose a random number in the first place? The
problem talks about a number but only supplies a variable for that number. It
never supplies a real value for that number anywhere in the problem or in the
answers.

Instead, choose a real number. In general, 2 is a often a good number to choose
on algebraic smart number problems.

Step 2: Solve the problem using your chosen smart numbers.
Wherever the problem talks about the number, it now says 2:

If 2 employees are fulfilling orders at the rate of 3 orders per employee
per hour, how many orders are filled in 4 hours?

Do the math! If 2 employees fulfill 3 orders per hour, then together they fulfill 6
orders per hour. In 4 hours, they'll fulfill 24 orders.

Step 3: Find a match in the answers. Plug n = 2 into the answers.
(A)3n=(3)2)=6
(B)4n=(4)(2)=8
(C) 12n = (12)(2) = 24

The correct answer is (C).

Keep an eye out for problems that contain variable expressions (no equations or
inequality signs) in the answers; many of these problems can be solved by
choosing smart numbers.

When to Choose Smart Numbers

It's crucial to know when you're allowed to use this technique. It's also crucial to
know how you are going to decide whether to use textbook math or choose smart
numbers; you will typically have time to try just one of the two techniques
during your two minutes on the problem.



The Choose Smart Numbers technique can be used any time a problem contains
only unspecified values. The easiest example of such a problem is one that
contains variables, percents, fractions, or ratios throughout. It does not provide
real numbers for those variables, even in the answer choices. Whenever a
problem has this characteristic, you can choose your own smart numbers to turn
the problem into arithmetic.

There is some cost to doing so: it can take extra time compared to the “pure”
textbook solution. As a result, the technique is most useful when the problem is a
hard one for you. If you find the algebra involved to be very easy, then you may
not want to take the time to transform the problem into arithmetic. As the math
gets more complicated, however, the arithmetic form becomes comparatively
easier and faster to use.

Try this problem. Solve it twice; once using textbook math and once using smart
numbers:

A store bought a box of 50 t-shirts for a total of x dollars. The store then
sold each t-shirt for a premium of 25% over the original cost per shirt. In
terms of x, how much did the store charge for each shirt?

(A) g
%
B R
(B) 2
0 —
( 40
(D) 125x
® 2
X

First, how do you know that you can choose smart numbers on this problem?
The problem talks about the price of a box of t-shirts but never mentions a real
number for that price anywhere along the way.

Step 1: Choose smart numbers.

Make your life easy and choose a number that will work nicely in the problem.
What is the first math operation you'll need to do?



You need the cost per t-shirt, so you'll have to divide x by 50. Pick a number,
then, that is not already in the problem (so don't use 50 itself) but that will divide
evenly by 50. The number 100 is the smallest number that fits the bill.

Step 2: Solve.

The store paid $100 for the box of 50 t-shirts, or $2 per t-shirt.

The store then charged a 25% premium. Take 25% of $2 and add it to the total:
$2 +(0.25)($2) = $2 + $0.50 = $2.50

The store sold the t-shirts for $2.50 each.

Step 3: Find a match.

Plug x = 100 into the answers. At any point that you can tell that a particular
answer will not equal $2.50, stop and cross off that answer.

X
A) —=——=25
= 4 4
5x  5(100) :
(B) = = to big
4 4
©) i:ng = 2.5 Match!
40 40 4
(D) 125x =125(100) = too big
(E) E :E =1.25
x 100

The correct answer is (C).
Here's the algebraic solution:

v
The store bought 50 t-shirts for a total of x dollars, or 3—0 dollars per shirt. The

store then sold the shirts for a 25% premium over that original cost. Set up an
equation to solve:

Sale price per shirt = (Cost per shirt) + (Premium applied to cost)



g i+{o+z5}[i]
50 50

1
(1.25) S = i:[i](f]:[i][_):i
50 \50/\ 4 10\ 4 40
The correct answer is (C). That may seem like less work, but take a look at some
of the wrong answers:

5 : : .
(B) ?x Mistake: assume x is cost per shirt, instead of % :
(D) 125x Mistake: assume x is cost per shirt and multiply by 125 instead of

125%.
Answers (A) and (E) also involve mixing up legitimate calculations.

As a general rule, if you find the algebra easy, go ahead and solve that way.
When the algebra becomes hard for you, though, then switch to smart numbers.
If you realize you made a careless mistake with the algebra, that may be a signal
that you should have used smart numbers instead.

How to Pick Good Numbers

Half of the battle lies in learning how to choose numbers that work well with the
given problem. Try this one:

A truck can carry x shipping containers and each container can hold y
gallons of milk. If one truck is filled to capacity and a second one is
half full, how many gallons of milk are they carrying, in terms of x and

y?

(A) x+0.5y
(B) x+y
(C) 0.5xy
(D) 1.5xy

(E) 2xy



Step 1: Choose smart numbers.
Tryx=1andy = 2.
Step 2: Solve.

Each truck has one shipping container. The first truck is filled to capacity, so it
carries 2 gallons of milk. The second is half full, so it carries 1 gallon. Together,
the trucks carry 3 gallons of milk.

Step 3: Find a match.

(A) x+0.5y=1+(0.5)(2)=2

(B) xty=1+2=3 Match!

(C) 0.5xy=(0.5)(1)22)=1

(D) 1.5xy=(1.5)(1)(2)=3  Wait a second—this one matches too!
(E) 2xy=2(1)(2)=4

In rare circumstances, the number you choose could work for more than one
answer choice. Now what? While the clock is still ticking, either guess between
(B) and (D) or, if you have time, try a different set of numbers in the problem.

Afterwards, learn a valuable lesson about how to choose the best smart numbers:
if you choose 0 or 1, you increase the chances that more than one answer will
work, because those two numbers both have strange properties.

Try x = 2 and y = 3 instead. The first truck is carrying (2)(3) = 6 gallons of milk.
The second carries half that, or 3 gallons. Together, they carry 9 gallons of milk.

You've already eliminated answers (A), (C), and (E), so you only need to try (B)
and (D):

(B)x+y=2+3=5 Not a match
(D) 1.5xy = (1.5)(2)(3) =9 Match!

The correct answer is (D).

If you follow the guidelines below for choosing numbers, then the above
situation is much less likely to occur:



* Do not pick 0 or 1.
» Do not pick numbers that appear elsewhere in the problem.

 If you have to choose multiple numbers, choose different numbers,
ideally with different properties (e.g., odd and even). The second case
above used one odd and one even number, just in case.

If you do accidentally find yourself in this situation and you have the time, then
go back, change one of the numbers in your problem, and do the math again. If
you don't have time, just pick one of the two answers that did work.

Here's a summary of the Choose Smart Numbers strategy:

Step 0: Recognize that you can choose smart numbers.
The problem talks about some values but doesn't provide real numbers for
those values. Rather, it uses variables or only refers to fractions or
percents. The answer choices consist of variable expressions, fractions, or
percents. (See the Fractions, Decimals, & Percents GMAT Strategy
Guide for more on using smart numbers.)

Step 1: Choose smart numbers.

1. If you have to pick for more than one variable, pick different
numbers for each one. If possible, pick numbers with different
characteristics (e.g., one even and one odd).

2. Follow any constraints given in the problem. You may be restricted
to positive numbers or to integers, for example, depending upon the
way the problem is worded.

3. Avoid choosing 0, 1, or numbers that already appear in the problem.

4. Choose numbers that work easily in the problem. The numbers 2, 3,
and 5 are often good numbers to use for algebra problems. If you
have to divide, try to pick a number that will yield an integer after the
division.

Step 2: Solve the problem using your chosen smart numbers.
Wherever the problem used to have variables or unknowns, it now
contains the real numbers that you've chosen. Solve the problem
arithmetically and find your target answer.

Step 3: Find a match in the answers.



Plug your smart numbers into the variables in the answer choices and
look for the choice that matches your target. If, at any point, you can tell
that a particular answer will not match your target, stop calculating that
answer. Cross it off and move on to the next answer.

How to Get Better at Smart Numbers

Practice makes perfect! First, try the problem sets associated with this book.
When you think smart numbers can be used, try each problem two times: once
using smart numbers and once using the “textbook” method. (Time yourself
separately for each attempt.)

When you're done, ask yourself which way you prefer to solve this problem and
why. On the real test, you won't have time to try both methods; you'll have to
make a decision and go with it. Learn how to make that decision while studying;
then, the next time a new problem pops up in front of you that could be solved
by choosing smart numbers, you'll be able to make a quick (and good!) decision.

Keep an eye out for other opportunities to choose smart numbers throughout the
rest of this guide, as well as other guides. This strategy is very useful!

Finally, one important note: at first, you may find yourself always choosing the
textbook approach. You've practiced algebra for years, after all, and you've only
been using the choose smart numbers technique for a short period of time. Keep
practicing; you'll get better! Every high scorer on the Quant section will tell you
that choosing smart numbers is invaluable to getting through Quant on time and
with a consistent enough performance to reach a top score.

When NOT to Use Smart Numbers

There are certain scenarios in which a problem contains some of the smart
numbers characteristics but not all. For example, why can't you use smart
numbers on this problem?

Four brothers split a sum of money between them. The first brother
received 50% of the total, the second received 25% of the total, the third
received 20% of the total, and the fourth received the remaining $4. How



many dollars did the four brothers split?

(A) 50
(B) 60
(C) 75
(D) 80
(E) 100

The problem talks about a sum of money but, at first, tells you nothing concrete
about this sum of money. Towards the end, though, it does give you one real
value: $4. Because the “remaining” percent has to equal $4 exactly, this problem
has just one numerical answer. You can't pick any starting point that you want.
(The answer to the above problem is (D), by the way!)



Problem Set

1. Seamus has 3 times as many marbles as Ronit, and Taj has 7 times as
many marbles as Ronit. If Seamus has s marbles then, in terms of s, how
many marbles do Seamus, Ronit, and Taj have together?

(A) ;s
(B) gs
©) 25
(D) 7s
(E) 11s

2. Ifx=a+bandy=a+2b,then what is a — b, in terms of x and y?

(A) 2y—3x
(B) 3y—2x
(C) 2x-3y
(D) 2x+ 3y
(E) 3x-2

3. Cost is expressed by the formula tb*. If b is doubled and t remains the
same, the new cost is how many times greater than the original cost?

(A) 1.2
(B)

(C) 6
(D) 8

(E) 16



Solutions

1. (C): The problem will be easier to solve if you can choose numbers that will
give you all integers as you solve. Both Seamus and Taj have a multiple of the
number of marbles that Ronit has, so begin by picking for Ronit, not for Seamus.

If Ronit has 2 marbles, then Seamus has (3)(2) = 6 marbles and Taj has (7)(2) =
14 marbles. Together, the three have 22 marbles.

Plug s = 6 into the answers (remember that the problem asks about Seamus's
starting number, not Ronit's!) and look for a match of 22:

3
(A) — 7 =not an integer

(B) —;x = %(6) = 14. Not a match.

11 11
(C) ? i= ?(6) = 22. Match!

(D) 7s = 42. Not a match.
(E) 11s = Too large.

Alternatively, you can use an algebraic approach. Begin by translating the first
sentence into equations:

s=3r
t=7r

The question asks for the sum of the three:
str+t=7?

The answers use only s, so figure out how to substitute to leave only s in the
equation:



Substitute those into the question:

Str+t

The correct answer is (C).

2. (E): With so many variables, choosing smart numbers will probably be more
efficient. Because x and y can be found by certain sums of a and b, pick for a
and b, then calculate x and y.

Ifa=5andb=2,thenx=5+2=7andy =5+ 2(2) =9. The difference a—b =
5-2=3.

Plug x =7 and y = 9 into the answers and look for a match of 3:

(A) 2y —3x=2(9)-3(7) = 18 — 21 = negative

(B) 3y—2x=3(9)-2(7)=27-14=13

(C) 2x—3y =2(7)—3(9) = 14 — 27 = negative

(D) 2x + 3y =2(7) + 3(9) = too big

(E) 3x—2y=3(7)-2(9) = 21 — 18 = 3. Match!

You can also use an algebraic approach.

Given: x=a+b



Given:y=a+ 2b
What isa - b?

The answers use only x and y, so figure out how to rewrite the given equations to
plug into the question, using only x and y.

If you subtract the two equations, you'll get x and y in terms of b alone:

y=a+2b
—(x=a+ b)
y—x=b

Multiply the x = a + b equation by 2 and perform the same operation to get x and
y in terms of a alone:

2x=2a+ 2b

—(y=a+ 25)

2x — y=a

Then, find a — b:

(2x-y) - (y—x)
2x—y—y+x
3x — 2y

The correct answer is (E).

3. (E): The problem gives the formula C = tb* but never offers a real number for
the cost or for any of the other variables in the problem. Choose your own smart
numbers!

First, use your numbers to find the original cost. Then, double the value of b and
find the new cost. Finally divide the new cost by the original cost to determine
how many times greater it is.

If, for the original cost, b = 2 and t = 3, then the original cost was (3)(2%) = (3)
(16). Don't multiply that out—remember that you're going to divide later and t
doesn't change, so you'll be able to cross 3 off later.



For the new cost, b =4 and t = 3, so the cost is (3)(4*) = (3)(4%):

new cost (3)(4%)

original cost  (3)(2%)
Simplify before you multiply. The 3s cancel out. Write out the remaining terms:

(4x4x4x%x4)

(22 22

All of the 2's on the bottom cancel out two of the 4's on top, leaving you with (4)
(4) = 16.

Alternatively, use an algebraic approach.

Original cost = tb*
New cost = t(2b)* = 16tb*

new cost 16th*

16

original cost th*

The correct answer is (E).
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Exponents

The mathematical expression 42 consists of a base (4) and an exponent (3).

The base (4) is multiplied by itself as many times as the power requires (3):
4 =4x4x%x4=64

In other words, exponents are actually shorthand for repeated multiplication.

Two exponents have special names: the exponent 2 is called the square, and the
exponent 3 is called the cube:

52 can be read as five squared (5% = 5 x 5 = 25).
53 can be read as five cubed (5° =5 x 5 x 5 = 125).

All About the Base

A Variable Base

Variables can also be raised to an exponent, and they behave the same as
numbers:

yr=yxyxyxy

Base of Q or 1

0 raised to any power equals 0.



1 raised to any power equals 1.
For example, 0°=0x0x0=0and0*=0x0x0x0=0.
Similarly, 13=1x1x1=1and1*=1x1x1x1=1.
If you are told that x = x2, then x must be either 0 or 1.

A Fractional Base

When the base of an exponential expression is a positive proper fraction (in
other words, a fraction between 0 and 1), an interesting thing occurs: as the
exponent increases, the value of the expression decreases! For example:

3% _3 3y _3.3_9 3Y _3.3.3_27
4 4 4 4 4 16 4 4 4 4 064
: 3 9 27 o : :
Notice that — > — > —. Positive fractions get smaller, not larger, when raised
4 16 064

to higher powers.

You could also distribute the exponent before multiplying. For example:
3

2yl a4l 1 3 2 o +3

G 2 N S o O 3y .3 _2F
] B o | T T Ty T s
4 4 4 4 4 16 4 4 04

Note that, just like proper fractions, decimals between 0 and 1 decrease as their
exponent increases:

(0.6)>=10.36 (0.5)* = 0.0625 (0.1)° = 0.00001

A Compound Base

Just as an exponent can be distributed to a fraction, it can also be distributed to a
product:

103 =2 x 5)3 = (2)3 x (5)> = 8 x 125 = 1,000

This also works if the base includes variables:



(3x)* = 3* x x* = 81x*

A Base of —1

-Dl=-1 (<12 =-1x-1=1 (1P =-1x-1x-1=-1

This pattern repeats indefinitely. In general:

(—1)°PP = —1 (—1)EVEN = 1

A Negative Base

When dealing with negative bases, pay particular attention to PEMDAS. Unless
the negative sign is inside parentheses, the exponent does not distribute. For
example:

(-2)* # -24
24=-1x24=-16 2)*=(1D*x2)*=1x16=16

As with a base of —1, any negative bases raised to an odd exponent will be
negative, and any negative bases raised to an even exponent will be positive.

Combining Exponential Terms with Common
Bases

The rules in this section only apply when the terms have the same base.

As you will see, all of these rules are related to the fact that exponents are
shorthand for repeated multiplication.

Multiply Terms: Add Exponents

When multiplying two exponential terms with the same base, add the exponents.
This rule is true no matter what the base is.

X=X X(ZzXZXZ)=2XZXZ2XZXZ2=2"

4x42=(Q)x (4x4)=4x4%x4=43



Fortunately, once you know the rule, you can simplify the computation greatly:

366 -6

Divide Terms: Subtract Exponents

When dividing two exponential terms with the same base, subtract the
exponents. This rule is true no matter what the base is.

o

p)

IXFTETOIRIAE. cervpm i
i SRS IR =7
2 HXD

Fortunately, once you know the rule, you can simplify the computation greatly:

Anything Raised to the Zero Equals 1

This rule is an extension of the previous rule. If you divide something by itself,
the quotient is 1:

i _axaxe

@ gXaXd
Look at this division by subtracting exponents:

a

— = ﬁf}_;‘ = (:"G
3

el

Therefore, a® = 1.

Any base raised to the 0 power equals 1. The one exception is a base of 0.

0
Note that 0° is undefined. That's because E is undefined (but the GMAT does not

test undefined numbers, so you don't need to memorize this).



Negative Exponents

The behavior of negative exponents is also an extension of the rules for dividing
exponential terms.

Bpn JKF sl
Y yXyXyXyxy y

Look at this division by subtracting exponents:

Therefore, 1~ =—.

3

y

This is the general rule: something with a negative exponent is just “one over”
that same thing with a positive exponent. You can rewrite the above expression
by taking the reciprocal of y* and dropping the negative sign.

Here are some additional examples of how to take the reciprocal and drop the
negative sign:

Nested Exponents: Multiply Exponents

How can you simplify (z%)3? Expand this term to show the repeated
multiplication.

(2 = (%) x (@) x () = 722 = 16
When you raise an exponential term to an exponent, multiply the exponents.

(@)*= a5 4= g2



Fractions and Exponents

There are four broad categories of fractions that all behave differently when
raised to a power. The result depends on the size and the sign of the fraction, as
well as on the power. While it is not necessary to memorize all of the cases
below, it is important that you be able to re-create them when necessary.

0

1

EVEN EXPONENTS (such as 2):

Less than —1 Berween —1 and 0

Result is bigger. Result is bigger.

ODD EXPONENTS (such as 3):

Less than —1 Berween —1 and 0

Result is smaller. Resulr is bigger.

b | =

Between 0 and 1

Result is smaller.

Berween 0 and 1

_}_
2 8

Result is smaller.

b | e

Greater than 1
3 ; 9
2] 4
Result is bigger.

Greater than 1

3Y 27
2) 8
3 27

L e

2 8

Result is bigger.

As you can see, the effect of raising a fraction to a power varies depending upon

the fraction's value, the sign, and the exponent.

To raise a fraction to a negative power, raise the reciprocal to the equivalent

positive power.

3Y _(IY_ 72 _49
ri 3 3 9

[2%)




Factoring Out a Common Term

Normally, exponential terms that are added or subtracted cannot be combined.
However, if two terms with the same base are added or subtracted, you can
factor out a common term. For example:

113+ 114 - 11311°+ 111 - 1131 + 11) - 113(12)

On the GMAT, it generally pays to factor exponential terms that have bases in
common.

If x = 420 + 421 + 422 what is the largest prime factor of x?

If you want to know the prime factors of x, you need to express x as a product.
Factor 4% out of the expression on the right side of the equation.

x = 420 4 421 4 422
x = 420040 + 41 + 4%)
x=42(1+4+16)
x = 4%0(21)

x =4°9(3 x 7)

Now that you have expressed x as a product, you can see that 7 is the largest
prime factor of x.

Equations with Exponents

Exponents can also appear in equations. In fact, the GMAT often complicates
equations by including exponents or roots with unknown variables.

Here are a few situations to look out for when equations contain exponents.

Even Exponents Hide the Sign of the Base

Any number raised to an even exponent becomes positive. For example:



3=9 AND = (-3)*=9

Another way of saying this is that an even exponent hides the sign of its base.
Compare the following two equations:

x?>=25 |x|=5

Do you see what they have in common? In both cases, x = +5. The equations
share the same two solutions. In fact, there is an important relationship: for any

X \Jx =] x|.

Here is another example:

a’—-5= By adding 5 to both sides, you can rewrite this
12 equation as g2 = 17. This equation has two

solutions:,/17 and — /17.

You can also say that the equation a® = 17 has two roots (the word root is a
synonym for the word solution).

Also note that not all equations with even exponents have two solutions. For
example:

x2+3=3 By subtracting 3 from both sides, you can rewrite this
equation as x2 = 0, which has only one solution: 0.

Odd Exponents Keep the Sign of the Base

Equations that involve only odd exponents or cube roots have only one solution:

3 =-125 Here, x has only one solution, —5, because (—5)(—5)
(=5) = —125. This will not work with positive 5.
. Here, y has only one solution, 3, because (3)(3)(3)(3)
243 =y (3) = 243. This will not work with —3.

If an equation includes some variables with odd exponents and some variables
with even exponents, treat it as dangerous, as it is likely to have two solutions.
Any even exponents in an equation signal two potential solutions.



Same Base or Same Exponent

In problems that involve exponential expressions on both sides of the equation, it
is imperative to rewrite the bases so that either the same base or the same
exponent appears on both sides of the exponential equation. Once you do this,
you can usually eliminate the bases or the exponents and rewrite the rest as an
equation. Consider this example”

Solve the following equation for w: (4¥)3 = 32%~1

To start, rewrite the bases so that the same base appears on both sides of the
equation. Right now, the left side has a base of 4 and the right side has a base of

32. Both 4 and 32 can be expressed as powers of 2, so you can rewrite 4 as 22
and you can rewrite 32 as 2°.

Next, plug the rewritten bases into the original equation:

Now, simplify the equation using the rules of exponents:

[[22}::'}3 - {2:’:}.'::'—1

o — I5w-5
- _—a

When the bases are identical (and no other bases exist), you can drop the bases,
rewrite the exponents as an equation, and solve:

Gw=5w-5

w=-5

Be very careful if 0, 1, or —1 is the base (or could be the base), since the outcome
of raising those bases to powers is not unique. For instance, 0% = 03 = 0?9 = 0. So
if 0¥ = 0, you cannot claim that x = y. Likewise, 12 =13=1% =1, and (-1)? =
(-1)* = (-1)*ve" = 1, while (-1)3 = (-1)° = (-1)°4 = —1. Fortunately, the GMAT
rarely tries to trick you this way.



Problem Set

Now that you've finished the chapter, do the following problems.

For problems 1 and 2, determine whether the inequality is TRUE or FALSE:

1 _E) .3
. 4 4
¢ -2

2. X—H }X—H,ifx}&
| X X

3. x3<x? Describe the possible values of x.

BT, 12
m r
4. Simplify: % X p2r’m4
mr p
Xu+b
5. Ifp= — what is the value of positive integer p?
X
(1)x=5
(2)a=0

Save the below problem set for review, either after you finish this book or after you finish all
of the Quant books that you plan to study.

6. Which of the following expressions has the largest value?

(A) BH

® [0 ]°
(C) 330 + 330 + 330

(D) 4(3°")



(E) 43'");
7. Simplify: (4 + 4+ 4 +4) (3 +3F' + 3I)
(A) 44 x 3¥
(B) 12v*1
(C) 16) x
(D) 12
(E) 4 x 12
8. If49+49*1=49%2_176 what is the value of a?

9. If mand n are positive integers and (28)(5™) = (20"), what is the value of
m?

I 131 Y2
10. Which of the following is equivalent to | — — — | ?
& 9 27
178
Al =
(5]
(1Y°
Bl —
(B) 3
G
Ol =
(©) s

,I —18
o)



1y
®(5)

11. If B3A <0 and A > 0, which of the following must be negative?
(A) AB
(B) B’°A
(C) B*

A
(D) =

B
E) ——
()A



Solutions

1. TRUE: Raising a proper fraction to a power causes that fraction to move
closer to 0 on a number line. Raising any negative number to an odd power will

result in a negative number. The number ( —j) , therefore, will be to the right
4

3 :
of —= on the number line.
4

x+1

2. FALSE: Any number , where x is positive, will be greater than 1.

%
Therefore, raising that number to a negative exponent will result in a number

smaller than 1 whenever x is a positive number:

[Hl]* ( x )3 s
= <
X x+1 X

3. Any non-zero number less than 1: As positive proper fractions are

1\ 2
multiplied, their value decreases. For example, ( — ] < [ — ] . Also, any
A 5

i

negative number will make this inequality true. A negative number cubed is
negative. Any negative number squared is positive. For example, (—3)3 < (-3).
The number 0 itself, however, does not work, since 03 = 02.

g8 7 12 12 9 13
L™ coongy o T DT m(2=9pO D159 = 19 586

4. mpr®: —— -
mor p ner p

.:.'_Igr+e':'
, which

5. (B): This question isn't really about p. It's about the expression !
‘{' 7

can be simplified by subtracting the exponent in the denominator from the
exponent in the numerator:

L +|!I?
:.‘+|!I?—|:|!l?l‘ i
— .:.'.. J — :{.

X

So this question may be rephrased as simply, What is x?



Be careful, though—sufficiency in this case does not necessarily mean that you
need to know x and a individually. (As just one example, if x is 1, then a is not
needed, because 1 to any power is still 1.)

(1) INSUFFICIENT: Knowing that x is 5 is not sufficient without knowing a.

(2) SUFFICIENT: Anything to the 0 power is 1. The only exception to the rule is
0, because 0° is undefined. However, you have been told that p is a positive
integer, so you know that x cannot equal 0.

The correct answer is (B).
6. (D): Use the rules of exponents to simplify each expression:

(A) (34)13 — 352
oL 360
(B) [(330 }13 :Ill:I - (‘%360 )% =z ‘%W . 33'5
(C) 330 + 330 + 330 =13 (330) — 331
(D) 4(3°1) cannot be simplified further.

1 100

(E) (310)z =372 = 3%

Answer choice (A) is clearly larger than (B), (C), and (E). You must now
compare 4(3°1) to 3°2. To make them most easily comparable, factor one 3 out of
3°2: 3°2 = 3(3°1). Thus, 4(3°1) is greater than 3(3°!), so (D) is the correct answer.

7.(B): (@ + ¥+ X+ WP +F+3)=(4xP)(3*x3P) =@ HF =4 x
3y =2yt
8. 2: The key to this problem is to express all of the exponential terms in terms

of the greatest common factor of the terms: 49. Using the addition rule (or the
corresponding numerical examples), you get:



A =457-1 76
176 = 442 — 4% — 4°+!
176 = 4" (47) — 4° — 4*- (4)
176 = 4°x (4% — 4° - 4)
176 = 4°x (16 — 1 — 4)
176 = 4*x (11)
£=176+11=16

iw=2

9. 9: With exponential equations such as this one, the key is to recognize that as
long as the exponents are all integers, each side of the equation must have the

same number of each type of prime factor. Break down each base into prime
factors and set the exponents equal to each other:

(2'2)(5™) = (207)
2B.s5m—(2.2.5)

LSV T IV S—
18=2m;m=n

Because m and » have to be integers, there must be the
same number of 2’s on either side of the equation and
there must be the same number of 5’s on either side of

the equation. Thus, 18 = 2# and m = n.
n=%m=n=9

10. (C): Once again, you should break each base down into its prime factors
first. Then, apply the negative exponent by taking the reciprocal of each term,
and making the exponent positive:

—i -3 —2 —4 —3 —2
[l [l [L] " l] i] L,' =36X[;-!I:J-:'X(Sj}'=L‘ﬁix;1}b><3lh=;qj-i+6+6=ﬂlb
3J 19 ) |27 3} 3 3’

Because all of the answer choices have negative exponents, you can perform the
same transformation on them—simply take the reciprocal of each and change the
exponent to a positive:

(1"
@| | =3
k5J
rlﬁ‘-"" )

B)| — =

(B) 3




\—Iﬁ

=,

,.,
| =
.

(@) =3t

—18

==,
>y

= 318

(D)

a | =

\,

] —144 N
F)| — — 344
®(5]

11. (A): If A is positive, B> must be negative. Therefore, B must be negative. If A
is positive and B is negative, the product AB must be negative.

A
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Roots

A Square Root Has Only One Value

Compare the following two equations:

x2=16 x =416

Although they may seem very similar, there is an important difference. There are
two solutions to the equation on the left: x = 4 or x = —4. There is one solution to
the equation on the right: x = 4.

If a given equation contains a square root symbol on the GMAT, only use the
positive root.

If an equation contains a squared variable, and you take the square root, use both
the positive and the negative solutions.

This rule applies for any even root (square root, 4th root, 6th root, etc.). For
instance:

J81=3
Odd roots (cube root, 5th root, 7th root, etc.) also have only one solution.

Odd roots, like odd exponents, keep the sign of the base.

If 3/_27 = x, what is x?

The correct answer is —3, because (-3)(-3)(-3) = -27.



Roots and Fractional Exponents

Fractional exponents are the link between roots and exponents. Within the
exponent fraction, the numerator tells you what power to raise the base to, and
the denominator tells you which root to take. You can raise the base to the power
and take the root in either order. For example:

|
' -7

What is 2163"

The numerator of the fraction is 1, so raise the base to the power of 1. The

denominator is 3, so you need to take the 3rd (cube) root of 216, In order to
determine that root, break 216 into prime factors:

216 =3x3x3x2x2x2=63

1
216 is equal to 63, so 2162 = 3216 = {/{5_* =65

4

What is [l]_g?
8

Because the exponent is negative, first take the reciprocal of the base of [ = ] and

L

change the exponent to its positive equivalent. Then take the 3rd (cube) root to
the 4th power:

4

[l] " =87 = 43" =(¥8) =2 =16

8

You need to know how to take fractional exponents and rewrite them as roots
and powers, as above, and you also need to know how to express roots as
fractional exponents. The resulting expression may be much easier to simplify.
Just remember that a root becomes the denominator of a fractional exponent.

Express 4/ J/x as afractional exponent.



Transform the individual roots into exponents. The square root is equivalent to

1 : .
an exponent of —, and the fourth root is equivalent to an exponent of —.
2 4
1

: . \= 1
Therefore, this expression becomes ( é)é*, or

(%7
Note that this is equivalent to £/

Simplifying a Root

Sometimes there are two numbers inside the radical sign. In order to simplify
this type of root, it is often helpful to split up the numbers into two roots and
then solve. At other times, the opposite is true: you have two roots that you
would like to simplify by combining them under one radical sign.

When Can You Simplify Roots?

You can only simplify roots in the ways described below when the roots are
connected via multiplication or division. If two roots are added or subtracted,
you cannot use this method.

How Can You Simplify Roots?

When multiplying roots, you can split up a larger product into its separate
factors. Creating two separate radicals and simplifying each one individually
before multiplying can save you from having to compute large numbers. For
example:

J25x16 =25 xJ16 =5%x4=20
V50 %18 =/50%18 = 2% 25%x2%x 9 =/4x 259 = 2x 5% 3 =30

In the first example, 25 and 16 are perfect squares. Because they are multiplied
together, you can take the square root of each separately. In the second example,
50 and 18 are not perfect squares. In this case, break down the numbers into
factors in order to find any perfect squares, then take the square root.

Division of roots works the same way. You can split a larger quotient into the
dividend and divisor. You can also combine two roots that are being divided into
a single root of the quotient. For example:



V144516 =144 +J16 =12 +4=3
V72 +8=472+8=9=3

The GMAT may try to trick you into splitting the sum or difference of two
numbers inside a radical into two individual roots. Also, the GMAT may try to
trick you into combining the sum or difference of two roots inside one radical
sign. Remember that you may only separate or combine the product or quotient
of two roots. You cannot separate or combine the sum or difference of two roots.

The 16 and 9 cannot be split into separate roots:

J1649 # /16 ++/9 This move is illegal.

Instead, first add the numbers together, then take the square root:

N16+9 =425=5

Imperfect vs. Perfect Squares

Not all square roots yield an integer. For example, /52 is the root of an

imperfect square. It will not yield an integer answer because no integer
multiplied by itself will yield 52.

Simplifying Roots of Imperfect Squares

Some imperfect squares can be simplified into multiples of smaller square roots.
For an imperfect square such as ,/52, you can rewrite ,/52 as a product of

primes under the radical:

32 =42%x2x%13

You can simplify any pairs inside the radical. In this case, there is a pair of 2's.
Since \/2 % 2 = /4 = 2, you can rewrite ,/52 as follows:

52 =2x2x13 =2x/13

This is more typically written 7,/13. Look at another example:



Simplify: \/?_2

You can rewrite /72 as a product of primes: ,/72 = \/ 2% 2% 2% 3% 3. Since
there are a pair of 2's and a pair of 3's inside the radical, you can simplify them:

J72=2x3x2 =62

Memorize: Squares and Square Roots

Memorize the following squares and square roots, as they often appear on the
GMAT.

L4 =2 W2 =4
17%=3 J3 1T
225 =5 V3 =225
=4 Wi=2
=3 Ja=3
4= l& JI6 =4
¥=25 ¥25=3
& =36 | +/36=6
=49 . J49 =7
B =64 J64 =8
=8l _ JRl=9
=100 | Ji00=10
112=121 | J121=11
12 = 144 Jag=12
13 =169 Jle9 =13
147 = 196 J196 =14
15 =225 J225=15
16 = 256 J256 =16
202 = 400 400 =20
2 =623 | J625=15

30% = 900 Jaon =30



Memorize: Cubes and Cube Roots

Memorize the following cubes and cube roots, as they often appear on the

GMAT.

B=1 =1
23=8 Y8 =2
=27 Y27 =3

43 =64 Y64 =4

5 =125 J125=5
10°=1,000 | 31,000 =10




Problem Set

Now that you've finished the chapter, do the following problems.

1. For each of these statements, indicate whether the statement is TRUE or
FALSE:

(a) If x2 = 11, then x = \/ﬁ
(b) If x3 =11, then x = {/ﬁ
(c) If x* = 16, then x = 2.
(d) If x> = 32, then x = 2.

Solve or simplify the following problems, using the properties of roots:

2. J18 2

3

3. Evaluate the following expression: (i] =
9

|
4. (i]_“
81
5 J63+/28
6. 3/100-36

Save the below problem set for review, either after you finish this book or after you finish all
of the Quant books that you plan to study.

7. (150 -/96
8. Estimate: /60

9. J20ax+/5qg, assuming a is positive



10.

11

12.

13.

10412 +243

. \/XEP’E +3x%y?, assuming x and y are positive

+/0.0081

2



Solutions

1. (a) FALSE: Even exponents hide the sign of the original number, because
they always result in a positive value. If x> = 11, then | x | = /] 1. Thus, x could

be either \/11 or —/11.

(b) TRUE: Odd exponents preserve the sign of the original expression.
Therefore, if x> is positive, then x must itself be positive. If x> = 11, then x must

be 3/11.

(c) FALSE: Even exponents hide the sign of the original number, because they
always result in a positive value. If x* = 16, then x could be either 2 or 2.

(d) TRUE: Odd exponents preserve the sign of the original expression.

Therefore, if x° is positive, then x must itself be positive. If x> = 32, then x must
be 2.

2.3: 18 +42 =19 =3

SORCEERIBIE

1
e 1

4-3=( : ]4=313=<‘/§=3

81

Note: On the GMAT, when given a square root symbol with a number beneath,
you are supposed to take only the positive root. This restriction does not apply
when given exponents (e.g., x> = 16 does give you both 4 and —4 as possible
solutions).

j‘\/_ ‘\/a'f‘ 28 ﬁx\/_ +{\/_><‘\/— —3‘\/_4“2\/_ j\/_
6. 4: 3[100—36 = 3/64 =

7. 6 1150 — 56 = (V25 %VB) ~ (VIE x/G) = 5v6 — 446 = V6.



8. 7.7: 60 is in between two perfect squares: 49, which is 72, and 64, which is 82,

2
The difference between 64 and 49 is 15, so 60 is a little more than —3 of the way

toward 64 from 49. A reasonable estimate for /50, then, would be about 7.7,

which is a little more than — towards 8 from 7.

9.10a: /204 x+[52 =+/1004> =104

10.10: 10412 = 24/3 = 10(\52\/5) _ zzoﬁ _

11. 2;‘:3:\/} : Notice that you have two terms under the radical that both contain

10

x?y3. You can add like terms together if they are under the same radical:
\/f}ﬁ" + 5:{2};5 = \/(] —|-—3::|x'2}.'3 — \/4;;-2};3 . Now, factor out all squares and
isolate them under their own radical sign:

(Note that since x and y are positive, \/,2 — and  [}* =y.)

12. 0.09: Since (0.09)(0.09) = 0.0081, ./0.0081 = 0.09. You can also rewrite
0.0081 as 81 x 104:

1
J81x107* =/81xV107* =9x(107%)2 =9x1072 =0.09
13. 2: =4 :m:z
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Quadratic Equations

One special type of exponent equation is called the quadratic equation. Here are
some examples of quadratic equations:

x> +3x+8=12 w?2—16w+1=0 2y’ —y+5=8

The standard form of a quadratic equation is ax? + bx + ¢ = 0, where g, b, and ¢
are constants and a does not equal 0.

Here are other ways of writing quadratics (in non-standard form):
x2=3x+4 a = 5a° 6—b=7b?

Like other even exponent equations, quadratic equations generally have two
solutions. That is, there are usually two possible values of x (or whatever the
variable is) that make the equation true.

Factoring Quadratic Equations

The following example illustrates the process for solving quadratic equations:
Given that x2 + 3x + 8 = 12, what is x?

To start, move all the terms to the left side of the equation, combine them, and
put them in the form ax? + bx + ¢ (where a, b, and c are integers). The right side
of the equation should be set to O:

x> +3x+8= Subtracting 12 from both sides of the equation puts



12 all the
x> +3x-4=0 terms on the left side and sets the right side to 0.

Next, factor the equation. In order to factor, you generally need to think about
two terms in the equation. Assuming that a = 1 (which is usually the case on
GMAT quadratic equation problems), focus on the two terms b and c. (If a is not
equal to 1, simply divide the equation through by a.)

In the equation x*> + 3x —4 = 0, b = 3 and ¢ = —4. In order to factor this
equation, you need to find two integers whose product is —4 and whose
sum is 3. The only two integers that work are 4 and —1, since 4(-1) = —
4and 4 + (-1) = 3.

Now, rewrite the equation in the form (x + ?)(x + ?), where the question marks
represent the two integers you solved for in the previous step:

+3x—4=0
(x+4)x—1)=0

The left side of the equation is now a product of two factors in
parentheses: (x + 4) and (x — 1). Since this product equals 0, one or both
of the factors must be 0.

For instance, if you know that M x N = 0, then you know that either M
=0or N=0 (or both M and N are 0).

In this problem, set each factor in parentheses independently to 0 and

solve for x:
x+4=0 OR x—1=0
x=-4 x=1

Therefore, the two solutions or roots of the quadratic equation x> + 3x + 8 = 12
are —4 and 1.

Disguised Quadratics

The GMAT will often attempt to disguise quadratic equations by putting them in



forms that do not quite look like the traditional form of ax? + bx + ¢ = 0.
Here is a very common “disguised” form for a quadratic:
3w? = 6w

This is certainly a quadratic equation. However, it is very tempting to try to
solve this equation without thinking of it as a quadratic. This classic mistake
looks like this:

3wt = 6w Divide both sides by w.
3w=06 Divide both sides by 3.
3 =2

If you solve this equation without factoring it like a quadratic, you will miss one
of the solutions! Here is how it should be solved:

3u’? = 6w
3uw?—6w=0
w3w—-6)=0

Setting both factors equal to 0 yields the following solutions:

3w—-—6=0
=0 OR 3w=06
fp=2

If you recognize that 3w? = 6w is a disguised quadratic, you will find both
solutions instead of accidentally missing one (in this case, the solution w = 0).

Here is another example of a disguised quadratic:

Solve for b, given that 1—6 =b-5.

At first glance, this does not look like a quadratic equation. The first
simplification step is to get rid of that fraction. Watch what happens:

Multiply both sides of the equation by b.



86, sz

b
36 =b?-5b

Now this looks like a quadratic! Solve it by factoring:

36 =4*—56 Subrtract 36 from both sides to set the equation equal to 0.
& —56-36=0
(b—9)b+4)=0 Thus, =9 or b= —4.
Some quadratics are hidden within more difficult equations, such as higher order
equations (in which a variable is raised to the power of 3 or more). On the

GMAT, these equations can almost always be factored to find the hidden
quadratic expression. For example:

Solve for x, given that x> + 2x*> — 3x = 0.

4+ 2% —-3x=0 Factor out an x from each term.
x> +2x—3)=0
Now factor the quadratic:

xx?P+2x-3)=0
xx+3)x—-1)=0 x=0 OR x+3=0 OR x-1=0.

This equation has three solutions: 0, —3, and 1.
This example illustrates a general rule:

If you have a quadratic expression equal to 0, and you can factor an x
out of the expression, then x = 0 is a solution of the equation.

Do not just divide both sides by x. If you do so, you will eliminate the solution x
= 0. You are only allowed to divide by a variable if you are absolutely sure that
the variable does not equal 0.

Taking the Square Root

So far you have seen how to solve quadratic equations by setting one side of the



equation equal to 0 and factoring. However, some quadratic problems can be
solved without setting one side equal to O. If the other side of the equation is a
perfect square, the problem can be solved by taking the square root of both sides
of the equation. For example:

If (z + 3)? = 25, what is z?

You could solve this problem by distributing the left-hand side of the equation,
setting the right-hand side equal to 0, and factoring. However, it would be much
easier to take the square root of both sides of the equation to solve for z. You just
have to consider both the positive and the negative square root:

ﬁ,;‘{:f +‘5]3 :\/E
z+3=315
;TZ—L%'_F :7"

Z= {2~—8

Going in Reverse: Use FOIL

Instead of starting with a quadratic equation and factoring it, you may need to
start with factors and rewrite them as a quadratic equation. To do this, use a
multiplication process called FOIL: First, Outer, Inner, Last.

To change the expression (x + 7)(x — 3) into a quadratic equation, use FOIL as
follows:

First: Multiply the first term of each factor together: x x x = x?
Outer: Multiply the outer terms of the expression together: x(—3) = —3x
Inner: Multiply the inner terms of the expression together: 7(x) = 7x

Last: Multiply the last term of each factor together: 7(-3) = —21

Now, there are four terms: x*> — 3x + 7x — 21. By combining the two middle
terms, you have your quadratic expression: x? + 4x — 21.



If you encounter a quadratic equation or expression, try factoring it. On the other
hand, if you encounter the product of factors such as (x + 7)(x — 3), you may
need to use FOIL. Note that if the product of factors equals 0, you should be
ready to interpret the meaning. For instance, if you are given (x + k)(x —m) = 0,
then you know that x = —k or x = m.

One-Solution Quadratics

Not all quadratic equations have two solutions. Some have only one solution.
One-solution quadratics are also called perfect square quadratics, because both
roots are the same. Consider the following examples:

x2+8x+16=0
x+4)x+4)=0
(x+4)2=0 Here, the only solution for x is —4.
x2—-6x+9=0
(x=3)(x=3)=0
(x—3)?=0 Here, the only solution for x is 3.

When you see a quadratic equation, look for two solutions, but be aware that
some circumstances will lead to just one solution. As long as you understand
how the math works, you'll know when you should have two solutions and when
you should have just one.

Zero in the Denominator: Undefined

When 0 appears in the denominator of an expression, then that expression is
called undefined. How does this convention affect quadratic equations? Consider
the following:

What are the solutions to the following equation?

XX +x-12
x—2

0

The numerator contains a quadratic equation. Since it is a good idea to start



solving quadratic equations by factoring, factor this numerator as follows:

xt+x—12 oy {x—ﬂ}[x—i—ii}zo
x =2 x =2

If either of the factors in the numerator is 0, then the entire expression equals O.
Thus, the solutions to this equation are x = 3 or x = —4.

Note that making the denominator of the fraction equal to 0 would not make the
entire expression equal to 0. Recall that if 0 appears in the denominator, the
expression becomes undefined. Thus, x = 2 (which would make the denominator
equal to 0) is not a solution to this equation. In fact, since setting x equal to 2
would make the denominator 0, the value 2 is illegal: x cannot equal 2.

The Three Special Products

Three quadratic expressions called special products come up so frequently on
the GMAT that it pays to memorize them. They are GMAT favorites! Make
yourself some flash cards and drill them until you immediately recognize these
three expressions and know how to factor (or distribute) each one automatically.
This will usually put you on the path toward the solution to the problem.

Special Producrt #1: —P={x+yx—1y kh-‘.[emul'ize these!
Special Product #2: 4 2y 4t = (w4 ) x4+ y) = (x + )
Special Product #3: = 2xy+ = (v =)l — ) = (x— )

You may also need to identify these products when they are presented in other
forms. For example, a® — 1 can be factored as (a + 1)(a — 1). Similarly, (a + b)?
can be distributed as a® + 2ab + b?.

Within an equation, you may need to recognize these special products in pieces.
For instance, if you see a® + b> = 9 + 2ab, move the 2ab term to the left, yielding
a® —2ab + b? = 9. This quadratic can then be factored to (a —b)> =9, ora—b =
+3.



2
Simplify: X +24X r 4, given that x does not equal 2 or —2.

X =4

Both the numerator and denominator of this fraction can be factored:

(x+2)(x+2)
(x+2)(x=2)

The expression x + 2 can be cancelled out from the numerator and denominator:

x +4x+4 x+2

=

x =4 x—2



Problem Set

Now that you've finished the chapter, do the following problems.

1 (3-47)(3++7)=

2. If—4is a solution for x in the equation x> + kx + 8 = 0, what is k?

3. If 8 and —4 are the solutions for x, which of the following could be the
equation?

(A)x>—4x-32=0
(B)x>—4x+32=0
(C)x*+4x-12=0
D)x*+4x+32=0
(E)x*+4x+12=0

4. If x>+ k = G and x is an integer, which of the following could be the
value of G — k?

(A)7
(B) 8
©)9
(D) 10
(E) 11

5. What is x?

(D)x=4y-4
(2)xy=8

Save the below problem set for review, either after you finish this book or after
you finish all of the Quant books that you plan to study.



6. Given that %+% +3=0, what is d?

2
7. Given that w — 7, what is x?

X+3
8. Given that (p — 3)>—5 = 0, what is p?
9. Given that z2 — 10z + 25 = 9, what is z?

10. Hugo lies on top of a building, throwing pennies straight down to the
street below. The formula for the height, H, that a penny falls is H = Vt +
5t?, where V is the original velocity of the penny (how fast Hugo throws it
when it leaves his hand) and t is equal to the time it takes to hit the ground.
The building is 60 meters high, and Hugo throws the penny down at an
initial speed of 20 meters per second. How long does it take for the penny
to hit the ground?

11. If a # 2, which of the following is equal to M ?
ab—2b
(A) ab
(B) a
(C)a+2
(D) a®

(E) 2b



Solutions

1. 2: Use FOIL to simplify this product:

E 3%3=9 Alternartively, recognize that the original expres-
0: 3xT=3.J7 sion is in the form (x — y)(x + y), which is one

o 3 of the three special products and which equals
s ;ﬁf =g x* — y* (the difference of two squares). Thus, the
L 7 xy7=-7 expression simplifies to 3* — {\5}2 =0 F=2.

0+37-37-7=2
2. 6: If —4 is a solution, then you know that (x + 4) must be one of the factors of
the quadratic equation. The other factor is (x + ?). You know that the product of

4 and ? must be equal to 8; thus, the other factor is (x + 2). You know that the
sum of 4 and 2 must be equal to k. Therefore, k = 6.

Alternatively, if —4 is a solution, then it is a possible value for x. Plug it into the
equation for x and solve for k:

X+ kx+8=0

16—-4k+8=0
24 = 4

k=06

3. (A): If the solutions to the equation are 8 and —4, the factored form of the
equation is: (x—8)(x +4) =0

Use FOIL to find the quadratic form: x> — 4x — 32 = 0. Therefore, the correct
equation is (A).

k=G
G-k

+

4.(C): "
X

b2

Because you know that x is an integer, x° is a perfect square (the square of an
integer). Therefore, G — k is also a perfect square. The only perfect square
among the answer choices is (C), 9.



5. (E): Each statement alone is not enough information to solve for x. Using
statements (1) and (2) combined, if you substitute the expression for x in the first
equation, into the second, you get two different answers:

x=4y—4

xy=(4y—4)y=38
4y* —4y=38
y—y—-2=0

6. {-8, —4}: Multiply the entire equation by 4d (to eliminate the denominators)
and factor:

A2+ 32+ 124=0
A2+ 124+ 32=0
d+8)(d+4)=0

d+8=0 OR d+4=0

d=—8 d=—4
7. 4: Cross-multiply, simplify, and factor to solve:
2 - C
x +6x+9 —7
o e

x4+ 6x+9="7x+21

x—x—12=0

(x+3)(x—4)=0

x+3=0 OR x—4

x==3 X

Il
o

Il
e

Discard —3 as a value for x, since this value would make the denominator 0; thus,



the fraction would be undefined.

8.{3 +4/5,3 — 5}

(p—3PF-5=0
(p—3F=5
J(p=3) =5
p= =%

p=3%.5

Note that if you try to distribute out (p — 3)? and solve as a quadratic, you will
realize there is a non-integer solution and you can't easily solve that way. You

would get:

pP—6p+9-5=0
pP—06p+4=0

There aren't any integers that multiply to 4 and add to 6; at this point, you could
choose to use the quadratic equation to solve or you could solve using the
method shown at the beginning of this explanation.

9. {2, 8}: Since you recognize that the left-hand side of the equation is a perfect
square quadratic, you will factor the left side of the equation first, instead of

trying to set everything equal to O.

22— 10z + 2:} 29

(z—57=9
J(z=5)7 =9
;T—ﬁ=i5
z=5%3

10. 2:



H=Ve+5¢
60 = 20z + 5¢2
5¢ 4+ 20— 60 =0
S(E+4r—12)=10
S+ 6)r—2)=0

t+6=0 OR t—2=0 Since a time must be positive, discard the

t=—b =2 negative value for .

11. (C): Choose numbers. The number 2 is not allowed and the number 4
appears in the expression, so try plugging a = 3 and b = 5 into the expression:

b(a’ —4)
ab—-2b
(S)ar-—4)
(3)(5)—2(5)
5(9—4)
15-10
55) .
5

Now, plug a = 3 and b = 5 into the answer choices and look for a matching
answer of 5:

(A) ab = (3)(5) = 15
B)a=(3)=3
(C)a+2=(3)+2=5 Match!
D)a*=(3)>=9

(E) 2b=2(5) =10

The correct answer is (C).

Alternatively, solve algebraically. Begin by factoring the given expression, then
simplify:



bla+2)a—-2)
&{;:—2]

=a+2

Everything divides out except for the a + 2 term. If you spot that quickly, then
the algebraic solution is faster. If not, then the smart numbers solution may be
faster.
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Strategy: Combos

Combo problems look, at first glance, much like certain algebra questions you
learned in school.

X
What is the value of §?

X+Yy
1) —>=3
Ol

(Qy=4

X
It wasn't unusual to be asked, in school, to solve for —, or x + y, or any similar

combination of variables.

Find x, find y, and voila! You can calculate any combination of the variables,
too.

GMAT combo problems however, have one key difference: your goal is to solve
directly for the combination of variables, not for each individual variable.

How to Solve for Combos

Here's how to solve for combos in the above problem:

Step 1: Notice that the question asks for a combo.



When a question asks directly for a combination of variables, you have a combo
problem. (There are ways to disguise a combo—you'll see an example later in
this chapter.)

Step 2: Manipulate any given information to try to match the combo.

The question stem doesn't contain any given information. The question itself is
"

already simplified: ; =7
Jump into the statements:

X+Yy
1) ——=3
(1) y

If you weren't looking for the combo, you might do something like this: x + y =

: . 5% .
3y. The combo contains a fraction [— ], so you actually do not want to get rid of
J

that denominator. How else can you manipulate the equation while preserving
the fraction? Try splitting the numerator:

v

L

S

Bingo! The fraction on the left matches the combo and the one on the right goes
away:

+
—
Il

ok

Il
]

- x =%

Statement (1) is actually sufficient! Jk_D

Note that you cannot find the individual values for x and y from this statement. If
you follow your “school” instincts and try to solve for each variable, you'll
answer this question incorrectly. Always try to solve for the combo.



Here's statement (2):

(Qy=4

The statement provides no information about x, so it is not sufficient. The correct

@b

answer is (A).

When you solve for a combo in Data Sufficiency (DS), your ultimate goal is to
try to find a single match for the desired combo. If you can, then the statement is
sufficient.

The above problem also contains a common DS trap called the C-trap. Problems
with this trap appear to work when both statements are used together—that is,
the answer appears to be (C). In actuality, one of the two statements works by
itself and (C) is incorrect. Take a look at the two statements again:

(1)—=3

(Qy=4

If you are trying to solve for x and y individually, you will realize pretty quickly
that neither statement alone will get you there. Put the two statements together,
however, and it is possible to find the values of both x and y.

There's just one hltch the problem didn't ask for the values of x and y. It asked

for the value of — and statement (1) is sufficient all by itself to find that combo.

Keep an eye out for the C-trap on Data Sufficiency. If it is obvious that the two
statements do work together, reexamine each one individually; one might work
all by itself. Combo problems are a very common place for C-traps to occur.

Try another combo problem:

If x # y, what is the value of x + y?

(Mx-y=1



Q) x*-y*=x-y
Step 1: Notice that the question asks for a combo.
The question stem asks directly for a combo: x + y.
Step 2: Manipulate any given information to try to match the combo

Write down x # y on your scrap paper. You may or may not have to use this
piece of information, but either way, you don't want to forget it. Now look at
statement (1):

Mx-y=1

Hmm. How can you turn this into x + y? How about x = y + 1. Good, now there's
an addition sign—but it's not between the x and y. What next?

It turns out that, no matter how you manipulate the equation, you can't change
the original subtraction relationship between x and y. As a general rule, if you
are given just one linear equation with only basic math operations (addition,
subtraction, multiplication, or division), you cannot alter the initial relationship
between the two variables. If it starts out as subtraction, it will remain
subtraction, no matter what you do to the equation.

This statement is not sufficient; cross off answers (A) and (D). e

Now look at statement (2):
Qx> -y*=x-y

This one must also not work, since it also has x — y, right? Hang on. This one
also contains some other terms. What can you do with them?

If you have already memorized the three special products, you'll recognize x> —

y?. If you haven't yet done so, make a flash card for yourself right now and start
drilling.

As a general rule, whenever you see one of the special products, write down the
given form and the other form:



X =yt e (X +y)x-y)

Substitute the other form into the given equation:
X+y)x=y)=x-y

What next?

The expression (x — y) appears on both sides of the equation. You can divide it
out as long as you know that it does not equal 0. That's why the question stem
says that x # y ! If so, then x — y cannot equal 0. Divide both sides of the equation

by (x - y):

x+y)=1

This statement is sufficient to answer the question. The answer is (B). ’ﬁ\C'E
I\'.- ) %

In sum:
Step 1: Notice that the question asks for a combo.

A question stem may ask for the combo directly or it may try to disguise the
question (see the next section for more).

Step 2: Manipulate any given information to try to match the combo.

Your goal is to try to match the combination of variables. Most of the time, if
you try to solve for each variable individually, you will get the question wrong.
Go for the combo!

When to Solve for Combos

Whenever the problem asks you for a combination, try to solve directly for it.
Sometimes, a question stem will obviously ask for a combo; other times, the
question will come in disguise.

Try this problem:



If a = 3bc and abc # 0, what is the value of c?

(1)a=10-b
(2) 3a =4b
This question definitely does not look like a combo question. This time, though,
the question stem also contains a given equation: a = 3bc. Solve this for c:
a

c=—
3b

What would you need to know in order to calculate c? Take a look at the
equation this way:

5))
c=1 = —
3/\6
!
In other words, if you can find a value for the combination (E’ then you can

calculate c. This problem is a combo problem in disguise!
Step 1: Notice that the question asks for a combo.

If the question stem contains given information in addition to a question that
asks for a single variable, see how the information can be combined. It's possible
that you have a combo question in disguise.

Step 2: Manipulate any given information to try to match the combo. Look
at statement (1):

()a=10-b

a
Is there any way to find a value for 7 ? First, put the variables on the same side
7

of the equals sign: a + b = 10. There's no way to turn an addition relationship
into a division relationship without further information.

This statement is not sufficient to answer the question. Now look at statement

AD
2):
@) BCE



(2) 3a=4b
Get the variables on the same side:

30 _,

44
Perfect: a division relationship! If you aren't sure, take one more step to solve,

1
but if you can see that you will be able to find a value for fg, then you're done:

This statement is sufficient; the correct answer is (B).

B)CE

How to Get Better at Combos

To get better at combos, practice the problems at the end of this chapter. When
the question doesn't obviously ask for a combination of variables, ask yourself
what to do to strip off the disguise and find the combo.

Afterwards, review the problem. In particular, see whether you can articulate
both how to reveal the combo (where necessary) and how to find a match or
prove that no match exists. Could you explain to a fellow student who is
confused?

If so, then you are starting to learn both the process by which you use combos
and the underlying principles that these kinds of problems test. You're ready to
try Official Guide problems or move on to other topics.

If not, then review the solution, search online, or ask an instructor or fellow
student for help. When doing OG problems, review the solutions in our GMAT
Navigator™ program.



Problem Set

1.

2.

3.

4.

S.

What is the sum of x, y, and z?
x+ty=28
x+z=11

y+tz=7

If x and y are integers, what is x + y?

(1) 3* = 81
. 25
@5 =5

If x and y are integers, what is the value of x> + 2xy + y??

Dx+y=7
(DZx:28_4y

If xy # 0 and XY = x, what is y?

3

=~

y 3
(2)x=3
i

IfA:’—%—,whmisA?

y

(D)xy=38

X
2)—=2
()y



X_Qb—Bab
6. If" 3 g ,whatisx?

g 3
9ab 18
() ——=—
3+4a 5

2)b=1



Solutions

1. 13: It is possible to solve for x, y, and z individually, but you will save a
significant amount of time by solving for the combo. What is x + y + z?

The equations collectively contain exactly two “copies” of each variable and
these variables are always added. Add the three equations together:

x+ y =8

Divide the equation by 2: x + y + z = 13.

2. (B): The question asks for the combo x + y and specifies that x and y are
integers.

(1) INSUFFICIENT: 3* = 81

You could solve for the value of x, but the statement does not provide any
information about the value of y, so this statement is not sufficient. Don't solve
for x now; check statement (2) first.

(2) SUFFICIENT:

S, 2D
5.}'
(57)(5”")=25
5.\'+_}-‘ — -'-2
x+y=2

Note that, if you do not do the math (or you do it incorrectly), you may think that
this statement is not enough to answer the question. In that case, you may have



fallen into a C-trap: the two statements together are definitely enough, but the
answer cannot be (C) because one of the statements works by itself.

The correct answer is (B).

3. (D): The question stem specifies that x and y are integers and asks for the
value of x* + 2xy + y. Since the expression is one of the common quadratic
identities, write down its other form as well: (x + y)?.

(1) surrICIENT: The work is made much easier if you recognized the quadratic
identity and wrote down both forms. Knowing the value of x + y is enough to

find the value of (x + y)°.

(2) SUFFICIENT:

28—4y
2

2x =

4 x=28-4y
4x + 4y =28
xX+y=7

The correct answer is (D).

4. (B): The question asks for the value of y, so isolate y in the given equation:

3

3

xy = 3x* It’s okay to divide by x since you know that x is not 0.
y=3x
In other words, if you can find the value of x, then you can also find the value of

y.

X
(1) INSUFFICIENT: Statement (1) provides the value of —, but does not provide the



value of x and y individually. For example, x could be 1 and y could be 3, or x
could be 2 and y could be 6. Ironically, the combo is not helpful here since this
same combo is given in the stem.

(2) surrICIENT: With x, you can find y using the rephrased equation from the
question stem.

This problem is a reminder that sometimes what appears to be a combo question
might just involve “school” algebra of solving for a single variable.

The correct answer is (B).

5. (A): This question is a combo problem in disguise. The question asks for A,
but the value of A is dependent upon x and y. Before diving into the statements,
simplify the given equation:

x
A= ??
J
A=ZxZ
5
6

If you can find the value of xy, you will have enough information to answer the
question.

(1) surrICIENT: Statement (1) matches the rephrased question, so it is sufficient
to answer the question.

X
(2) SUFFICIENT: It is not possible to find the value for xy from the value for ~.

For example, x could be 2 and y could be 1, in which case xy is 2. Alternatively,
x could be 4 and y could be 2, in which case xy is 8. Put differently, the quotient
combo and the product combo are not one in the same.

The correct answer is (A).



6. (A): This question is really a combo problem in disguise. Notice that the
question asks for x, and the question stem contains an equation with x. You need
to simplify the expression on the right side of the equation to solve for the
simplest combo possible. As a general rule, simplify fractions as much as
possible (eliminate them entirely if possible). Also as a general rule, if the same
variable exists in more than one place in the question, attempt to combine like
terms.

Begin by getting a common denominator on the bottom:

_9b—-3ab 9 —3ab 9b—3ab
3 a 9 & 9-4

y

a 3 3a 3a 3a

Now that you have only a single fraction on the bottom, you can flip it over (thus
multiplying the numerator by the reciprocal of the denominator):

3a  3a(9b—3ab)

J

9—a” Q—a”

9 —3ab %

A lot of factoring can be done here! Factor the common term 3b out of the
parentheses in the numerator, and factor the denominator as the difference of
squares:
3a(96—3ab) 3a(36)(3—a)
9 — 4’ (3—a)3+a)

Cancel (3 — a) from both the top and the bottom:

3a(36)  9ab
(3 + nf} ,% + a

9ab

344

Thus, the question is, “What is the value of ?” You can solve the

statements directly for this combo.
(1) surricIENT: This statement directly gives you the value of the combo.

(2) INsUFFICIENT: Knowing the value of b does not give you the value of the



9:2'{';

combo )
ﬁ +a

The correct answer is (A).
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Formulas

Formulas are another means by which the GMAT tests your ability to work with
unknowns. Formulas are specific equations that can involve multiple variables.
There are four major types of formula problems on the GMAT:

1. Plug-in formulas

2. Functions

3. Strange symbol formulas
4. Sequence formulas

The GMAT uses formulas both in abstract problems and in real-life word
problems.

Plug-in Formulas

The most basic GMAT formula problems provide you with a formula and ask
you to solve for one of the variables in the formula by plugging in given values
for the other variables. For example:

The formula for determining an individual's comedic aptitude, C, on a

given day is defined as R where J represents the number of jokes

told, Q represents the overall joke quality on a scale of 1 to 10, and L
represents the number of individual laughs generated. If Nicole told 12
jokes, generated 18 laughs, and earned a comedic aptitude of 10.5,
what was the overall quality of her jokes?



Plug the given values into the formula in order to solve for the unknown variable

Q:

N

L QL . 1BQ) 10.5(12) _10.5(2) 21 :
C=— — 105= 5 = Q= = — Q= — 5 — Q=7

L

The quality of Nicole's jokes was rated a 7.

Notice that you will typically have to do some rearrangement after plugging in
the numbers in order to isolate the desired unknown. The actual computations
are typically not very complex (though do remember to simplify before you
multiply!). Formula problems are tricky because the given formula is unfamiliar.
Do not be intimidated. Write the equation down, plug in the numbers carefully,
and solve for the required unknown.

Be sure to write the formula as a part of an equation. For instance, do not just
Gk
write —— on your paper.

s AL
Rather, write C = ——. Look for language such as is defined as to identify what

equals what.

Functions

Functions are very much like the “magic boxes” you may have learned about in
elementary school.

You put a 2 into the magic box, and a 7 comes out. You put a 3 into the
magic box, and a 9 comes out. You put a 4 into the magic box, and an
11 comes out. What is the magic box doing to your number?

There are many possible ways to describe what the magic box is doing to your
number. One possibility is as follows: The magic box is doubling your number
and adding 3:

2Q2)+3=7 2(3) +3=9 2(4)+3=11

Assuming that this is the case (it is possible that the magic box is actually doing



something different to your number), this description would yield the following
rule for this magic box: 2x + 3. This rule can be written in function form as:

f(x)=2x+3

The function f represents the rule that the magic box is using to transform your
number.

The magic box analogy is a helpful way to conceptualize a function as a rule
built on an independent variable. The value of a function changes as the value of
the independent variable changes. In other words, the value of a function is
dependent on the value of the independent variable. Examples of functions
include:

The value of the function, f, is dependent on

= 2 —_
fx) =4x"—11 the independent variable, x.
e 2t The value of the function, g, is dependent on
g =82+ Jt —— . .
& 5 the independent variable, t.

You can think of functions as consisting of an input variable (the number you
put into the magic box) and a corresponding output value (the number that
comes out of the box). The function is the rule that turns the input variable into
some output value.

By the way, the expression f(x) is pronounced “f of x,” not “fx.” It does not mean
“f times x”! The letter f does not stand for a variable; rather, it stands for the rule
that dictates how the input x changes into the output f(x).

The domain of a function indicates the possible inputs. The range of a function
indicates the possible outputs. For instance, the function f(x) = x*> can take any
input but never produces a negative number. So the domain is all numbers, but
the range is f(x) > 0.

The most basic type of function problem asks you to input the numerical value
(say, 5) in place of the independent variable (x) to determine the value of the
function.

If f(x) = x> — 2, what is the value of f(5)?

In this problem, you are given a rule for f(x): square x and subtract 2. Then, you



are asked to apply this rule to the number 5. Square 5 and subtract 2 from the
result:

f(5)=(5%-2=25-2=23

Variable Substitution in Functions

This type of function problem is slightly more complicated. Instead of finding
the output value for a numerical input, you must find the output when the input
is an algebraic expression.

Z
Iff(z) =2* - 3 what is the value of f (3w + 6)?

Input the variable expression (3w + 6) in place of the independent variable (z) to
determine the value of the function:

3w+6

fBw+6) =3w+6)* -

Compare this equation to the equation for f (z). The expression (3w + 6) has
taken the place of every z in the original equation. In a sense, you are treating the
expression (3w + 6) as one thing, as if it were a single letter or variable.

The rest is algebraic simplification:

fBw+6)=(3w+6)(3w +6) — (w+2)
=9 +36w+36—w-2

=9 + 35w+ 34

Strange Symbol Formulas

Another type of GMAT formula problem involves the use of strange symbols. In
these problems, the GMAT introduces an arbitrary symbol and uses it to define a
certain procedure. People sometimes panic, thinking they forgot to study the
weird symbol. Don't worry! The question will tell you what the symbol means.



It is helpful to break the operations down one by one and say them aloud (or in
your head)—to “hear” them explicitly. Here are some examples:

Formula Definition Step-by-Step Breakdown
“The first number squared, plus the
xwy=x>+y>—xy second number squared, minus the

product of the two...”

“Subtract two from the first number,

sot=(s—=2)(t+2) add two to the second number, then
multiply them together...”
is defined as the product of  “...x minus 1, times x minus 2, times x
all integers smaller than x but ~ minus 3...Aha! So this is (x — 1)
greater than 0... factorial!”

Notice that it can be helpful to refer to the variables as “the first number,” “the
second number,” and so on. In this way, you use the physical position of the
numbers to keep them straight in relation to the strange symbol.

Now that you understand what the formula means, you can calculate a solution
for the formula with actual numbers. Consider the following example:

Wy F= (JW)F for all integers W and F. What is 4 yy 5?

The symbol ¢ between two numbers signals the following procedure: take the
square root of the first number and then raise that value to the power of the
second number.

4y 5=(J4) =25 =32

Watch out for symbols that invert the order of an operation. It is easy to
automatically translate the function in a left-to-right manner even when that is
not what the function specifies.

W F= (\/E]W for all integers W and F. What is 4 @ 9?

It would be easy to perform the first operation using W. However, notice that the
order of the operation is reversed—you need to take the square root of the
second number, raised to the power of the first number:



409=(49)" =3¢ =81

More challenging strange-symbol problems require you to use the given
procedure more than once. For example:

WoF :(\/E)W for all integers W and F. What is 2 ® (3 @ 16)?
Always perform the procedure inside the parentheses first:

3016=(16) =4° =64
Now rewrite the original formula as follows: 2 ® (3 ® 16) = 2 © 64.
Performing the procedure a second time yields the answer:

2@ 64=(V64) =8 =64

Squaring a square root will take you back to your starting point; if you notice
this, you can cancel the two operations and you're left with 64.

Formulas That Act on Decimals

Occasionally, you might encounter a formula or special symbol that acts on
decimals. Follow the formula's instructions precisely.

Define symbol [x] to represent the largest integer less than or equal to x:
What is [5.1]?

According to the definition you are given, [5.1] is the largest integer less than or
equal to 5.1. That integer is 5, so [5.1] = 5. Try another example:

What is [0.8]?

According to the definition again, [0.8] is the largest integer less than or equal to
0.8. That integer is 0. So [0.8] = 0. Notice that the result is not 1. This particular
definition does not round the number. Rather, the operation seems to be
truncation—simply cutting off the decimal. However, you must be careful with
negatives. For example:



What is [-2.3]?

Once again, [-2.3] is the largest integer less than or equal to —2.3. Remember
that “less than” on a number line means “to the left of.” A “smaller” negative
number is further away from 0 than a “bigger” negative number. So the largest
integer less than —2.3 is —3, and [-2.3] = —3. Notice that the result is not —2; this
bracket operation is not truncation.

Be sure to follow the instructions exactly whenever you are given a special
symbol or formula involving decimals. It is easy to jump to conclusions about
how an operation works; for instance, finding the largest integer less than x is
not the same as rounding x or truncating x in all cases. Also, do not confuse this
particular set of brackets [x] with parentheses (x) or absolute value signs |x|.

Sequence Formulas

A sequence is a collection of numbers in a set order. Every sequence is defined
by a rule, which you can use to find the values of terms:

A,=9n+3
You can find the first term (A) by plugging n = 1 into the equation. A; = 12
You can find the second term (A,) by plugging n = 2 into the equation. A, = 21
You can find the nth term (4,)) by plugging n into the equation.

If S, = 15n -7, what is the value of S; — S ?

This question is asking for the difference between the seventh term and the fifth
term of the sequence.

S;=15(7)-7=105-7 =98

S;=15(5)-7=75-7=68

S;—85=(98) - (68) =30



Recursive Sequences

Occasionally, a sequence will be defined recursively. A recursive sequence
defines each term relative to other terms. For example:

If a, = 2a, _ ; — 4, and ag = —4, what is the value of a,?

If a,, represents the nth term, then a,, _ ; is the term right before a,. You are given

the value of the 6th term, and need to figure out the value of the 4th term. Keep
track of this on your scrap paper.

(’14 (:"ﬁ n‘c_‘

Use the value of the sixth term (ag) to find the value of the fifth term (as):
ag=2a,—4
(—4) =2a,-4
D= 2(?_,]

)= a,
The value of the fifth term is O:
0 —4

(’14 (:"ﬁ n‘6

Now use the fifth term to find the fourth term:
a;= 2a,— 4
Q1 =24 = 4
4 = 234

2=n‘4

The value of the fourth term is 2.

When a sequence is defined recursively, the question will have to give you the



value of at least one of the terms. Use that value to find the value of the desired
term.

Linear Sequence Problems: Alternative
Method

For linear sequences, in which the same number is added to any term to yield the
next term, you can use the following alternative method:

If each number in a sequence is 3 more than the previous number, and
the 6th number is 32, what is the 100th number?

Instead of finding the rule for this sequence, consider the following reasoning:
From the 6th to the 100th term, there are 94 “jumps” of 3. Since 94 x 3 = 282,
there is an increase of 282 from the 6th term to the 100th term:

32 +282 =314



Problem Set

Now that you've finished the chapter, do the following problems.

For problems 1 and 2, use the following sequence: A, = 3 — 8n.

1.

2.

What is A;?
What is Aj; — Ag?
Given that A ¢ B = 4A — B, what is the value of (3 ¢ 2) ¢ 3?

X 4
:u+y,whatis 8 10 ?

Given that y
X+2Z

Ln

4

If f(x) = 2x* — x?, what is the value of f(2./3)?

a_,xa
Ifa, :%, a.=—6, and ag = —18, what is the value of a5?

2

Save the below problem set for review, either after you finish this book or after
you finish all of the Quant books that you plan to study.

7.

25B
Life expectancy is defined by the formula ——, where S = shoe size, B =

average monthly electric bill in dollars, and G = GMAT score. If Melvin's
GMAT score is twice his monthly electric bill, and his life expectancy is
50, what is his shoe size?

The “competitive edge” of a baseball team is defined by the formula fﬁ
L

, where W represents the number of the team's wins and L represents the
number of the team's losses. This year, the GMAT All-Stars had 3 times as
many wins and one-half as many losses as they had last year. By what
factor did their “competitive edge” increase?



9. If k(x) = 4x%a, and k(3) = 27, what is k(2)?

10. The first term in an arithmetic sequence is —5 and the second term is —3.
What is the 50th term? (Recall that in an arithmetic sequence, the
difference between successive terms is constant.)

11. Given that A = A2 + B2 + 2AB, what is A + B, if A =9?

B B

12. If f(x) = 2x?> — 4 and g(x) = 2x, for what values of x will f(x) = g(x)?



Solutions

1. —5: Aﬂzﬁ — 8n
Alzﬁ—b’{l}:ﬁ—ﬂz—ﬁ

2.-16: A =3 —8n

A,=3-8(11)=3-88=-85

A,=3-8(9)=3-72=-69

A, —-A,=-85-(-69)=-16
3. 37: First, simplify 3 ¢ 2: 4(3) —2 =12 — 2 = 10. Then, solve 10 ¢ 3: 4(10) - 3
=40-3=37.

4. 2: Plug the numbers in the grid into the formula, matching up the number in

each section with the corresponding variable in the formula:
u+y 8+10 18 5
x+z 445 9 .

5. 276:

ala Bl (o
225 B) =l INB)

(2X16X%9)—(4%3)
288—-12=276

f(x)

a, A a,

=

6. —2: According to the formula, 2, = . But you aren't given a; or a,.

Instead, you're given a- and ag. You have to work backwards from the fifth and

sixth terms of the sequence to find the third term. Notice what happens if you
plug n = 6 into the formula:

:2'5 X.ﬂa"4
2

d;, =



If you plug in the values of a5 and ag, you can solve for the value of a,:

- —6><4f.f4
2
-36 =—6Xay
=

Now you can use the fourth and fifth terms of the sequence to solve for as:

a; o 533
g =———
5 a

e

B _6><f2‘3

3

-12 ={3><r2‘j
Iy, R
—f;"j

7. Size 50: Substitute 2B for G in the formula. Note that the term 2B appears in
both the numerator and denominator, so they cancel out.

25B
=50

2B
§=50

8. /6 : Let c = competitive edge:

%
c= [—
i

Pick numbers to see what happens to the competitive edge when W is tripled and
L is halved. If the original value of W is 4 and the original value of L is 2, the

original value of c is \/E — /2. If W triples to 12 and L is halved to 1, the new
7

12

value of cis [—— = /12 . The competitive edge has increased from J2 012
1

Therefore:



J13 "”‘:JE

N )
The competitive edge has increased by a factor of \/g .

9. 8: If k(3) = 27, then you know the following:

1 2
4GPa=27 w=se()=r > -0res
4(27)a =27 &
da=1
1
a=—
4

10. 93: The first term is —5 and the second term is —3, so you are adding +2 to
each successive term. How many times do you have to add 2? There are 50 — 1 =
49 additional “steps” after the 1st term, so you have to add +2 a total of 49 times,
beginning with your starting point of -5: -5 + 2(49) = 93.

11. {3, —3}: First, set the formula equal to 9. Then, factor the expression A? + B2
+ 2AB. Unsquare both sides, taking both the positive and negative roots into
account.
A*+ B*+2AB=9
(A+ B?*=9

A+B=3 OR A+ B=-3

12. {-1, 2}: To find the values for which f(x) = g(x), set the functions equal to
each other:

2xt—4 =2
2x?—=2x—4=0
2Ax*—x-2)=0
2x—=2)(x+1)=0

OR x+1=0

=3
|
]
Il
O

w®
Il
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Flip the Sign

Combining Inequalities: Line ‘Em Up!

Manipulating Compound Inequalities

Combining Inequalities: Add ‘Em Up!

Square-Rooting Inequalities



Inequalities

Unlike equations, which relate two equivalent quantities, inequalities compare
quantities that have different values. Inequalities are used to express four kinds
of relationships, illustrated by the following examples.

1. x is less than 4

D e e e e e e x4

0 4

2. x is less than or equal to 4

0 4

3. x is greater than 4

Number lines, such as those shown above, are an excellent way to visualize
exactly what a given inequality means.

When you see inequalities with 0 on one side of the inequality, consider using



positive/negative analysis to help solve the problem!

Here are some common inequality statements on the GMAT, as well as what

they imply.
STATEMENT IMPLICATION
xy >0 x and y are both positive OR both negative
xy <0 x and y have different signs (one positive, one
negative)
x>—x <0 x2<x,500<x<1

Flip the Sign

Most operations that can be performed on equations can be performed on

inequalities. For example, in order to simplify an inequality (e.g., 2 + x <5), you

can add or subtract a constant on both sides:

24x< 5

[

§)
-/ —_—

XAl R

¥ =5 9
+5 45
2 <14

You can also add or subtract a variable expression on both sides:

yHxL)

—y —y
x<5— ¥

x—ab<9

+ r?af? + ri.'rf?

X <9+ ab

You can multiply or divide by a positive number on both sides:

2x< 6
=7 =7

xel R

One procedure, however, is very different for inequalities: When you multiply or

0.2x< 1
x5 X5

xat

divide an inequality by a negative number, the inequality sign flips! For




example:

Given that 4 — 3x < 10, what is the range of possible values for x?

4—-3x< 10 First, subtract 4 from both sides.
—4 —4
—3x< 6
+(=3) +(-3) Next, divide by —3. Because you're dividing by a

e negative, flip the inequality sign.
X T

Do not multiply or divide an inequality by a variable unless you know the sign
of the number that the variable stands for. If you don't know whether that
number is positive or negative, then you don't know whether to flip the
inequality sign.

Combining Inequalities: Line ‘Em Up!

Many GMAT inequality problems involve more than one inequality. To solve
such problems, you may need to convert several inequalities to a compound
inequality, which is a series of inequalities strung together, such as 2 <3 < 4. To
convert multiple inequalities to a compound inequality, first line up the
variables, then combine.

If x>8,x<17,and x + 5 < 19, what is the range of possible values for x?

First, solve any inequalities that need to be solved. In this example, only the last
inequality needs to be solved:

x+5<19

x< 14

Second, simplify the inequalities so that all the inequality symbols point in the
same direction, and then line up the common variables in the inequalities:



8<x
xe 17
x< 14
Finally, put the information together. Notice that x < 14 is more limiting than x <
17 (in other words, whenever x < 14, x will always be less than 17, but not vice

versa.) The range, then, is 8 < x < 14 rather than 8 < x < 17. Discard the less
limiting inequality, x < 17. Try another example:

Giventhatu<t,b>r,f<t,andr >t, is b > u?

Combine the four given inequalities by simplifying and lining up the common
variables.

Align all inequalities in the same direction: u <t,r<b,f<t,andt<r.

Then, line up the variables... ...and combine.
w < 1 u < t < r <b
r < b J € & € » < b
Fal <
rF < r

It is not always possible to combine all the information into a single compound
inequality, as you see in this example. You know that both u and f are less than ¢,
but you do not know the relationship between u and f.

The answer to the question is yes, b is greater than u.

Manipulating Compound Inequalities

Sometimes a problem with compound inequalities will require you to manipulate
the inequalities in order to solve the problem. You can perform operations on a
compound inequality as long as you remember to perform those operations on
every term in the inequality, not just the outside terms. For example:

X+3<y<x+5-Ax<y<x+2 WRONG: You must subtract 3



from every term in the inequality

X+3<y<x+5 - x<y-3<x+2 CORRECT

: d . :
Celeme” «3 polcmad WRONG: You must multiply
, by 2 in every term in the
2 2
inequality
: d
%26—355 -y pmabefed CORRECT

If 1 >1 - ab > 0, which of the following must be true?

; L
b

21
b

. ab <1

(A) Tonly

(B) II only

(C) III only

(D) IandII only
(E) Iand III only

You can manipulate the original compound inequality as follows, making sure to
perform each manipulation on every term:

1 >1—ab>0 Subtract 1 from all three terms.
0> —ab>-1 Multiply all three terms by —1 and flip the
0<  ab<l inequality signs.

a
Therefore, you know that 0 < ab < 1. This tells you that ab is positive, so — must

7
be positive (a and b have the same sign). Therefore, statement I must be true.

a
However, you do not know whether % < 1, so statement II is not necessarily true.
7

But you do know that ab must be less than 1, so statement III must be true.
Therefore, the correct answer is (E).



Combining Inequalities: Add ‘Em Up!

You can combine inequalities by adding the inequalities together. In order to add
inequalities, the inequality signs must face in the same direction.

Isa+2b<c+2d?

(Ha<c
(2)d>b

Assume that you've already tried the two statements individually and neither was
sufficient by itself. In order to test the statements together, add the inequalities
together to see whether they match the question. First, line up the inequalities so
that they are all facing the same direction:

a<c
b<d

Then, take the sum of the two inequalities to prove the result. You will need to
add the second inequality twice:

a <c
- b < d
a+ b<c+ d
- b < d

a+2b<c+2d
If you use both statements, you can answer the question. Therefore, the answer is

(€).

Notice that you also could have multiplied the second inequality by 2 before
summing, so that the result matched the original question:

a <
+ 2(b < d)

a+2b<c+24




Adding inequalities together is a powerful technique on the GMAT. However,
never subtract or divide two inequalities. You can multiply inequalities together
as long as all possible values of the inequalities are positive, but the GMAT
rarely tests this skill.

Square-Rooting Inequalities

Just like equations involving even exponents, inequality problems involving
even exponents require you to consider two scenarios. Consider this example:

If x° < 4, what are the possible values for x?

To solve this problem, recall that \/; = | .a,| For example, \/3_2 — 3and

[(=5 )2 — 5. Therefore, when you take the square root of both sides of the
inequality, you get:

Vi <4
|:r:| il
If x is positive, then x < 2. On the other hand, if x is negative, then x > -2.

Here is another example:

If 10 + x> > 19, what is the range of possible values for x?

10+x*219
29

|x| 23
If x is positive, then x > 3. If x is negative, then x < —3.

Note that you can only take the square root of an inequality for which both sides
are definitely not negative, since you cannot take the square root of a negative
number. Restrict this technique to situations in which the square of a variable or
expression must be positive.



Problem Set

Now that you've finished the chapter, do the following problems.
1. Which of the following is equivalent to —3x + 7 < 2x + 327

(A)x>-5
(B)x>5
(C)x<5
(D)x< -5

2. If G? < G, which of the following could be G?

(A) 1

23
B) ==
()?

7
C) —
( )23
(D) -4

(E) -2
3. If5B>4B+1,isB?>1?
4. 1f |A] > 19, which of the following could not be equal to A?

(A) 26
(B) 22
(C) 18
(D) -20
(E) —24

5. If |10y — 4| > 7 and y < 1, which of the following could be y?

(A) -0.8
(B) - 0.1



(C) 0.1
(D) 0
(E)1

6. A retailer sells only radios and clocks. If she currently has 44 total items
in inventory, how many of them are radios?

(1) The retailer has more than 28 radios in inventory.
(2) The retailer has less than twice as many radios as clocks in inventory.

Save the below problem set for review, either after you finish this book or after
you finish all of the Quant books that you plan to study.

7. Ifa>7,a+4>13, and 2a < 30, which of the following must be true?

(A)9<a<15
(B)1l<a<15
(C)15<a <20
(D) 13 <a < 15

8. Ifd>aandL < a, which of the following cannot be true?

(A)d+L =14
B)d-L=7
(Cd-L=1
(D)a-d=9
(E)a+d=9
AB 1 . .
9. If T - ﬁ and A = B, which of the following must be greater than 1?
(A)A+B
B)1-A
(C) 247
1
(D) A® - —
2

(E)A



10. If 4x — 12 > x + 9, which of the following must be true?

(A)x>6
B)x<7
C)x>7
(D)x>8
(E)x<8

11. If 0 < ab < ac, is a negative?

(Dc<0
2)b>c

12. Eco Wildlife Preserve contains 5x zebras and 2x lions, where x is a
positive integer. If the lions succeed in killing z of the zebras, is the new
ratio of zebras to lions less than 2 to 1?

(Hz>x
2)z=4



Solutions

LAY —Jx+t 7

O
% &
IV IA A

2. (C): If G? < G, then G must be positive (since G will never be negative), and
G must be less than 1, because otherwise G2 > G. Thus, 0 < G < 1. You can
eliminate (D) and (E), since they violate the condition that G be positive. Then
test (A): 1 is not less than 1, so you can eliminate (A). (B) is larger than 1, so
only (C) satisfies the inequality.

3.YES: 5B>4B+1
B>1

The squares of all numbers greater than 1 are also greater than 1, so B> > 1.

4. (C): If |A] > 19, then A > 19 OR A < —19. The only answer choice that does
not satisfy either of these inequalities is (C), 18.

5. (A): First, eliminate any answer choices that do not satisfy the simpler of the
two inequalities, y < 1. Based on this inequality alone, you can eliminate (E).
Then, simplify the first inequality:

10y—4>7 OR  —10y+4>7
10y > 11 10y < -3
3
> 1.1 e
) T

The only answer choice that satisfies this inequality is (A), —0.8.

6. (C): First assign r equal to the number of radios the retailer has in inventory
and c equal to the number of clocks the retailer has in inventory. You can
translate the information in the question stem:

r+c=44



The question now becomes: What is r?

(1) INSUFFICIENT: This only tells you that r > 29. r could equal 29, 30, 40,
etc.

(2) INSUFFICIENT: This only tells you that r < 2c. Combining this information
with the original equation from the problem gives you:

r<2c
r+c=44

If you isolate c in the second equation, you can then substitute into the
inequality:

c=44—r

88 1
Thus, — is equal to 29 3 Therefore, you know that r must be less than or equal

to 29 (because r must be an integer). This information on its own, however, is
insufficient.

(1) AND (2) SUFFICIENT: Statement (1) tells you r > 29 and statement (2) tells
you r < 29. Therefore, r must equal 29.

The correct answer is (C).

7. (A): First, solve the second and third inequalities. Simplify the inequalities, so
that all the inequality symbols point in the same direction. Then, line up the
inequalities as shown. Finally, combine the inequalities:



9{({
e oy —_— b K il b

7<a

Notice that all the wrong answers are more constrained: the low end is too high.
The right answer will both keep out all the impossible values of a and let in all
the possible values of a.

8. (D): Simplify the inequalities, so that all the inequality symbols point in the
same direction. Then, line up the inequalities as shown. Finally, combine the
inequalities:
i)
a<d —e L<a<d

Since d is a larger number than a, a — d cannot be positive. Therefore, (D) cannot
be true.

AB 1
9. {C}t —
714
14AB>7 Cross-mulriply across the inequality.
2AB =1 Divide both sides by 7.
28 =1 Since you know that A = B, then 248 = 24%

Note that you need to get the expression > 1 on the right because the question
asked what must be greater than 1.

10. (A): 4x—122x+9
=2
x27

You were asked to pick the answer that must be true. If x is greater than or equal
to 7, then x could be 7, 7.3, 8, 9.2, and so on. Which of the five answers contains
an expression that covers all possible values of x? Most people will immediately
look at answer (C) x > 7, but be careful! Does x have to be greater than 7? Noj; x
could be 7 itself, in which case answer (C) is inaccurate. Similarly, answers (D)
and (E) cover some of the possible values for x, but not all of them. Answer (B)
doesn't share anything in common with x > 7, so it's wrong. You're left with
answer (A). Why must it be true that x is greater than 6? Because x could be 7,



7.3, 8, 9.2, and so on. All of those possible values for x are greater than 6. The
logic here is very similar to that of Data Sufficiency: if x > 7 were a statement, it
would be sufficient to establish that x > 6.

11. (D): By the transitive property of inequalities, if 0 < ab < ac, then 0 < ac.
Therefore, a and ¢ must have the same sign.

(1) SUFFICIENT: Statement (1) tells you that c is negative. Therefore, a is
negative.

(2) SUFFICIENT: Statement (2) is trickier. The statement indicates that b > c,
but the question stem also told you that ab < ac. When you multiply both sides
of b > c by aq, the sign gets flipped. For inequalities, what circumstance needs to
be true in order to flip the sign when you multiply by something? You multiply
by a negative. Therefore, a must be negative, because multiplying the two sides
of the equation by a results in a flipped inequality sign.

The correct answer is (D).

. . . X
12. (A): The ratio of zebras to lions can be written as —
LX

Sx—2z2

If z zebras then meet a sad ending, the new ratio can be written as

2};.

(Note that it's fine to “mix” the ratio with the variable z, since the ratio itself
already contains the variable x, which is the multiplier—that is, x is the number
you would multiply 5 and 2 by to get the real, original numbers of zebras and
lions.

Thus, you can rephrase the question as:

S—z 2.
—F
]

<

2.:.'..

But you can keep simplifying! (If the DS question contains fractions, or the same
variable in more than one place, try to simplify a bit more.) Since you know that
x is positive, you can cross-multiply:



S —z < 4x?
—z <& —x?

z>x!
The question is asking, “Is z > x?”
(1) SUFFICIENT: This statement answers the rephrased question directly.

Alternatively, plugging in values for z and x would also show the statement to be
sufficient if you didn't take the algebraic route. For instance, if z = 3 and x = 2,
then you would start with 10 zebras and 4 lions, and then losing three zebras
would give you 7 zebras to 4 lions, which is less than a 2 to 1 ratio. Additional
examples will yield the same results.

(2) INSUFFICIENT: Knowing that z = 4 is not sufficient without knowing
something about x. For instance, if x = 1 and you began with 5 zebras and 2
lions, then losing 4 zebras would certainly shift the ratio below 2 to 1. But what
if x were 100? If you began with 500 zebras and 200 lions, then the loss of 4
zebras would not shift the ratio below 2 to 1.

The correct answer is (A).
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Strategy: Test Cases

Certain problems allow for multiple possible scenarios, or cases. When you Test
Cases, you try different numbers in a problem to see whether you have the same
outcome or different outcomes.

The strategy plays out a bit differently for Data Sufficiency (DS) versus Problem
Solving. This chapter will focus on DS problems; if you have not yet studied DS,
please see Appendix A of this guide. For a full treatment of Problem Solving,
see the Test Cases strategy chapter in the Number Properties GMAT Strategy
Guide.

Try this problem, using any solution method you like:
Ism <n?
(1)m <n?

(2) [m| <n

How to Test Cases

Here's how to test cases to solve the above problem.
Step 1: Set up the base scenario: what possible cases are allowed?

The problem asks about the variables m and n but does not give any constraints.
(A constraint, for example, might be, “If m and n are integers...,” in which case
you are only allowed to try integers for the two variables.)



Step 2: Remind yourself: choose numbers that make the statement true.

Before you dive into the work, remember this crucial rule:

Tip: When choosing numbers to Test Cases, ONLY choose numbers that
make the statement true.

If you inadvertently choose numbers that make the statement false, discard that
case and try again.

Step 3: Try to prove the statement Insufficient.
Here's how:

(1) m < n?
What numbers would make this statement true?

Casel:m=1,n=2

Statement True?
(m < n?) Ism <n?

1<4VY YES

First, ensure that the value you've chosen to test does make the statement true. In
this case, m is indeed smaller than n?.

Second, answer the question asked. If m = 1 and n = 2, then Yes, m < n.

Next, ask yourself: Is there another possible case that would give you a different
outcome?

Case2:m=1,n=-2

Statement True?
(m < n?) Is m <n?

1<4VY NO




Because the answer is Sometimes Yes, Sometimes No, this statement is not

sufficient; ﬂ—? cross off answers (A) and (D). Try statement (2) next.

(2) [m| <n

Casel:m=1,n=2

Statement True? (jm| <| Ism <
n) n?

1<2VY YES

Is there another possible case that would give you a different outcome?

Case2:m=1,n=-2

Statement True? (jm| <| Ism <
n) n?

1<-2 X

Careful! This time, the numbers don't work. You are required to pick values that
make statement (2) true. Discard this case. (Literally cross it off on your scrap

paper.)
What else might give a No outcome?

Case3:m=-2,n=-2

Statement True? (jm| <| Ism <
n) n?

2<-2 X

Nope, they can't both be negative either, nor can they equal each other.

It turns out that, no matter how many cases you try for statement (2), you are
always going to get a Yes outcome. In other words, the only cases that will make
the statement true are those that return a Yes outcome to the question. Why?



Taking the absolute value of m turns that number positive or keeps it 0 (if m =
0). If | m | < n, then n has to be positive. Further, n has to be greater than the
positive version of m, in order for the statement to be true. This statement is
sufficient.

The correct answer is (B). : s

When you test cases in Data Sufficiency, your ultimate goal is to try to prove the
statement insufficient, if you can. The first case you try will give you one
outcome. For the next case, think about numbers that would be likely to give a
different outcome.

As soon as you do find two different outcomes, as in statement (1) above, you
know the statement is not sufficient, and you can cross off some answer choices
and move on.

If you cannot find two different outcomes, then you may be able to prove to
yourself why you will always get the same outcome, as in statement (2) above. If
you have tried several times to prove the statement insufficient but you keep
getting the same outcome, then that statement probably is sufficient.

Try another one:
Isd > 0?

(1) bc <0
(2) cd > 0

Step 1: Set up the base scenario: what possible cases are allowed?

The question stem does not provide any constraints, so think about trying
negatives or fractions, where appropriate.

Step 2: Remind yourself: choose numbers that make the statement true.

Separate your evaluation into two parts: first, have you chosen numbers that
make this statement true? Second, is the outcome to the question Yes or No
based on this one case?



Step 3: Try to prove the statement insufficient.
(1) bc <0

At the most basic level, this statement cannot be sufficient because it mentions
nothing about d. It does, though, tell you one piece of info: if b and ¢ multiply to
a negative number, then b and ¢ must have opposite signs. File that piece of
information away for later, just in case.

Also, note that this approach used number theory to analyze the problem. Trying
real numbers to figure out this theory would also work.

This statement is not sufficient to answer the question. Cross off answers (A)

and (D). ﬁ__]?
BCE
(2)cd >0

If c and d multiply to a positive number, then ¢ and d must have the same sign:
both positive or both negative.

In this case, d could be positive or negative, so this statement is not sufficient to
answer ,};’CE the question. Cross off (B) and try the two statements together:
(1) bc <0
(2)cd>0

Map out the scenarios to make sure that you correctly keep track of it all. If b is
positive, then ¢ has to be negative. In that case, d also has to be negative:

b c d be <02 cd > 02 d>02
4- —_ —_ / ',r ND
= + e v v Yes

If b is negative, however, then c has to be positive. In that case, d also has to be
positive.

A Sometimes Yes, Sometimes No answer is not sufficient. The correct answer is



AD-
(E). B B

You can test cases by using real numbers or by thinking through the math
theoretically, whatever you find best for a particular problem. In general, when
you really understand the theory, that path will be fastest. If you are at all unsure
about the theory, then it's best to test real numbers.

In sum, when you have decided to test cases, follow three main steps:
Step 1: What possible cases are allowed?

Before you start solving, make sure you know what restrictions have been placed
on the basic problem in the question stem. You may be told that the number is an
integer, or positive, or odd, and so on. Follow these restrictions when choosing
numbers to try later in your work.

Step 2: Choose numbers that make the statement true.

Pause for a moment to remind yourself that you are only allowed to choose
numbers for each statement that make that particular statement true. With
enough practice, this will begin to become second nature. If you answer a testing
cases problem incorrectly but aren't sure why, see whether you accidentally
tested cases that weren't allowed because they didn't make the statement true.

Step 3: Try to prove the statement insufficient.
Value

Sufficient: single numerical answer
Not Sufficient: two or more possible answers

Yes/No

Sufficient: Always Yes or Always No
Not Sufficient: Maybe or Sometimes Yes, Sometimes No

When to Test Cases




You can test cases whenever the statements of a DS problem allow multiple
possible starting points or scenarios that fulfill the conditions. In that case, try
some of the different possibilities allowed in order to see whether these different
scenarios, or cases, result in different answers or in the same answer to the
question.

When testing cases, your initial starting point is every possible number on the
number line. However, many problems give you restrictions that narrow the
possible values, such as specifying that a number has to be an integer, or less
than O, or even. Write down your restrictions before you begin testing cases.

Think about different classes of numbers that are commonly tested on the
GMAT. For example:

primes
evens, odds evens, odds

tractions tracrions

ber. 0 and —1 bet. 0 and 1

Try the following problem:
Isb <0?

(Hb3<b
()b’ >b

Step 1: What possible cases are allowed?

The question stem does not restrict the possible values for b.
Step 2: Choose numbers that make the statement true.
Step 3: Try to prove the statement insufficient.

(b3 <b

1 L. 1
Case 1: If /= —, then 5 < Therefore, = is a possible value for b. In

this case, no, b is not less than 0.



Case 2: If b = 1, then it is not true that 1 < 1. Discard this case. Any
number greater than 1 will not make this statement true.

Case 3: If b = -2, then —8 < 2. Therefore, —2 is a possible value for b. In
this case, yes, b is less than 0.

This statement is insufficient; eliminate answers (A) and (D). Now look at

statement (2): et

BCE
()b’ >b
What numbers make this statement true?

Case 1: If b = 2, then 4 > 2. Therefore, 2 is a possible value and, in this
case, no, b is not less than 0.

1 - T .
Case 2: If 4 = —, then it is not true that — > —. Discard this case.
4 2

Case 3: If b = -2, then 4 > —2. Therefore, —2 is a possible value and, in
this case, yes, b is less than 0.

4

BCE

Statement (2) is also insufficient; eliminate answer (B).

Try the two statements together:

(Hb3<b
(2)b>>b

Statement (1) allows b to be a fraction between 0 and 1 or a negative number
smaller than —1.

Statement (2) allows b to be a positive number greater than 1 or any negative
number.

The two statements only overlap for negative numbers smaller than —1. As a
result, b must be a negative number. Together, the statements are sufficient.



.
/K(;E/

How to Get Better at Testing Cases

Practice makes perfect. First, try the problems at the end of this chapter using the
three-step process detailed above. If you mess up any part of the process, try the
problem again, making sure to write out all of your work.

Afterwards, review the problem. In particular, see whether you can articulate the
reason why certain statements are sufficient (as the solutions to the earlier
problems did). Could you explain to a fellow student who is confused? If so,
then you are starting to learn both the process by which you test cases and the
underlying principles that these kinds of problems test.

Next, try some problems from the online Official Guide problem sets. Again,
review your work afterward. If you have any difficulties, look up the solution in
the GMAT Navigator™ program, search online, or ask an instructor or fellow
student for help.



Problem Set

It's time to practice your testing cases skills.

1. Ify> 0, what is the value of y?

1)y*<y
(2) y is an integer.

2. If nis a one-digit positive integer, what is n?

(1) The units digit of 4" is 4.
(2) The units digit of n* is n.

3. Isz>07

D+ D@)-1)<0
(2) |z <1



Solutions

1. (C): The question stem allows any positive values for y, including fractions.
The second statement is considerably easier than the first, so you might choose
to start there.

(2) INSUFFICIENT: The statement indicates that y is an integer. The value of y
could be 1, 2, 14, 192, or any other positive integer.

(1) INSUFFICIENT: What numbers make y? < y true?

Case 1: If y =1, then 1 < 1. Therefore, 1 is a possible value for y.

Case 2: If y= %, then é < % Therefore, % is a possible value for y.
4 s

There are at least two possible values for y.

(1) AND (2) SUFFICIENT: Together, the two statements eliminate the fraction

case y = E’ but y = 1 is still a valid case. In order for y? < y to be true, y must

equal 0, 1, or a fraction between 0 and 1. If y is a positive integer, then it cannot
be 0 or a fraction. The two statements together, then, are sufficient to answer the
question: the value of y is 1.

The correct answer is (C).
2. (E): If n is a one-digit positive integer, it hasto be 1, 2, 3,4, 5, 6, 7, 8, or 9.

(1) INSUFFICIENT: The units digit of 4" is 4.

Case n The units digit of 4” is 4. What is n?
#1 1 =4 v ]
#2 2 4=16 X
#3 5 £=064 v 3

Since n could be 1 or 3, statement (1) is not sufficient. (You might notice a



pattern. It turns out that every n = odd will return a units digit of 4. Every n =
even will return a units digit of 6.)

(2) INSUFFICIENT: The units digit of n* is n.

Case n The units digit of »#* is n. What is #?
#1 1 =l @ 1
#2 2 2'=16 X
#3 5 5 =Rl &

You can continue to test each possible value for n in order, or you can think
about any patterns you know for raising a number to a power.

For example, raising 5 to any power will always return a number that ends in 5.
Therefore 5% will end in 5, so 5 is a valid number for n.

For example, raising 5 to any power will always return a number that ends in 5.
Therefore 5% will end in 5, so 5 is a valid number for n.

n The units digit of n* is| What is
n. n?
5 54 =625V 5

Because there are at least two possible values for n, statement (2) is not
sufficient.

(1) AND (2) INSUFFICIENT: Both statements allow n = 1. Statement (2) does
not allow 3, but does allow 5. Does n = 5 work for the first statement?

The units digit of 4" is| What is
n
4, n?
5| 4°>=(endsin4) v 4

Note that you do not actually multiply out 4°. Instead, note the pattern:

Units

n
4 digit




41| 4
42| 6
43| 4
4% 6

This pattern repeats to infinity.

Because both 1 and 5 work for each statement, even the two statements together
are not sufficient to answer the question.

The correct answer is (E).

3. (C): This is a tough one. The question stem asks whether z is positive. Both
statements look fairly complicated, so start with whichever one looks better to
you.

(1) INSUFFICIENT: Many people will try z = 0, 1, or 2 first. All of these cases
are invalid (0 and 1 return a product of 0, which is not less than 0, and 2 returns
a positive product). Even —1 doesn't work! Think outside of the box: what
weirder numbers can you try?

Case -5 (z+ 1)=z)z-1)<0 Is = > 07
#1 -2 (-1)(=2)(-3)=-6 vV No

T eees |

Careful! While the three terms z + 1, z, and z —1 appear to represent consecutive
integers, the problem never specifies that z is an integer. When you pick a

. 1 .
fraction, z = —, you find a case that makes the statement true and also answers

the question with a Yes.

(2) INSUFFICIENT: If you understand absolute value, then you might recognize
that the statement |z| < 1 establishes that z is between —1 and 1. If not, test some
cases.



In general, start by trying the numbers that worked in the last statement. Are they
valid for this statement as well? If so, this could save you time in evaluating
these cases and also make it easier if and when you get to the stage of combining
the two statements:

Case z <1 Is z> 0?
#1 =2 2] X
#2 1 1 Yes
= — ] 1/
. 2
#3 1 1 No
s ——l]
o 2

For this statement, —2 is an invalid case, but — is valid. That valid case returns a
3

Yes answer, so try to find a case that will return a No answer instead. Case 3
does just that.

(1) AND (2) SUFFICIENT: Statement (2) allows any values between —1 and 1.
From among these possible values, any numbers between 0 and 1 will also make
statement (1) true. Therefore, z can be greater than O.

The answer could still be (E), though, if any numbers between —1 and 0 make

statement (1) true as well. Try plugging z = _E into statement (1):

(-3 -3)(-3-1)<o
(342

Don't multiply out the left side of the equation! The two negative terms will
multiply to a positive number, leaving:

positive < (0?

This, of course, is never true. It may take a little more work or reasoning to



realize that this result will be repeated for any z you pick between —1 and O.
Therefore, only numbers between 0 and 1 work for both statements. The value of
z has to be positive.

The correct answer is (C).
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Extra Equations Strategies

Simultaneous Equations: Three Equations

The procedure for solving a system of three equations with three variables is
exactly the same as for a system with two equations and two variables. You can
use substitution or combination. This example uses both:

Solve the following for w, x, and y.

Xtw=y
2y +w=3x—2
13-2w=x+y

The first equation is already solved for y:
y=x+w

Substitute for y in the second and third equations.

Substitute for y in the second Substitute for y in the third
equation: equation:
2x+w)+w=3x-2 13-2w=x+(x+ w)

2x+ 2w+ w=3x— 2 13 -2w=2x+w
—x + 3w =2 13 =2x+ 3w

Next, subtract one equation from the other to drop the w term.



2x+ 3w =13
— (—x+ 3w=-2)

2x — (—x) =13 — (-2)
3x=15
x=5H

Therefore, x =5

Use your solution for x to determine solutions for the other two variables:

2x + 3w =13 y=x+tw
10+ 3w =13 y=5+1
3w =3 y=06
w=1

The preceding example requires a lot of steps to solve. The GMAT is unlikely to
ask you to solve for all three variables, but could ask you to solve for just one or
for some other combination of variables. For more on this topic, see Chapter 7,
(Strategy: Combos).

Complex Absolute Value Equations

Earlier, you learned about absolute value equations that have one unknown
inside one absolute value expression. These equations can also become more
complicated by including more than one absolute value expression. There are
two primary types of these complex absolute value equations:

1.The equation contains two or more variables in more than one
absolute value expression. These equations, which usually lack
constants, are generally testing the concept of positives and
negatives. You can learn about a more conceptual approach to
positives and negatives in the Test Cases strategy chapter of our
Number Properties GMAT Strategy Guide.

2.The equation contains one variable and at least one constant in more
than one absolute value expression. These equations are usually
easier to solve with an algebraic approach than with a conceptual



approach. For example:
If |x — 2| =|2x — 3 |, what are the possible values for x?

Because there are two absolute value expressions, each of which yields two
algebraic cases, it seems that you need to test four cases overall:
positive/positive, positive/negative, negative/positive, and negative/negative.

1. The positive/positive case: x-2)=(2x-3)

2. The positive/negative case: x—-2)=—-(2x-3)
3. The negative/positive case: -x-2)=(2x-3)
4. The negative/negative case: -x-2)=—-(2x-3)

However, note that case (1) and case (4) yield the same equation. Likewise, case
(2) and case (3) yield the same equation. Thus, you only need to consider two
real cases: one in which neither expression changes sign, and another in which
one expression changes sign:

CASE A: Same sign CASE B: Different signs
(x—2)=(2x—3) (x—2) =—(2x — 3)
l1=x 3x =5
x=5/3

Complex absolute value equations have one other catch: After you finish solving
the different cases, you have to check the validity of the solutions by plugging
them back into the original equation. Ironically, complex absolute value
equations can sometimes yield results that are not actually valid solutions.

Both solutions are valid here, because |1 — 2| =|2(1) — 3| =1 and
SN
3

Integer Constraints

3 3

Occasionally, a GMAT algebra problem contains integer constraints. In such a
case, there might be many possible solutions among all numbers but only one



integer solution.

2y —x =2xy and x # 0. If x and y are integers, which of the following
could equal y?

(A) 2
(B) 1
€ 0
(D) -1
(E) -2

Test the possibilities for y, using the answer choices, and find the answer that
also makes x an integer. The case y = 0 produces x = 0, but this outcome is
disallowed by the condition that x # 0. The only other case that produces an
integer value for x is y = —1, yielding x = 2. Thus, the answer is (D).

Integer constraints together with inequalities can also lead to just one solution.
If x and y are nonnegative integers and x + y = 25, what is x?

(1) 20x + 10y < 300
(2) 20x + 10y > 280

First, simplify the inequality in statement (1): 2x + y < 30. Since x and y have to
be positive integers, the smallest possible value for 2x + y is when x =0 and y =
25: 2x +y = 25.

If x=1 and y = 24, then 2x + y is 26. Statement (1), then, yields multiple
possible values for x; thus, it is not sufficient.

Simplify statement (2): 2x + y > 28. This statement also allows multiple possible
values of x. (If you're not sure, test out some numbers. If x = 10 and y = 15, then
2x +y=35.If x=15and y = 10, then 2x + y = 40.)

Here's what happens when you combine the two statements:

Substituting (25 — x) fory: 28 <2x+y <30
28 <2x+(25-x)<30
28 <x+25<30



3<x<5

Since x must be an integer, x must equal 4. Therefore, the answer is (C).

Using FOIL with Square Roots

Some GMAT problems ask you to solve factored expressions that involve roots.
For example, the GMAT might ask you to solve the following:

What is the value of (/g8 —./3)(/8 ++/3)?

Even though these problems do not involve any variables, you can solve them
just like you would solve a pair of quadratic factors: use FOIL:

FIRST: J8x+/8 =8 OUTER: J8x+3 =24
INNER: VBx(—3)=—24 LAST: (V3)(—/3)=-3
The four terms are: § + /24 — /24 — 3.

You can simplify this expression by removing the two middle terms (they cancel
each other out) and subtracting: § 4+ \/24 — /24 —3 = 8§ — 3 = 5. Although the
problem looks complex, using FOIL reduces the entire expression to 5.

Quadratic Formula

The vast majority of quadratic equations on the GMAT can be solved by the
factoring or square-rooting techniques described earlier in this guide. However,
very occasionally you might encounter a problem difficult to solve with these
techniques. Such a problem requires an understanding of the quadratic formula,
which can solve any quadratic equation but is cumbersome to memorize and use.
Unless you are aiming to score a 51 (the top score) on the Quant section of the
GMAT, you can skip this lesson.

Quadratic Formula: For any quadratic equation of the form ax? + bx + ¢ = 0,
where a, b, and c are constants, the solutions for x are given by:



. —L{‘ x M'g)z - 4:2’(’

x =

2da

Consider the following: If x?> + 8x + 13 = 0, what is x?

This problem cannot be factored because there are no two integers for which the
sum is 8 and the product is 13. However, you can find the solutions by plugging
the coefficients from the equation into the quadratic formula:

- 2 _ 413 - I } —5: 12
- 2(1) '

It is not imperative that you memorize the quadratic formula, but the expression

underneath the radical in the formula (b? — 4ac, called the discriminant) can
convey important information: it can tell you how many solutions the equation
has. If the discriminant is greater than 0, there will be two solutions. If the
discriminant is equal to 0, there will be one solution. If the discriminant is less
than 0O, there will be no solutions. For example:

Which of the following equations has no solution for x?

(A)x*—-8x—-11=0

(B)x>+8x+11=0

(C)x*+7x+11=0

(D)x*—6x+11=0

(E)x*—6x—11=0
None of these equations can be solved by factoring. However, you can determine
which of the equations has no solution by determining which equation has a

negative discriminant (and note that you can stop at any point that you realize
the answer will not be negative):

(A) b2 — 4ac = (-8)2 - 4(1)(-11) = 64 <«——— For example, a

+44 =108 positive plus a
(B) b2 — 4ac = (8)2 — 4(1)(11) = 64 — pOS}t%Ve will be
44 = 20 positive, so you

2 _ _ (2 _ o could stop this
(©b7 = dac= (7"~ 4L =49 calculation early.



44 =75
(D) b? — 4ac = (-6)? — 4(1)(11) = 36

— 44 = -8
(E) b? — 4ac = (-6)> — 4(1)(-11) = 36
+44 =80

The correct answer is (D). Again, it is very rare for a GMAT problem to require
familiarity with the quadratic formula. The vast majority of quadratic equations
can be factored through conventional methods.

Using Conjugates to Rationalize
Denominators

Occasionally, GMAT problems involve fractions that contain square roots in the
denominator. When the denominator is a square root alone, you can simplify the
fraction by multiplying the numerator and denominator by the square root:

4
Simplify E

By multiplying the numerator and denominator by the square root, you remove
the root from the denominator entirely:

4 X[\/E]::n/ﬁ

i

e )
=242

However, simplifying a denominator that contains the sum or difference of a
square root and another term is more difficult:

Simplif 4
implify ——=
pliTy 3-h

To simplify this type of problem, you need to use the conjugate of the
denominator. The conjugate for any square root expression involving addition or
subtraction is defined as follows:



For ; + /4, the conjugate is given by , — \/j.

For ; — \/}, the conjugate is given by ,; 4 /5.

In other words, change the sign of the second term to find the conjugate. By
multiplying the numerator and denominator by the conjugate, you eliminate the
square root from the denominator:

4 [3+\E] 4(3+2) 124442 12442

321342 | B_B)3+2) 9+3v2-3v2-2 7



Problem Set

Solve each problem, applying the concepts and rules you learned in this section.

C
1. Giventhatab=12and — + 10= 15, what is bc?
a

2. If |x + 1| = |3x — 2|, what are the possible values for x?

1 3
A) —and —
( )4 4

1 3
B) —and —
( )4 2

2 3
C) —and —
( )3 2

2 4
D) —and —
( )3 3

3 4
E) —and —
()4 e

3. Ifxy=2,xz=28, and yz = 5, then the value of xyz is closest to:

(A) 5
B) 9
(C) 15
(D) 25
(E) 75

4. Ifc+d=11and c and d are positive integers, which of the following is a
possible value for 5¢ + 8d?

(A) 55
(B) 61
(C) 69
(D) 83



(E) 88

5. If mn=3(m+ 1) + n and m and n are integers, m could be any of the
following values EXCEPT:

(A)2
(B)3
(C) 4
(D)5
(E)7

6. Which of the following equations has no solution for a?

(A)a’>-6a+7=0
(B)a’+6a-7=0
(C)a*+4a+3=0
(D)a’-4a+3=0
(E)a’-4a+5=0

7.  Which of the following is equal to Bk \/g ?
2-5
(A) 17

(B) -17

(©)17+84/5

(D)-17 -85

(E)12+ 1245

8. Solvefora,b,andc:a+b=10,b+c=12,and a + c = 16.



Solutions

i
1. 60: You can first solve for —; then multiply the two equations together to
a

quickly solve for bc:

{/{é’][i]zlziﬁ] bec=12(5) =60
Y

2. (B): This is a complex absolute value problem, so you first must decide on an
approach. The equation |x + 1| = |3x — 2 | has one variable (x) and several
constants (1, 3, and —2). Thus, you should take an algebraic approach.

In theory, with two absolute value expressions, you would set up four cases.
However, those four cases collapse to just two cases: 1) the two expressions
inside the absolute value symbols are given the same sign, and 2) the two
expressions are given the opposite sign.

Case (1): Same Sign Case (2): Opposite Sign
x+1=3x-2 x+1=-3x—-2)=-3x+2
3=2x 4x =1
3 1
X == xX=—
2 4

Testing each solution in the original equation, you verify that both solutions are

valid:
! ] l !
%-l-] :ﬁ[% —2‘ —)+1:3[7 —2
A £ ) 4 4),
2112, 211352
2 2 4 4 4
5.5 5.5
) 2 4 4



3. (B): Multiplying together all three equations gives x?y?z> = 80. As a result,
xyz = /80, which is very close to xyz = 9.

4. (B): Because c and d must be positive integers and c + d = 11, there are only
10 possible values for 5c¢ + 8d (starting with c =1 and d = 10, thenc =2 and d =
9, and so on). In other words, if your starting point is 5¢ + 8d = 58, where ¢ = 10
and d = 1, if you reduce c by 1 and increase d by 1, the resulting sum will
increase by 3; this pattern will continue to occur all the way to your largest
possible value, 85. Starting with 58, then, keep adding 3 until you reach a
number found in the answers. 58 + 3 = 61, and 61 is one of the answer choices.

Alternatively, you can notice that consecutive values of 5c¢ + 8d differ by 3. In
other words, every possible value of 5c¢ + 8d equals a multiple of 3 plus some
constant. By inspection, you see that the values of 5¢ + 8d are all one more than
a multiple of 3: for instance, the value 82 = 81 + 1. The only answer choice that
equals a multiple of 3 plus 1 is 61: 60 + 1.

5. (D): First, you need to solve for n. The reason you solve for n is that the
answer choices list possible values for m, the other variable. If you solve for n,
then you can plug the possible values for m into the formula and see when you
get a non-integer for n, since n must be an integer:

mn=3m+1)+n
mn—n=3(m+1)
n(m—1)=3(m+1)
3(m+1)
(m—1)

Only a value of 5 for m does not produce
an integer for n.

n=



3(m+1)
i PE
(rm2—1)
, ?323{2-1—1):9
(2-1)
; L =8+ _
(3=l
_ 34+l
4 n= 4-1) — 2
| _36+n_18 9
) (5-1 4 2
7 ?ﬁza{?+l}=4
| (7-1)

6. (E): You can determine which of the equations has no solution by determining
which equation has a negative discriminant:

(A) b? - 4ac = (-6)> - 4(1)(7)=36—-28=8
(B) b® — 4ac = (6)* — 4(1)(-7) = 36 + 28 = 64
(C)b%—4dac=(4)?-41)(3)=16-12=4
(D) b? —4ac = (4> -4(1)(3) =16 - 12 =4
(E) b? — 4ac = (-4)*> - 4(1)(5) = 16 — 20 = -4

7. (D): In order to simplify a fraction that has a difference involving a square
root in the denominator, you need to multiply the numerator and denominator by
the sum of the same terms (this is also known as the “conjugate™):

; = i =g iz i = i e R = i~
6+45 _6+45 2445 :{6+\,j}[ﬁ'_+2-\-5}: 12+25+6V5+5 _17+85 __ . o =

2% - (y5)

== = = R
245 2-4/5 2445 4—=>2 -1



8.a=7; b=3; c=9: This problem could be solved by an elaborate series of
substitutions. However, because the coefficients on each variable in each
equation are equal to 1, combination proves easier. Here is one way, though
certainly not the only way, to solve the problem:

First, combine all three equations by adding them together. Then divide by 2 to
get the sum of all three equations. Subtracting any of the original equations from
this new equation will solve for one of the variables, and the rest can be solved
by plugging back into the original equations.

a+ b =10
b+ c=12
a + =16

2a+26+2c=38

a+ b+ c=19
—(a+ b =10)
c=9 F+9=12 a+9=16

b=3 a=7
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Extra Formulas Strategies

Sequences and Patterns

Some sequences are easier to look at in terms of patterns, rather than rules. For
example, consider the following:

If S, = 3", what is the units digit of Sgg?

Clearly, you cannot be expected to multiply out 3%° on the GMAT. Therefore,
there must be a pattern in the units digits of the powers of three:

31=3
3?=9

33 =27

34 =81

3° =243
36 =729
37 =12,187
3% = 6,561

Note the pattern of the units digits in the powers of 3: 3, 9, 7, 1, [repeating]....
Also note that the units digit of S,, when n is a multiple of 4, is always equal to

1. You can use the multiples of 4 as “anchor points” in the pattern. Since 65 is 1
more than 64 (the closest multiple of 4), the units digit of Sgz will be 3, which

always follows 1 in the pattern.



As a side note, most sequences on the GMAT are defined for integer n > 1. That
is, the sequence S, almost always starts at S;. Occasionally, a sequence might

start at Sy, but in that case, you are told that n > 0. Notice that the first term in
the sequence would then be S, the second term would be S;, the third term
would be S,, and so on.

Compound Functions

Compound functions give you two different rules to use.

If fix) = x> + \[x and g(x) = 4x — 3, what is f(g(3))?

The expression f(g(3)), pronounced “f of g of 3”, looks ugly, but the key to
solving compound function problems is to work from the inside out. In this case,
start with g(3). Start by putting the number 3 into the function g(x):

g(3)=4(3)-3=12-3=9

Use the result from the inner function g as the new input variable for the outer
function f:

f(g3)) =f9) = (9)3 +,./9=720+3= The final result is
732 732.

Note that changing the order of the compound functions changes the answer:

If fix) = x> + \[x and g(x) = 4x - 3, what is g(f(3))?

Again, work from the inside out. This time, start with f (3) (which is now the
inner function):

3 =0BrP+3=27+3

Use the result from the inner function, f, as the new input variable for the outer
function g:

¢(f3)) = g27 +/3) =427 +/3) — 3 =108 + 44/3 —3=105+44/3



Thus, ¢(£(3)) = 105 + 44/3.

In general, f(g(x)) and g(f(x)) are not the same rule overall and will often lead to
different outcomes. As an analogy, think of “putting on socks” and “putting on
shoes” as two functions: the order in which you perform these steps obviously
matters!

You may be asked to find a value of x for which f (g(x)) = g(f (x)). In that case,
use variable substitution, working as always from the inside out:

If f(x) = x> + 1, and g(x) = 2x, for what positive value of x does f(g(x)) =
9(f(x))?

Evaluate as shown in the problems above, using x instead of an actual value:
f(g(x)) = g(f(x)) 4 +1=2x"+2

f(2%) = g(:@ + 1) 2% =1

1
(2xP+1=2(2+1) VS \/;

Take only the positive root since x must be positive.

Functions with Unknown Constants

On the GMAT, you may be given a function with an unknown constant. You
will also be given the value of the function for a specific number. You can
combine these pieces of information to find the complete function rule:

If f(x) = ax’ — x, and f(4) = 28, what is f(-2)?

Solve these problems in three steps. First, use the value of the input variable and
the corresponding output value of the function to solve for the unknown
constant:

f(4)=a(4)2-4=28
16a -4 =28



16a = 32
a=2

Then, rewrite the function, replacing the constant with its numerical value:
f(x)=ax’*—x=2x>—x
Finally, solve the function for the new input variable:

f(-2) =2(-2)>-(2-)=8+2=10

Function Graphs

A function can be visualized by graphing it in the coordinate plane. The input
variable is considered the domain of the function, or the x-coordinate. The
corresponding output is considered the range of the function, or the y-coordinate.
This is rarely tested on the GMAT; unless you are aiming for the top Quant
score of 51, you can skip this lesson. Consider the following:

What is the graph of the function f(x) = -2%x + 1?

Create an INPUT-OUTPUT table by evaluating the function for several input
values. Then, plot points to see the shape of the graph:

INPUT ouUTPuT (x, »)
-1 —2(-112+1=-1 (-1, 1)
0 20 +1=1 (0, 1)

1 —2(1)*+ 1 =—1 (1, =1) /\

It may be sufficient to calculate only 3 or 4 values as long as you have found the
pattern and can accurately represent the graph. For more on graphing in general,
see the Coordinate Plane chapter of Manhattan Prep's Geometry GMAT Strategy
Guide.




Common Function Types

Though the GMAT could pose function questions in many different forms,
several different themes occur through many of them. This section explores
some of these common types of functions.

Population Problems

In these problems, some population typically increases by a common factor
every time period. These can be solved with a population chart. Consider the
following example:

The population of a certain type of bacterium triples every 10 minutes.
If the population of a colony 20 minutes ago was 100, in approximately
how many minutes from now will the bacteria population reach
24,0007

Make a table with a few rows, labeling one of the middle rows as NOW. Work
forward, backward, or both (as necessary in the problem), obeying any
conditions given in the problem statement about the rate of growth or decay. In
this case, triple each population number as you move down a row. Notice that
while the population increases by a constant factor, it does not increase by a
constant amount each time period.

For this problem, the population chart Time Elapsed | Population

at right shows that the bacterial >0 mi 100

population will reach 24,000 about 30 m!nutes S

minutes from now. 10 minutes ago 300
NOW 900

In some cases, you mlght pl.Ck a smart T A 2700
number for a starting point in your

population chart. If you do so, pick a in 20 minutes 8,100
number that makes the computations as in 30 minutes 24,300
easy as possible.

Proportionality

Many GMAT problems, especially those concerned with real-life situations, will
use direct or inverse proportionality between the input and the output values.



Direct proportionality means that the two quantities always change by the
same factor and in the same direction. For instance, tripling the input will cause
the output to triple as well. Cutting the input in half will also cut the output in
half. Direct proportionality relationships are of the form y = kx, where x is the
input value, y is the output value, and k is called the proportionality constant.

This equation can also be written as L =k , which means that the ratio of the
X

output and input values is always constant.

The maximum height reached by an object thrown directly upward is
directly proportional to the square of the velocity with which the object
is thrown. If an object thrown upward at 16 feet per second reaches a
maximum height of 4 feet, with what speed must the object be thrown
upward to reach a maximum height of 9 feet?

Typically, with direct proportion problems, you will be glven before and after

values. Set up ratios to solve the problem. For example, — . can be used for the
et |

Yo

A :
can be used for the after values. Write = , since both

X .11 Xy
ratios are equal to the same constant k. Finally, solve for the unknowns. In the
problem given above, be sure to note that the direct proportion is between the
height and the square of the velocity, not the velocity itself. Therefore, write the

before values and

By by
proportion as — =—5-. Substitute the known values h; = 4, v, = 16, and h, =
1}1 ;HE
C
“Than )'.- — 9 16 E’I?E = 9(64} = 3?6 v, = 24
16" w5 ) 4 i )

Thus, the object must be thrown upward at 24 feet per second.

Inverse proportionality means that the two quantities change by reciprocal
factors. Cutting the input in half will actually double the output. Tripling the
input will cut the output to one-third of its original value.

k
Inverse proportionality relationships are of the form y =—, Where x is the input

value, y is the output value, and k is the proportionality constant This equation
can also be written as yx = k, which means that the product of the output and



input values is always constant.

As with other proportion problems, you will typically be given before and after
values. However, this time you set up products, not ratios, to solve the problem
—for example, y,x; can be used for the before values and y,x, can be used for

the after values. Next, write y;x; = y,X», since each product equals the same

constant k. Finally, use algebra to solve for the unknowns in the problem. Try
this example:

The amount of electrical current that flows through a wire is inversely
proportional to the resistance in that wire. If a wire currently carries 4

amperes of electrical current, but the resistance is then cut to one-third
of its original value, how many amperes of electrical current will flow
through the wire?

While you are not given precise amounts for the before or after resistance in the
wire, you can pick numbers. Using 3 as the original resistance and 1 as the new
resistance, the new electrical current will be 12 amperes:

C,R, = C,R, 4(3) = Cy(1) 12 = G,

Linear Growth

Many GMAT problems, especially word problems, feature quantities with linear
growth (or decay), that is, they grow (or decline) at a constant rate. Such
quantities are determined by the linear function: y = mx + b. In this equation, the
slope m is the constant rate at which the quantity grows. The y-intercept b is the
value of the quantity at time zero, and the variable (in this case, x) stands for
time. You can also use t to represent time.

For instance, if a baby weighs 9 pounds at birth and gains 1.2 pounds per month,
then the baby's weight can be written as W = 1.2t + 9, where ¢ is the baby's age in
months. Note that t = 0 represents the birth of the baby.

Jake was 44 feet tall on his 12th birthday, when he began to have a
growth spurt. Between his 12th and 15th birthdays, he grew at a constant
rate. If Jake was 20% taller on his 15th birthday than on his 13th birthday,
how many inches per year did Jake grow during his growth spurt? (12
inches = 1 foot)



In this problem, the constant growth does not begin until Jake has reached his
12th birthday, so in order to use the constant growth function y = mx + b, let time
x = 0 (the initial state) stand for Jake's 12th birthday. Therefore, x = 1 stands for
his 13th birthday, x = 2 stands for his 14th birthday, and x = 3 stands for his 15th
birthday.

The problem asks for an answer in inches but gives you information in feet.
Therefore, convert to inches at the beginning of the problem: 4% feet = 54 inches
= b. Since the growth rate m is unknown, the growth function can be written as y
= mx + 54. Jake's height on his 13th birthday, when x = 1, was 54 + m, and his
height on his 15th birthday, when x = 3, was 54 + 3m. Because the problem also
states that Jake was 20% taller on his 15th birthday than on his 13th, you can
write an equation:

54 + 3m = (54 + m) + 0.20(54 + m) 1.8m =10.8
54 + 3m = 1.2(54 + m) / m=6
54 4+ 3m=064.8+ 1.2m

Therefore, Jake grew at a rate of 6 inches each year.
Symmetry

Some difficult GMAT function questions revolve around symmetry, or the
property that two seemingly different inputs to the function always yield the
same output.

1
For which of the following functions does f(x)=f [ 7 } given that x #
-2,-1,0,0r1?
x+1 x+1 x—1
(A) f(x)=|— (B) f(x)="— Q) fOx)=|2—
X Xx—1 X
- x+1
(D) f(x)=|— ) f)=|X
x+1 X+2

There are two primary ways that you can set about solving this problem. First,



: 1, : : .
you could substitute — in for x in each of the functions and simplify, to see

X

which of the functions yields the same result. Alternatively, you could pick a
number for x and see which of the functions produces an equal output for both x

1
and —. In most cases, the latter strategy will probably be easier. For example,

s
you could choose x = 3:

A) f(:c'}= x+1
X
®) f[:c"}= x+1
X —
x—1
© Flx)=|
X
X
) fl= x+1
x+1
(x)=
(E) f *) x+2

1"|
f3) f[;
L
341 _i 3+ i—ﬂi
31 3 1Y
ERE
i ) —q| |2
j+]'=i=’) 3 _13]_5
3-1] 2 1 2| -
P __1 s &
3 3
| L e
3-1_2 3 || 3| 4
3] 3 |-
3 3
1 1
3.3 3 |_[3]_1
3+1] 4 Lol 12 4
3 3
L
3+1| 4 TG 4
3+2| 5 1., 17 7
3 3

1
Only answer (B) returns the same result for 3 and —, so it is the correct answer.

Note that, if you are confident with your math, yoﬁ can stop after testing (B) and
finding that it does work. You can also prove that (B) is the correct answer

algebraically:



F= x++1]
= |
1 sl
FIN B | e _‘ x+1 | e+
f[.x J_ I__] l=x| [1-x| |[-1-x)| |x-1
- x

In the second to last step, —(1 — x) replaces 1 — x from the previous step.
Technically, one of these expressions is positive and the other is negative;

because they are inside of an absolute value symbol, however, they both become
positive.



Problem Set

x? —ax

1. Ifgx)=

,and g(2) = %, what is the value of g(4)?

2. The velocity of a falling object in a vacuum is directly proportional to the
amount of time the object has been falling. If after 5 seconds an object is
falling at a speed of 90 miles per hour, how fast will it be falling after 12
seconds?

3. IfS,=(4") + 3, what is the units digit of S;(,?

4. The “luminous flux,” or perceived brightness, of a light source is
measured in lumens and is inversely proportional to the square of the
distance from the light. If a light source produces 200 lumens at a distance
of 3 meters, at what distance will the light source produce a luminous flux
of 25 lumens?

5. For which of the following functions does f(x) = f(2 — x)?

(A) fx) = x +2
(B) f(x) = 2x - 2

©) fx)=2-x
(D) f(x) = (2 - x)°
(E) fx) = x*
6. Ifflx)=(x+ \E )4, what is the range of the function f(x)?
(A) 3 <flx) <4
B)f(x)=0
©) fx) <0
(D) f(x)# 0
7. If g(x) = 3x + +/x, what is the value of g(d® + 6d + 9)?



Solutions

(20 —a(2) _

1. 13: g(2)=

b | —

4
8—2a=2

. (4P -34) A4P-301) 16-3
2a=06 — gl"{j: — bl‘?'lf&'l: = = =13

4 4 A 1

a=3

2. 216 miles per hour: Because the velocity and the time spent falling are
directly proportional, you can simply set the ratio of the “before” velocity and
time to the “after” velocity and time:

v 7

w

1 U II_'-'

90 mph v,

5 sec 12 sec
90(12)

=216 mph

3. 9: Begin by listing the first few terms of the sequence in order to find the
pattern:

St=41+3=4+3=7
$?=4°+3=16+3=19
$=43+3=64+3=67
S*=4%+3=256+3=259

The units digit of all odd-numbered terms is 7. The units digit of all even-
numbered terms is 9. Because Sy is an even-numbered term, its units digit will

be 9.

4. 62 meters (or /72 meters): Because the intensity of the light source and the
square of the distance are inversely proportional, you can write the product of
the “before” intensity and distance squared and the product of the “after”
intensity and distance squared. Then set these two products equal to each other:



I %" = % d.
(200 lumens)(3 merers)® =(25 Iumens}lxdzz

- (200 lumens)(3 meters)*

(25 lumens)

= 6+/2 meters
5. (B): This is a “symmetry function” type of problem. Generally the easiest way
to solve these kinds of problems is to pick numbers and plug them into each
function to determine which answer gives the desired result. For example, you
could pick x = 4:

fl4) f2—4)orf(-2)
(A) fl=x+2 442=6 -2+2=0
(B) fla)=2x-x 2(4) —4*=-8 2(-2) - (-2)*=-8
©) fy=2-x 2—4=-2 I (D) =4
D) fW=2-2  @-47=4 2-(-2)F=42=16
(E) flx)=x* 42=16 (—2)?*=4

6. (B): If f{x) = (x+ \/:9; )4, the range of outputs, or y-values, can never be
negative. Regardless of the value of x, raising - + ﬁ to an even power will

result in a non-negative y-value. Therefore, the range of the function is all non-
negative numbers, or f(x) > 0.

7.3d% + 19d + 30 OR 3d? + 17d + 24:

gd*+6d+9)=3(d*+6d+9)+ Vd* +6d+9

=342+ 18d+ 27 + J(d +3)°
=3d*+ 184+ 27 +d+ 3 OR 3d*+ 184+ 27 — (d+ 3)
=34+ 194+ 30 OR 3d*+ 17d+ 24

(itd+ 3 > 0) (ifd+ 3 <0)
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Extra Inequalities Strategies

Optimization Problems

Optimization problems involve minimizing or maximizing values. In these
problems, you need to focus on the largest and smallest possible values for each
of the variables, as some combination of them will usually lead to the largest or
smallest possible result.

If 2y + 3 <11 and 1 <x <5, what is the maximum possible value for xy?

Test the extreme values for x and for y to determine which combinations of
extreme values will maximize xy:

2y +3<11 2y <8 y<4

Extreme Values for x Extreme Values for y
The lowest value for x is 1. There is no lower limit to y.
The highest value for x is 5. The highest value for y is 4.

Now consider the different extreme value scenarios for x, y, and xy. Since y has
no lower limit and x is positive, the product xy has no lower limit. Using y's

highest value (4), test the extreme values of x (1 and 5). The first extreme value
generates xy = (1)(4) = 4. The second extreme value generates xy = (5)(4) = 20.

In this case, xy is maximized when x = 5 and y = 4, with a result that xy = 20.

If -7 <a<6and -7 <b <8, what is the maximum possible value for ab?



Once again, you are looking for a maximum possible value, this time for ab.
Test the extreme values for a and for b to determine which combinations of
extreme values will maximize ab:

Extreme Values for a Extreme Values for b
The lowest value for a is The lowest value for b is
-7. -7.

The highest value for a is The highest value for b is
6. 8.

Now consider the different extreme value scenarios for a, b, and ab:

a b ab
Min -7 |Min -7|(-7) % (-7)=49
Min -7| Max 8| (-7) x8=-56
Max 6 |Min -7| 6 % (=7)=-42
Max 6 | Max 8 6 x8 =438

This time, ab is maximized when you take the negative extreme values for both
a and b, resulting in ab = 49. Notice that you could have focused right away on
the first and fourth scenarios, because they are the only scenarios that produce
positive products.

Inequalities and Absolute Value

Absolute value can be a confusing concept—particularly in a problem involving
inequalities. For these types of problems, it is often helpful to try to visualize the
problem with a number line.

For an equation such as |x| = 5, the graph of the solutions looks like this:

——— 1ttt

=D 0 5

When absolute value is used in an inequality, the unknown generally has more
than two possible solutions. Indeed, for an inequality such as |x| < 5, the graph of
the solutions covers a range:



e B B e s s e e Oy
=5 0 5

One way to understand this inequality is to say “x must be less than 5 units from
0 on the number line.” Indeed, one interpretation of absolute value is simply
distance on the number line. For a simple absolute value expression such as |x|,
you are evaluating distance from O.

Absolute values can be more difficult to graph than the one above. Consider, for
instance, the inequality | x + 2 | < 5. The “+ 2” term complicates things.

However, there is a relatively straightforward way to think about this problem.
First, create a number line for the term inside the absolute value bars:

[+ ) e—

[ —p—C)—
=5 0 5

In other words, x + 2 must be less than 5 units away from 0 on the number line.
Next, how does the “+ 2” change the graph? It shifts the entire graph down by 2,
because the absolute value expression will be equal to 0 when x = —2. Thus, the
graph for x alone will look like this:

Notice that the center point for the possible values of x is now —2, which is the
value for x that fits x + 2 = 0. This is the center point for the number line graph.
The distance from the center point (—2) to either end point remains the same.

From this example, you can extract a standard formula for interpreting absolute
value. When | x + b | = ¢, the center point of the graph is —b. The equation
indicates that x must be exactly c units away from —b. Similarly, for the
inequality | x + b | < ¢, the center point of the graph is —b, and x must be less than
c units away from —b.

What is the graph of |x — 4| < 37?



Based on this formula, the center point of the graph is —(— 4) = 4, and x must be
less than 3 units away from that point:

0 1 4 72

You can also solve these types of problems algebraically. Recall that equations
involving absolute value require you to consider two scenarios: one where the
expression inside the absolute value brackets is positive and one where the
expression is negative. The same is true for inequalities. For example:

Given that | x — 2 | < 5, what is the range of possible values for x?
To work out the positive scenario, remove the absolute value brackets and solve:
|x—2]<5 x—2<5 x<7

To work out the negative scenario, reverse the signs of the terms inside the
absolute value brackets, remove the brackets, and solve again:

|%—2]| <5
—(x—2)<5
—x+2<5
—x <3
x>=3

Combine these two scenarios into one range of values for x: =3 < x < 7. This
range is illustrated by the following number line:

Note that this range fits in perfectly with the number-line interpretation of
absolute value: this graph is the set of all points such that x is less than 5 units
away from —(-2) = 2.



As an aside, never change | x — 5 | to x + 5. This is a common mistake.
Remember, when you drop the absolute value signs, you either leave the
expression alone or enclose the entire expression in parentheses and put a
negative sign in front.

Reciprocals of Inequalities

Taking reciprocals of inequalities is similar to multiplying or dividing by
negative numbers. You need to consider the positive and negative cases of the
variables involved. The general rule is that if x <y, then:

1

* — >— when x and y are positive. Flip the inequality. If 3 <5, then
% ¥

. 4]

e,

7 G

1
* — >— when x and y are negative. Flip the inequality. If -4 < -2, then

* 7
1 1
— >
-4 =2
1 1 . . . . . . . .
» — < — when x is negative and y is positive. Do not flip the inequality.

X Y

1 1

If -6 <7, then — < —. The left side is negative, while the right side is
positive. :

If you do not know the sign of x or y, you cannot take reciprocals.

In summary, if you know the signs of the variables, flip the inequality unless x
and y have different signs.

Given that ab < 0 and a > b, which of the following must be true?

I.a>0
II.b>0



I11. l }l

a
(A) I only
(B) II only
(C) I and III only
(D) II and III only
(E) I, IT and I1I

If ab < 0, then a and b have different signs. Since a > b, a must be positive and b
must be negative. Therefore, statement I is true, while statement II is not true.

L. 1

You also know from the discussion on reciprocals that if a > b, then — > ? when
i 7

a and b have different signs.

Therefore, statement III is also true and the correct answer is (C).

Squaring Inequalities

As with reciprocals, you cannot square both sides of an inequality unless you
know the signs of both sides of the inequality. However, the rules for squaring
inequalities are somewhat different than those for reciprocating inequalities:

* If both sides are known to be negative, then flip the inequality
sign when you square. For instance, if x < —3, then the left side must
be negative. Since both sides are negative, you can square both sides
and reverse the inequality sign: x*> > 9. However, if you are given an
inequality such as x > —3, then you cannot square both sides, because
it is unclear whether the left side is positive or negative. If x is
negative, then x? < 9, but if x is positive, then x> could be either
greater than 9 or less than 9.

* If both sides are known to be positive, then do not flip the
inequality sign when you square. For instance, if x > 3, then the left
side must be positive; since both sides are positive, you can square
both sides to yield x2 > 9. If you are given an inequality such as x < 3,



however, then you cannot square both sides, because it is unclear
whether the left side is positive or negative. If x is positive, then x? <

9, but if x is negative, then x? could be either greater than 9 or less
than 9.

* If one side is positive and one side is negative, then you cannot
square. If you know that x < y, x is negative, and y is positive, you
cannot make any determination about x? vs. y°. If, for example, x =
—2andy=2,thenx?=y?. If x=-2and y = 3, then x> < y?. If x = -2
and y = 1, then x? > y 2. If one side of the inequality is negative and
the other side is positive, then squaring is probably not warranted—
some other technique is likely needed to solve the problem.

* If the signs are unclear, then you cannot square. Put simply, you
would not know whether to flip the sign of the inequality once you
have squared it.

Is x? > y??

()x>y
(2) x>0

In this problem, statement (1) is insufficient, because you do not know whether x
and y are positive or negative numbers. For example, if x = 5 and y = 4, then x> >
y?. However, if x = —4 and y = -5, then x > y but x* < y°.

Statement (2) does not tell you anything about y, so it too is insufficient.

Combined, you know that x is positive and larger than y. This is still insufficient,
because y could be a negative number of larger magnitude than x. For example,
if x =3 and y = 2, then x> > y?, but if x = 3 and y = —4, then x? < y?. Therefore,
the correct answer is (E).



Problem Set

1. Ifaand b are integers and -4 < a < 3 and -4 < b < 5, what is the
maximum possible value for ab?

2. Ismn>-127

(1)m>-3
2)n>-4

4 1
3. If —< —, what is the possible range of values for x?
X

4

1
4. If — < ——, what is the possible range of values for x?
X

5. Isx<y?

1 1
D—=<—
X Yy

X
2N —<0
()er



Solution

1. 16: In order to maximize ab, you need to test the endpoints of the ranges for a
and b:

Ifa=-4and b =-4, ab = 16.

If a = -4 and b = 5, the product is negative (smaller than 16).
If a = 3 and b = —4, the product is negative (smaller than 16).
Ifa=3and b =5, ab = 15.

Thus, the maximum value for ab is 16. Notice that this maximum occurs when a
and b are both negative in this case.

2. (E): Combining the two statements, it is tempting to conclude that mn must
either be positive or a negative number larger than —12. However, because either
variable could be positive or negative, it is possible to end up with a negative
number less than —12. For example, m could equal —1 and n could equal 50. In
that case, mn = =50, which is less than —12. Therefore, the two statements
combined are INSUFFICIENT. The correct answer is (E).

3. x <0 OR x > 12: For this type of problem, you have to consider two
possibilities: x could be positive or negative. When you multiply the inequality
by x, you will need to flip the sign when x is negative, but not flip the sign when
X is positive:

Case 1: x>0 Case2: x<0
4 1 4. 1
A ¥ 4
12 < 12> x

For Case 1, x must be positive AND greater than 12. Thus, x > 12.
For Case 2, x must be negative AND less than 12. Thus, x < 0.

Combined, x <0 OR x > 12.



4. —12 < x < 0: For this type of problem, you have to consider two possibilities: x
could be positive or negative. When you multiply the inequality by x, you will
need to flip the sign when x is negative, but not flip the sign when x is positive.
However, notice that x cannot be positive: the left-hand side of the inequality is

1 4 : .
less than ——, which means — must be negative. Therefore, x must be negative:

3 x
Case 1: x>0 Case2: x<0
4 1
_.:::__
Not Possible ': 3
12> —x
—12<x

Case 1 is not possible.
For Case 2, x must be negative AND greater than —12. Thus, -12 <x <0.

5. (C): (1) INSUFFICIENT: The meaning of statement (1) depends on the signs
of x and y. If x and y are either both positive or both negative, then you can take
reciprocals of both sides, yielding x > y. However, this statement could also be
true if x is negative and y is positive; in that case, x < y.

(2) INSUFFICIENT: Statement (2) tells you that the quotient of x and y is
negative. In that case, x and y have different signs: one is positive and the other
is negative. However, this does not tell you which one is positive and which one
is negative.

(1) AND (2) SUFFICIENT: Combining the two statements, if you know that the
reciprocal of x is less than that of y, and that x and y have opposite signs, then x
must be negative and y must be positive, so x < y.

The correct answer is (C).
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Data Sufficiency

Data Sufficiency (DS) problems are a cross between math and logic. Imagine
that your boss just walked into your office and dumped a bunch of papers on
your desk, saying, “Hey, our client wants to know whether they should raise the
price on this product. Can you answer that question from this data? If so, which
pieces do we need to prove the case?” What would you do?

The client has asked a specific question: should the company raise the price?
You have to decide which pieces of information will allow you to answer that
question—or, possibly, that you don't have enough information to answer the
question at all.

This kind of logical reasoning is exactly what you use when you answer DS
questions.

How Data Sufficiency Works

If you already feel comfortable with the basics of Data Sufficiency, you may
want to move quickly through this particular section of the chapter—but you are
encouraged to read it. There are a few insights that you may find useful.

Every DS problem has the same basic form:



& The Question Stem is made up of two parts: N

(1) The Question: “How ald is Olivers”

i2) Possible Additional Info: * Olfver is twice as old as Dmisry.”

This could provide additional constraints or equations
| needed to solve the problem.
o -
. . k:
If Oliver is twice as old as Dmitry, how old is Oliver? | Following the question are two

=== Statements labeled (1) and (2).
(1) Samuel is 4 years younger than Dmitry.

{2) Samuel will be 11 years old in 5 years. To answer Data Sufficiency problems
correctly, you need to decide whether
the statements provide enough

information to answer the question.

(A) Statement (1) ALOME is sufficient, but statement (2) is NOT sufficient
(B) Statement (2) ALOME is sufficient, but statement (1) is NOT sufficient
(C) BOTH statements TOGETHER. are sufhicient, but NEITHER statement Tii ot wibds d yoit have
ALONE is sufficient sufficient dasa? ’
(D) EACH statement ALONE is sufficient 58 3
(E) Statements (1) and (2) TOGETHEE. are NOT sufficient
%

)t

Lastly, you are given the Answer Choices.

These are the same for every Data Sufficiency problem so
memorize them as soon as possible.

The question stem contains the question you need to answer. The two statements
provide given information, information that is true. DS questions look strange
but you can think of them as deconstructed Problem Solving (PS) questions.
Compare the DS-format problem above to the PS-format problem below:

Samuel is 4 years younger than Dmitry, and Samuel will be 11 years old
in 5 years. If Oliver is twice as old as Dmitry, how old is Oliver?

The two questions contain exactly the same information; that information is just
presented in a different order. The PS question stem contains all of the givens as
well as the question. The DS problem moves some of the givens down to
statement (1) and statement (2).

As with regular PS problems, the given information in the DS statements is
always true. In addition, the two statements won't contradict each other. In the
same way that a PS question wouldn't tell you that x > 0 and x < 0, the two DS
statements won't do that either.

In the PS format, you would go ahead and calculate Oliver's age. The DS format
works a bit differently. Here is the full problem, including the answer choices:

If Oliver is twice as old as Dmitry, how old is Oliver?



(1) Samuel is 4 years younger than Dmitry.
(2) Samuel will be 11 years old in 5 years.

(A) Statement (1) ALONE is sufficient, but statement (2) is NOT
sufficient.

(B) Statement (2) ALONE is sufficient, but statement (1) is NOT
sufficient.

(C) BOTH statements TOGETHER are sufficient, but NEITHER
statement ALONE is sufficient.

(D) EACH statement ALONE is sufficient.

(E) Statements (1) and (2) TOGETHER are NOT sufficient.

Despite all appearances, the question is not actually asking you to calculate
Oliver's age. Rather, it's asking which pieces of information would allow you to
calculate Oliver's age.

You may already be able solve this one on your own, but you'll see much harder
problems on the test, so your first task is to learn how to work through DS
questions in a systematic, consistent way.

As you think the problem through, jot down information from the question stem:

1

Oaae.’
0=20D

Hmm. If they tell you Dmitry's age, then you can find Oliver's age. Remember
that!

AD

BCE answer grid (you'll

Take a look at the first statement. Also, write down the

learn why as you work through the problem):

(1) Samuel is 4 years younger than Dmitry.



Oagef___? AD
BCE
=21
s=D-4 |(2)

|

The first statement doesn't allow you to figure out anyone's real age. Statement
(1), then, is not sufficient. Now you can cross off the top row of answers, (A) and

(D).

Why? Here's the text for answers (A) and (D):

(A) Statement (1) ALONE is sufficient, but statement (2) is NOT
sufficient.

(D) EACH statement ALONE is sufficient.

Both answers indicate that statement (1) is sufficient to answer the question.
Because statement (1) is not sufficient to find Oliver's age, both (A) and (D) are
wrong.

The answer choices will always appear in the order shown for the above
problem, so any time you decide that statement (1) is not sufficient, you will
always cross off answers (A) and (D). That's why your answer grid groups these
two answers together.

Next, consider statement (2), but remember one tricky thing: forget what
statement (1) told you. Because of the way DS is constructed, you must evaluate
the two statements separately before you look at them together:

(2) Samuel will be 11 years old in 5 years.



Oag&= ’ AD
BCE

(1) 5=D-4 (2)S=11inSy

D)

It's useful to write the two statements side-by-side, as shown above, to help
remember that statement (2) is separate from statement (1) and has to be
considered by itself first.

Statement (2) does indicate how old Sam is now, but says nothing about Oliver
or Dmitry. (Remember, you're looking only at statement (2) now.) By itself,
statement (2) is not sufficient, so cross off answer (B).

Now that you've evaluated each statement by itself, take a look at the two
statements together. Statement (2) provides Sam's age, and statement (1) allows
you to calculate Dmitry's age if you know Sam's age. Finally, the question stem
allows you to calculate Oliver's age if you know Dmitry's age:

¢

A5
BOE

“) S5=D-4 (2)5’“ in 5}-'

D) @

(1)+(2)
v &

As soon as you can tell that you can solve, put down a check mark or write an S
with a circle around it (or both!). Don't actually calculate Oliver's age; the
GMAT doesn't give you any extra time to calculate a number that you don't
need.

The correct answer is (C).



The Answer Choices

The five Data Sufficiency answer choices will always be exactly the same (and
presented in the same order), so memorize them before you go into the test.

Here are the five answers written in an easier way to understand:

(A) Statement (1) does allow you to answer the question, but statement
(2) does not.

(B) Statement (2) does allow you to answer the question, but statement
(1) does not.

(C) Neither statement works on its own, but you can use them together to
answer the question.

(D) Statement (1) works by itself and statement (2) works by itself.

(E) Nothing works. Even if you use both statements together, you still
can't answer the question.

Answer (C) specifically says that neither statement works on its own. For this
reason, you are required to look at each statement by itself and decide that
neither one works before you are allowed to evaluate the two statements
together.

Here's an easier way to remember the five answer choices; we call this the
“twelve-ten” mnemonic (memory aid):

1 | only statement 1
2 | only statement 2
T | together

E | either one

N | neither/nothing

Within the next week, memorize the DS answers. If you do a certain number of
practice DS problems in that time frame, you'll likely memorize the answers
without conscious effort—and you'll solidify the DS lessons you're learning right
now.

Starting with Statement (2)




If statement (1) looks hard, start with statement (2) instead. Your process will be
the same, except you'll make one change in your answer grid.

Try this problem:
If Oliver is twice as old as Dmitry, how old is Oliver?

(1) Two years ago, Dmitry was twice as old as Samuel.
(2) Samuel is 6 years old.

(From now on, the answer choices won't be shown. Start memorizing!)

Statement (1) is definitely more complicated than statement (2), so start with
statement (2) instead.

BD

Change your answer grid to ~ ~ . (You'll learn why in a minute.)

(2) Samuel is 6 years old.

Oage= v BD
ACE
O=2D
() (2) S=6

Statement (2) is not sufficient to determine Oliver's age, so cross off the answers
that say statement (2) is sufficient: (B) and (D). Once again, you can cross off
the entire top row; when starting with statement (2), you always will keep or
eliminate these two choices at the same time.

Now assess statement (1):

(1) Two years ago, Dmitry was twice as old as Samuel.



O age = 7 15172
ACE
Q=2D
(p-2:2(s-2) |(2)S=6

Forget all about statement (2); only statement (1) exists. By itself, is the
statement sufficient?

Nope! Too many variables. Cross off (A), the first of the remaining answers in
the bottom row, and assess the two statements together:

O age s ?
O=2D
(VD-2=2(5-2) [ (2)S=6

B
AOE

(1)+(2)
@

You can plug Samuel's age (from the second statement) into the formula from
statement (1) to find Dmitry's age, and then use Dmitry's age to find Oliver's age.
Together, the statements are sufficient.

The correct answer is (C).

The two answer grids work in the same way, regardless of which one you use.
As long as you use the AD/BCE grid when starting with statement (1), or the
BD/ACE grid when starting with statement (2), you will always:

 cross off the top row if the first statement you try is not sufficient;
* cross off the bottom row if the first statement you try is sufficient; and

* assess the remaining row of answers one answer at a time.



Finally, remember that you must assess the statements separately before you can
try them together—and you'll only try them together if neither one is sufficient
on its own. You will only consider the two together if you have already crossed
off answers (A), (B), and (D).

Value vs. Yes/No Questions

Data Sufficiency questions come in two “flavors”: Value or Yes/No.

On Value questions, it is necessary to find a single value in order to answer the
question. If you can't find any value or you can find two or more values, then the
information is not sufficient.

Consider this statement:
(1) Oliver's age is a multiple of 4.

Oliver could be 4 or 8 or 12 or any age that is a multiple of 4. Because it's
impossible to determine one particular value for Oliver's age, the statement is not
sufficient

What if the question changed?
Is Oliver's age an even number?

(1) Oliver's age is a multiple of 4.
(2) Oliver is between 19 and 23 years old.

This question is a Yes/No question. There are three possible answers to a
Yes/No question:

1. Always Yes: Sufficient!
2. Always No: Sufficient!
3. Maybe (or Sometimes Yes, Sometimes No): Not Sufficient

It may surprise you that Always No is sufficient to answer the question. Imagine
that you ask a friend to go to the movies with you. If she says, “No, I'm sorry, I
can't,” then you did receive an answer to your question (even though the answer



is negative). You know she can't go to the movies with you.

Apply this reasoning to the Oliver question. Is statement 1 sufficient to answer
the question Is Oliver's age an even number?

(1) Oliver's age is a multiple of 4.

If Oliver's age is a multiple of 4, then Yes, he must be an even number of years
old. The information isn't enough to tell how old Oliver actually is—he could be
4, 8, 12, or any multiple of 4 years old. Still, the information is sufficient to
answer the specific question asked.

Because the statement tried first is sufficient, cross off the bottom row of
answers, (B), (C), and (E).

Next, check statement (2):
(2) Oliver is between 19 and 23 years old.

Oliver could be 20, in which case his age is even. He could also be 21, in which
case his age is odd. The answer here is Sometimes Yes, Sometimes No, so the
information is not sufficient to answer the question.

The correct answer is (A): the first statement is sufficient but the second is not.

The DS Process

This section summarizes everything you've learned in one consistent DS process.
You can use this on every DS problem on the test.

Step 1: Determine whether the question is Value or Yes/No.

Value: The question asks for the value of an unknown (e.g., What is x?).

A statement is Sufficient when it provides 1 possible value.

A statement is Not Sufficient when it provides more than 1 possible
value (or none at all).

Yes/No: The question asks whether a given piece of information is true (e.g., Is



x even?).
Most of the time, these will be in the form of Yes/No questions.

A statement is Sufficient when the answer is Always Yes or Always No.

A statement is Not Sufficient when the answer is Maybe or Sometimes
Yes, Sometimes No.

Step 2: Separate given information from the question itself.

If the question stem contains given information—that is, any information other
than the question itself—then write down that information separately from the
question itself. This is true information that you must consider or use when
answering the question.

Step 3: Rephrase the question.

Most of the time, you will not write down the entire question stem exactly as it
appears on screen. At the least, you'll simplify what is written on screen. For
example, if the question stem asks, “What is the value of x?” then you might
write down something like x = ?

For more complicated question stems, you may have more work to do. Ideally,
before you go to the statements, you will be able to articulate a fairly clear and
straightforward question. In the earlier example, x = ? is clear and
straightforward.

What if this is the question?
3K i
Ifxyz#0,is —+y+2z=—+y?
2 2
(1)y=3and x=2
2 z=—x

Do you need to know the individual values of x, y, and z in order to answer the
question? Would knowing the value of a combination of the variables, such as x
+y + z, work? It's tough to tell.

In order to figure this out, rephrase the question stem, which is a fancy way of



saying: simplify the information a lot. Take the time to do this before you
address the statements; you'll make your job much easier!

If you're given an equation, the first task is to put the “like” variables together.
Also, when working with the question stem, make sure to carry the question
mark through your work:

% /% 3x,
i e
e i

That's interesting: the two y variables cancel out. Keep simplifying:

That whole crazy equation is really asking a much simpler question: is z = x?

It might seem silly to keep writing that question mark at the end of each line, but
don't skip that step or you'll be opening yourself up to a careless error. By the
time you get to the end, you don't want to forget that this is still a question, not a
statement or given.

Step 4: Use the Answer Grid to Evaluate the Statements

If you start with statement 1, then write the AD/BCE grid on your scrap paper.
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Here is the rephrased problem:
If xyz # 0, is z = x?

()y=3andx=2
2)z=—-x

Statement (1) is useless by itself because it says nothing about z. Cross off the

4

top row of answers:

BCE

Statement (2) turns out to be very useful. None of the variables is 0, so if z = —x,
then those two numbers cannot be equal to each other. This statement is
sufficient to answer the question: no, z does not equal x. You can circle B on

your grid: ——

BCE
The correct answer is (B).

If you decide to start with statement (2), your process is almost identical, but
you'll use the BD/ACE grid instead. For example:
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First, evaluate statement (1) by itself and, if you've crossed off answers (A), (B),
and (D), then evaluate the two statements together.

Whether you use AD/BCE or BD/ACE, remember to
* cross off the top row if the first statement you try is not sufficient, and

* cross off the bottom row if the first statement you try is sufficient.

Pop Quiz! Test Your Skills

Have you learned the DS process? If not, go back through the chapter and work
through the sample problems again. Try writing out each step yourself.

If so, prove it! Give yourself up to four minutes total to try the following two
problems:

1. Are there more engineers than salespeople working at SoHo Corp?

2
(1) SoHo Corp employs 3 as many clerical staff as engineers and



salespeople combined.

(2) If 3 more engineers were employed by SoHo Corp and the number of
salespeople remained the same, then the number of engineers would be
double the number of salespeople employed by the company.

2. At SoHo Corp, what is the ratio of managers to non-managers?

(1) If there were 3 more managers and the number of salespeople
remained the same, then the ratio of managers to non-managers would
double.

(2) There are 4 times as many non-managers as managers at SoHo Corp.

How did it go? Are you very confident in your answers? Somewhat confident?
Not at all confident?

Before you check your answers, go back over your work, using the DS process
discussed in this chapter as your guide. Where can you improve? Did you write
down (and use!) your answer grid? Did you look at each statement separately
before looking at them together (if necessary)? Did you mix up any of the steps
of the process? How neat is the work on your scrap paper? You may want to
rewrite your work before you review the answers.

Pop Quiz Answer Key

1. Engineers vs. Salespeople
Step 1: Is this a Value or Yes/No question?
1. Are there more engineers than salespeople working at SoHo Corp?
This is a Yes/No question.
Steps 2 and 3: What is given and what is the question? Rephrase the question.

The question stem doesn't contain any given information. In this case, the
question is already about as simplified as it can get: are there more engineers
than salespeople?

Step 4: Evaluate the statements.



If you start with the first statement, use the AD/BCE answer grid.

3
(1) SoHo Corp employs — as many clerical staff as engineers and

salespeople combined.

If you add up the engineers and salespeople, then there are fewer people on the
clerical staff...but this indicates nothing about the relative number of engineers
and salespeople. This statement is not sufficient. Cross off (A) and (D), the top
row, of your answer grid.

(2) If 3 more engineers were employed by SoHo Corp and the number of
salespeople remained the same, then the number of engineers would be
double the number of salespeople employed by the company.

This one sounds promising. If you add only 3 engineers, then you'll have twice
as many engineers as salespeople. Surely, that means there are more engineers
than salespeople?

Don't jump to any conclusions. Test some possible numbers; think about fairly
extreme scenarios. What if you start with just 1 engineer? When you add 3,
you'll have 4 engineers. If there are 4 engineers, then there are half as many, or
2, salespeople. In other words, you start with 1 engineer and 2 salespeople, so
there are more salespeople. Interesting.

According to this one case, the answer to the Yes/No question Are there more
engineers than salespeople? is no.

Can you find a yes answer? Try a larger set of numbers. If you start with 11
engineers and add 3, then you would have 14 total. The number of salespeople
would have to be 7. In this case, then, there are more engineers to start than
salespeople, so the answer to the question Are there more engineers than
salespeople? is yes.

Because you can find both yes and no answers, statement (2) is not sufficient.
Cross off answer (B).

Now, try the two statements together. How does the information about the
clerical staff combine with statement (2)?



Whenever you're trying some numbers and you have to examine the two
statements together, see whether you can reuse the numbers that you tried
earlier.

If you start with 1 engineer, you'll have 2 salespeople, for a total of 3. In this
case, you'd have 2 clerical staff, and the answer to the original question is no.

If you start with 11 engineers, you'll have 7 salespeople, for a total of 18. In this
case, you'd have 12 clerical staff, and the answer to the original question is yes.

The correct answer is (E). The information is not sufficient even when both
statements are used together.

2. Managers vs. Non-Managers
Step 1: Is this a Value or a Yes/No question?
2. At SoHo Corp, what is the ratio of managers to non-managers?

This is a Value question. You need to find one specific ratio—or know that you
can find one specific ratio—in order to answer the question.

Steps 2 and 3: What is given and what is the question? Rephrase the question.
Find the ratio of managers to non-managers, or M : N.
Step 4: Evaluate the statements.

If you start with the second statement, use the BD/ACE answer grid. (Note: this
is always your choice; the solution with the BD/ACE grid shown is just for
practice.)

(2) There are 4 times as many non-managers as managers at SoHo Corp.

If there is 1 manager, there are 4 non-managers. If there are 2 managers, there
are 8 non-managers. If there are 3 managers, there are 12 non-managers.

What does that mean? In each case, the ratio of managers to non-managers is the
same, 1 : 4. Even though you don't know how many managers and non-managers
there are, you do know the ratio. (For more on ratios, see the Ratios chapter of



the Fractions, Decimals, & Percents GMAT Strategy Guide.)

This statement is sufficient; cross (A), (C), and (E), the bottom row, off of the
grid.

(1) If there were 3 more managers and the number of salespeople
remained the same, then the ratio of managers to non-managers would
double.

First, what does it mean to double a ratio? If the starting ratio were 2 : 3, then
doubling that ratio would give you 4 : 3. The first number in the ratio doubles
relative to the second number.

Test some cases. If you start with 1 manager, then 3 more would bring the total
number of managers to 4. The manager part of the ratio just quadrupled (1 to 4),
not doubled, so this number is not a valid starting point. Discard this case.

If you have to add 3 and want that number to double, then you need to start with
3 managers. When you add 3 more, that portion of the ratio doubles from 3 to 6.
The other portion, the non-managers, remains the same.

Notice anything? The statement says nothing about the relative number of non-

managers. The starting ratio could be 3 : 2 or 3 : 4 or 3 : 14, for all you know. In
each case, doubling the number of managers would double the ratio (to 6 : 2, or
6:4, or6:14). You can't figure out the specific ratio from this statement.

The correct answer is (B): statement (2) is sufficient, but statement (1) is not.

Proving Insufficiency

The Pop Quiz solutions used the Testing Cases strategy: testing real numbers to
help determine whether a statement is sufficient. You can do this whenever the
problem allows for the possibility of multiple numbers or cases.

When you're doing this, your goal is to try to prove the statement insufficient.
For example:

If x and y are positive integers, is the sum of x and y between 20 and 26,
inclusive?



(Dx-y=6

Test your first case. You're allowed to pick any numbers for x and y that make
statement 1 true and that follow any constraints given in the question stem. In
this case, that means the two numbers have to be positive integers and that x — y
has to equal 6.

Case #1: 20 — 14 = 6. These numbers make statement 1 true and follow the
constraint in the question stem, so these are legal numbers to pick. Now, try to
answer the Yes/No question: 20 + 14 = 34, so no, the sum is not between 20 and
26, inclusive.

You now have a no answer. Can you think of another set of numbers that will
give you the opposite, a yes answer?

Case #2: 15 — 9 = 6. In this case, the sum is 24, so the answer to the Yes/No
question is yes, the sum is between 20 and 26, inclusive.

Because you have found both a yes and a no answer, the statement is not
sufficient.

Here's a summary of the process:

1. Notice that you can test cases. You can do this when the problem
allows for multiple possible values.

2. Pick numbers that make the statement true and that follow any givens
in the question stem. If you realize that you picked numbers that make
the statement false or contradict givens in the question stem, discard
those numbers and start over.

3. Your first case will give you one answer: a yes or a no on a Yes/No
problem, or a numerical value on a value problem.

4. Try to find a second case that gives you a different answer. On a
Yes/No problem, you'll be looking for the opposite of what you found
for the first case. For a Value problem, you'll be looking for a different
numerical answer. (Don't forget that whatever you pick still has to
make the statement true and follow the givens in the question stem!)

The usefulness of trying to prove insufficiency is revealed as soon as you find
two different answers. You're done! That statement is not sufficient, so you can



cross off an answer or answers and move to the next step.
What if you keep finding the same answer? Try this:

If x and y are positive integers, is the product of x and y between 20 and
26, inclusive?

(1) x is a multiple of 17.

Case #1: Test x = 17. Since y must be a positive integer, try the smallest possible
value first: y = 1. In this case, the product is 17, which is not between 20 and 26
inclusive. The answer to the question is no; can you find the opposite answer?

Case #2: If you make x = 34, then xy will be too big, so keep x = 17. The next
smallest possible value for y is 2. In this case, the product is 34, which is also not
between 20 and 26 inclusive. The answer is again no.

Can you think of a case where you will get a yes answer? No! The smallest
possible product is 17, and the next smallest possible product is 34. Any
additional values of x and y you try will be equal to or larger than 34.

You've just proved the statement sufficient because it is impossible to find a yes
answer. Testing Cases can help you to figure out the “theory” answer, or the
mathematical reasoning that proves the statement is sufficient.

This won't always work so cleanly. Sometimes, you'll keep getting all no
answers or all yes answers but you won't be able to figure out the theory behind
it all. If you test three or four different cases, and you're actively seeking out the
opposite answer but never find it, then go ahead and assume that the statement is
sufficient, even if you're not completely sure why.

Do make sure that you're trying numbers with different characteristics. Try both
even and odd. Try a prime number. Try zero or a negative or a fraction. (You
can only try numbers that are allowed by the problem, of course. In the case of
the above problems, you were only allowed to try positive integers.)

Here's how Testing Cases would work on a Value problem:

If x and y are prime numbers, what is the product of x and y?



(1) The product is even.

Case #1: x = 2 and y = 3. Both numbers are prime numbers and their product is
even, so these are legal numbers to try. In this case, the product is 6. Can you
choose numbers that will give a different product?

Case #2: x = 2 and y = 5. Both numbers are prime numbers and their product is
even, so these are legal numbers to try. In this case, the product is 10.

The statement is not sufficient because there are at least two different values for
the product of x and y.

In short, when you're evaluating DS statements, go into them with an “I'm going
to try to prove you insufficient!” mindset.

 If you do find two different answers (yes and no, or two different
numbers), then immediately declare that statement not sufficient.

« [f, after several tries, you keep finding the same answer despite
trying different kinds of numbers, see whether you can articulate
why; that statement may be sufficient after all. Even if you can't
say why, go ahead and assume that the statement is sufficient.

Now you're ready to test your Data Sufficiency skills. As you work through the
chapters in this book, test your progress using some of the Official Guide
problem set lists found online in your Manhattan GMAT Student Center. Start
with lower-numbered problems first, in order to practice the process, and work
your way up to more and more difficult problems.
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