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ABOUT THIS BOOK

If you don’'t have a pencil in your hand, get one now! Don't just read this book—write on it, study it,
scrutinize it! In short, for the next four weeks, this book should be a part of your life. When you have
finished the book, it should be marked-up, dog-eared, tattered and torn.

Although the GMAT is adifficult test, it is a very learnable test. Thisis not to say that the GMAT is
“beatable.” There is no bag of tricks that will show you how to master it overnight. You probably have
already realized this. Some books, nevertheless, offer "inside stuff" or "tricks" which they claim will enable
you to beat the test. These include declaring that answer-choices B, C, or D are more likely to be correct
than choices A or E. This tactic, like most of its type, does not work. It is offered to give the student the
feeling that he or she is getting the scoop on the test.

The GMAT cannot be “beaten.” But it can be mastered—through hard work, analytical thought, and
by training yourself to think like a test writer. Many of the exercises in this book are designed to prompt
you to think like a test writer. For example, you will find “Duals.” These are pairs of similar problemsin
which only one property is different. They illustrate the process of creating GMAT questions.

The GMAT math section is not easy—nor is this book. To improve your GMAT math score, you
must be willing to work; if you study hard and master the techniques in this book, your score will
improve—significantly.

This book will introduce you to numerous analytic techniques that will help you immensely, not only
on the GMAT but in business school as well. For this reason, studying for the GMAT can be a rewarding
and satisfying experience.

To insure that you perform at your expected level on the actual GMAT, you need to develop alevel of
mathematical skill that is greater than what is tested on the GMAT. Hence, about 10% of the math
problems in this book (labeled "Very Hard") are harder than actual GMAT math problems.

Although the quick-fix method is not offered in this book, about 15% of the material is dedicated to
studying how the questions are constructed. Knowing how the problems are written and how the test
writers think will give you useful insight into the problems and make them less mysterious. Moreover,
familiarity with the GMAT's structure will help reduce your anxiety. The more you know about this test,
the less anxious you will be the day you takeit.
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ORIENTATION

Format of the Math Sections

The Math section consists of 37 multiple-choice questions. The questions come in two formats: the
standard multiple-choice question, which we will study first, and the Data Sufficiency question, which we
will study later. The math section is designed to test your ability to solve problems, not to test your
mathematical knowledge.

The math section is 75 minutes long and contains 37 questions. The questions can appear in any
order.

GMAT VS. SAT

GMAT math is very similar to SAT math, though slightly harder. The mathematical skills tested are very
basic: only first year high school algebra and geometry (no proofs). However, this does not mean that the
math section is easy. The medium of basic mathematics is chosen so that everyone taking the test will be
on afairly even playing field. Although the questions require only basic mathematics and all have simple
solutions, it can require considerable ingenuity to find the simple solution. If you have taken a course in
calculus or another advanced math topic, don’t assume that you will find the math section easy. Other than
increasing your mathematical maturity, little you learned in calculus will help on the GMAT.

As mentioned above, every GMAT math problem has a simple solution, but finding that simple
solution may not be easy. The intent of the math section is to test how skilled you are at finding the simple
solutions. The premise is that if you spend a lot of time working out long solutions you will not finish as
much of the test as students who spot the short, smple solutions. So if you find yourself performing long
calculations or applying advanced mathematics—stop. Y ou’'re heading in the wrong direction.

To insure that you perform at your expected level on the actual GMAT, you need to develop a level of
mathematical skill that is greater than what is tested on the GMAT. Hence, about 10% of the math
problems in this book are harder than actual GMAT math problems.
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Experimental Questions

The GMAT is astandardized test. Each time it is offered, the test has, as close as possible, the same level
of difficulty as every previous test. Maintaining this consistency is very difficult—hence the experimental
guestions (questions that are not scored). The effectiveness of each question must be assessed before it can
be used on the GMAT. A problem that one person finds easy another person may find hard, and vice versa.
The experimental questions measure the relative difficulty of potential questions; if responses to a question
do not perform to strict specifications, the question is rejected.

About one quarter of the questions are experimental. The experimental questions can be standard
math, data sufficiency, reading comprehension, arguments, or sentence correction. Y ou won't know which
guestions are experimental.

Because the “bugs’ have not been worked out of the experimental questions—or, to put it more
directly, because you are being used as a guinea pig to work out the “bugs’—these unscored questions are
often more difficult and confusing than the scored questions.

This brings up an ethical issue: How many students have run into experimental questions early in the
test and have been confused and discouraged by them? Crestfallen by having done poorly on a few
experimental questions, they lose confidence and perform below their ability on the other parts of the test.
Some testing companies are becoming more enlightened in this regard and are administering experimental
questions as separate practice tests. Unfortunately, the GMAT has yet to see the light.

Knowing that the experimental questions can be disproportionately difficult, if you do poorly on a
particular question you can take some solace in the hope that it may have been experimental. In other
words, do not allow afew difficult questions to discourage your performance on the rest of the test.

The CAT & the Old Paper-&-Pencil Test

The computerized GMAT uses the same type of questions as did the old Paper & Pencil Test. The only
thing that has changed is medium, that is the way the questions are presented.

There are advantages and disadvantages to the CAT. Probably the biggest advantages are that you
can take the CAT just about any time and you can take it in a small room with just a few other
people—instead of in alarge auditorium with hundreds of other stressed people. One the other hand, you
cannot return to previous questions, it is easier to misread a computer screen than it is to misread printed
material, and it can be distracting looking back and forth from the computer screen to your scratch paper.

Pacing

Although time is limited on the GMAT, working too quickly can damage your score. Many problems
hinge on subtle points, and most require careful reading of the setup. Because undergraduate school puts
such heavy reading loads on students, many will follow their academic conditioning and read the questions
quickly, looking only for the gist of what the question is asking. Once they have found it, they mark their
answer and move on, confident they have answered it correctly. Later, many are startled to discover that
they missed questions because they either misread the problems or overlooked subtle points.

To do well in your undergraduate classes, you had to attempt to solve every, or nearly every, problem
on atest. Not so with the GMAT. For the vast majority of people, the key to performing well on the
GMAT is not the number of questions they solve, within reason, but the percentage they solve correctly.
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Scoring the GMAT

The two major parts of the test are scored independently. You will receive a verbal score (0 to 60) and a
math score (O to 60). You will also receive atotal score (200 to 800), and a writing score (0 to 6). The
average Verbal score is about 27, the average Math score is about 31, and the average total score is about
500.

In addition, you will be assigned a percentile ranking, which gives the percentage of students with
scores below yours.

Skipping and Guessing

On the test, you cannot skip questions; each question must be answered before moving on to the next
guestion. However, if you can eliminate even one of the answer-choices, guessing can be advantageous.
WEe'll talk more about thislater. Unfortunately, you cannot return to previously answered questions.

On the test, your first question will be of medium difficulty. If you answer it correctly, the next
guestion will be alittle harder. If you again answer it correctly, the next question will be harder still, and
so on. If your GMAT skills are strong and you are not making any mistakes, you should reach the
medium-hard or hard problems by about the fifth problem. Although thisis not very precise, it can be quite
helpful. Once you have passed the fifth question, you should be alert to subtleties in any seemingly simple
problems.

Often students become obsessed with a particular problem and waste time trying to solveit. To get a
top score, learn to cut your losses and move on. The exception to thisrule is the first five questions of each
section. Because of the importance of the first five questions to your score, you should read and solve these
questions slowly and carefully.

Because the total number of questions answered contributes to the calculation of your score, you
should answer ALL the questions—even if this means guessing randomly before time runs

The Structure of this Book

Because it can be rather dull to spend a lot of time reviewing basic math before tackling full-fledged
GMAT problems, the first few chapters present techniques that don’t require much foundational knowledge
of mathematics. Then, in latter chapters, review is introduced as needed.

The problems in the exercises are ranked Easy, Medium, Hard, and Very Hard. This helps you to
determine how well you are prepared for the test.
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Directions and Reference Material

Be sure you understand the directions below so that you do not need to read or interpret them during the
test.

Directions

Solve each problem and decide which one of the choices given is best. Fill in the corresponding circle on
your answer sheet. Y ou can use any available space for scratchwork.

Notes

1. All numbers used are real numbers.

2. Figures are drawn as accurately as possible EXCEPT when it is stated that the figure is not drawn to
scale. All figureslie in a plane unless otherwise indicated. Position of points, angles, regions, etc. can
be assumed to bein the order shown; and angle measures can be assumed to be positive.

Note 1 indicates that complex numbers, i = v~1, do not appear on the test.

Note 2 indicates that figures are drawn accurately. Hence, you can check your work and in some cases even
solve a problem by “eyeballing” the figure. We'll discuss this technique in detail later. If a drawing is
labeled “Figure not drawn to scale,” then the drawing is not accurate. In this case, an angle that appears to
be 90° may not be or an object that appears congruent to another object may not be. The statement “All
figures lie in a plane unless otherwise indicated” indicates that two-dimensional figures do not represent
three-dimensional objects. That is, the drawing of acircleis not representing a sphere, and the drawing of a
square is not representing a cube.

Reference I nformation

| : h X
/5 D P
. W X >
| 30° 045

a
= qr2 1 x-/3
é 72“ A=Iw A= Ebh V =Iwh V=mr’h c?=a’+b®  Specia Right Triangles
= Znr

The number of degrees of arcin acircleis 360.
The sum of the measures in degrees of the angles of atriangleis 180.

Although this reference material can be handy, be sure you know it well so that you do not waste time
looking it up during the test.
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Part One

MATH
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Substitution

Substitution is a very useful technique for solving GMAT math problems. It often reduces hard problems
to routine ones. In the substitution method, we choose numbers that have the properties given in the
problem and plug them into the answer-choices. A few exampleswill illustrate.

Examplel: If nisaneven integer, which one of the following is an odd integer?

(A)

n+1
®
(C©) -2n-4
(D) 2n°-3

(E)  +n?+2

We aretold that nisan even integer. So, choose an even integer for n, say, 2 and substitute it into each

answer-choice. Now, n? becomes 22 = 4, which is not an odd integer. So eliminate (A). Next, _n;-l =

%=§ is not an odd integer—eliminate (B). Next, -2n-4=-2-2-4=-4-4=-8 isnot an odd

integer—eliminate (C). Next, 2n*—3 = 2(2)* -3 = 2(4) —3=8—-3 = 5isodd and hence the answer is
possibly (D). Finaly, Yn?+2 =422 +2 =+/4+2 =4/6, which is not odd—eliminate (E). The answer is
(D).

> When using the substitution method, be sure to check every answer-choice because the number you
choose may work for more than one answer-choice. If this does occur, then choose another number
and plug it in, and so on, until you have eliminated all but the answer. This may sound like a lot of
computing, but the calculations can usually be done in afew seconds.

Example2: If nisaninteger, which of the following CANNOT be an integer?

n-2
A —
(A) 5
(B) +n
2
C R
© 1
(D) n?+3
1
E
) n%+2
Choosento be 0. Then ”;ZZ:E:'—ZZ:-l,whichisaninteger. So eiminate (A). Next, ¥n =+/0=0.
Eliminate (B). Next, %1:%:%:2. Eliminate (C). Next, VYn?+3=40%+3= \/O+3:w/§,which
n

isnot an integer—it may be our answer. However, 21 = 21 :\/ 1 :\/I,whichisnotan
n‘+2 0“+2 0+2 2
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integer aswell. So, we choose another number, say, 1. Then Yn?+3=+12+3=4/1+3=+/4 =2, whichis

an integer, eliminating (D). Thus, choice (E), 1/%2 isthe answer.
n-+

Example3: If Xy, and z are positive integers such that X <y < zand x + y + z= 6, then what is the value
of z?

(A)
(B)
(©)
(D)
E)

From the given inequality X<y < z, it is clear that the positive integers X, y, and z are different and are in
the increasing order of size.

aPwWwNER

Assume x> 1. Theny > 2 and z > 3. Adding the inequalities yields x + y + z> 6. This contradicts the given
equation x +y + z= 6. Hence, the assumption x > 1 isfalse. Since xis a positive integer, x must be 1.

Next, assumey > 2. Thenz>3andx+y+z=1+y+z>1+2+3=6,s0X+ y+z>6. This contradicts
the given equation x +y + z = 6. Hence, the assumption y > 2 is incorrect. Since we know y is a positive
integer and greater than x (= 1), ymust be 2.

Now, the substituting known valuesin equation x +y+z=6yields1 + 2+ z =6, or z= 3. The answer is

(©.

Method Il (without substitution):

We have the inequality x < y< z and the equation x + y+ z= 6. Since x is a positive integer, x= 1. From the
inequality X < y <z, we have two inequalities: y > x andz > y. Applying the first inequality (y > x) to the
inequality x> 1 yieldsy = 2 (sincey is also a positive integer, given); and applying the second inequality
(z > y) to the second inequality y = 2 yields z = 3 (since z is al'so a positive integer, given). Summing the
inequalitiesx = 1,y > 2, andz=3yieldsx + y + z> 6. But we have x +y + z = 6, exactly. This happens
only whenx=1,y=2,and z= 3 (not when x> 1, y> 2, and z > 3). Hence, z = 3, and the answer is (C).

Problem Set A: Solve the following problems by using substitution.

> Easy
1. By how much isthe greatest of five consecutive even integers greater than the smallest among them?
(A) 1
B) 2
c 4
(b) 8
() 10
> Medium

2. Which one of the following could be an integer?

(A) Average of two consecutive integers.
(B)  Average of three consecutive integers.
(C) Average of four consecutive integers.
(D) Average of six consecutive integers.
(E) Averageof 6and9.
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3.  (The average of five consecutive integers starting from m) — (the average of six consecutive integers
starting from m) =

(A) V4
|B) -2
(© o0
(D) 12
(B) 14
> Hard
4.  The remainder when the positive integer mis divided by nis r. What is the remainder when 2m is
divided by 2n ?
(A) 1
B) 2r
© 2n
(D) m-nr
(B) 2(m-nr)

5. If 1< p< 3, then which of the following could be true?

. p<2p

(I p*=2p

any p*>2p

(A) lonly

(B) [l only

(©) Il only

(D) Tlandllonly
(B) Landlll

6. If 42.42 = k(14 + m/50), where k and m are positive integers and m < 50, then what is the value of

k+m?
(A) 6
® 7
(© 8
D) 9
(E) 10

7. If pand q are both positive integers such that p/9 + g/10 is also an integer, then which one of the
following numbers could p equal?

(A) 3
B) 4
© 9
D) 11
(E) 19
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Answers and Solutionsto Problem Set A

> Easy

1. Choose any 5 consecutive even integers—say—2, 4, 6, 8, 10. The largest in this group is 10, and the
smallest is 2. Their differenceis 10 — 2 = 8. The answer is (D).

» Medium
L . . . 1+2+3 _6
2. Choose any three consecutive integers, say, 1, 2, and 3. Forming their average yields = 3 =2.
Since 2 is an integer, the answer is (B).
Method I (without substitution):
. o _a+(a+])
Choice (A): Let aand a + 1 be the consecutive integers. The average of thetwo is — =

2a+l_ 1 . . . o .
— = a+E, certainly not an integer since ais an integer. Reject.

Choice (B): Let a, a+ 1, and a + 2 be the three consecutive integers. The average of the three
a+(a+1)+(a+2) _3a+3
3 E

numbersis =a+1, certainly an integer sinceais an integer. Correct.

Choice (C): Leta,a+ 1, a+ 2, and a + 3 be the four consecutive integers. The average of the four
a+(a+l)+(a+2)+(a+3) _4a+6_
4 4

numbersis

a+§, certainly not an integer sinceaisan
integer. Reject.
Choice (D): Leta,a+1,a+2,a+ 3, a+4,anda+ 5 bethe six consecutive integers. The average of

a+(a+1)+(a+ 2)+(2+3)+(a+4)+(a+5) = 6ag15: a+§, certainly not an

the six numbersis
integer since ais an integer. Reject.

Choice (E): Theaverageof 6 and 9 is GLZQ = 1—25 = 7.5, not an integer. Reject.

The answer is (B).

3. Choose any five consecutive integers, say, —2, -1, 0, 1 and 2. (We chose these particular numbers to
make the calculation as easy as possible. But any five consecutive integers will do. For example, 1, 2, 3, 4,
and 5.) Forming the average yields (-1 + (-2) + 0 + 1 + 2)/5 = 0/5 = 0. Now, add 3 to the set to form 6
consecutive integers. —2, -1, 0, 1, 2, and 3. Forming the average yields

-1+(-2)+0+1+2+3 _

6
[-1+(-2)+0+1+2]+3 _
5 =
[0]+3 _ . : .
5 since the average of —1 + (—2) + 0 + 1 + 2 is zero, their sum must be zero
3/6=
12

(The average of five consecutive integers starting from m) — (The average of six consecutive integers
starting from m) = (0) — (1/2) = -V/2.

The answer is (B).
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Method I (without substitution):
The five consecutive integers starting frommarem,m + 1, m+ 2, m + 3, and m + 4. The average of the
five numbers equals

the sum of the five numbers _
c =
m+(m+D)+(m+2)+(Mm+3)+(Mm+4) _
= =
5m+10 _
5 -
m+ 2

The average of six consecutive integers starting frommarem, m+ 1, m+2, m+ 3, m+4,and m+ 5. The
average of the six numbers equals

the sum of the six numbers _
6

m+(m+)+(M+2)+(M+3)+(m+4)+(m+5) _
6
6m+15 _
.

m+5/2=
m+2+1/2=
(m+2)+1/2

(The average of five consecutive integers starting from m) — (The average of six consecutive integers
starting fromm) = (m+ 2) —[(m+ 2) + 1/2] =-1/2.

The answer is (B).
> Hard
4. Asaparticular case, supposem=7and n=4. Then m/n = 7/4 = 1 + 3/4. Here, the remainder r equals 3.

Now,2n=2-7 =14 and 2n =2 - 4 = 8. Hence, 2m/2n = 14/8 = 1 + 6/8. Here, the remainder is 6. Now,
let’ s choose the answer-choice that equals 6.

Choice (A): r = 3# 6. Regject.

Choice (B): 2r = 2 - 3= 6. Possible answer.

Choice(C): 2n=2 -4 =8 6. Reject.

Choice (D): m—nr =7—-4-3=-5% 6. Reect.

Choice (E): 2(m—nr) = 2(7 -4 - 3) = 2(-5) =10 = 6. Reject.

Hence, the answer is (B).

Method I (without substitution):

Since the remainder when mis divided by nisr, we can represent mas m= kn + r, where k is some integer.
Now, 2mequals 2kn + 2r. Hence, dividing 2m by 2nyields 2m'2n = (2kn + 2r)/2n = k + 2r/2n. Since we are
dividing by 2n (not by n), the remainder when divided by 2nis 2r. The answer is (B).

5. If p=3/2, then p* = (3/2)>=9/4 = 2.25 and 2p = 2 3/2 = 3. Hence, p* < 2p, | istrue, and clearly |l
(P? = 2p) and 111 (p?> 2p) are both false. Thisistrueforal 1<p< 2.

Ifp=2thenp*=2°=4and 2p =2 - 2 = 4. Hence, p*> = 2p, Il istrue, and clearly | (p* < 2p) and 11l
(p? > 2p) are both false.
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If p=5/2, then p? = (5/2)?> = 25/4 = 6.25 and 2p = 2 - 5/2 = 5. Hence, p? > 2p, |l istrue, and clearly |
(p? < 2p) and 11(p* = 2p) are both false. Thisistruefor any 2<p< 3.

Hence, exactly one of the three choices I, 11, and Il1 is true simultaneously (for a given value of p). The
answer is (E).

6. We are given that k is a positive integer and m is a positive integer less than 50. We are also given that
42.42 = k(14 + m/50).

Suppose k = 1. Then k(14 + m/50) = 14 + m/50 = 42.42. Solving for m yields m = 50(42.42 — 14) =
50 x 28.42, which isnot less than 50. Hence, k= 1.

Now, supposek = 2. Then k(14 + nvV50) = 2(14 + m/50) = 42.42, or (14 + m/50) = 21.21. Solving for m
yields m=50(21.21 — 14) = 50 x 7.21, which is not less than 50. Hence, k = 2.

Now, supposek = 3. Then k(14 + m/50) = 3(14 + m/50) = 42.42, or (14 + m/50) = 14.14. Solving for m
yields m = 50(14.14 — 14) = 50 x 0.14 = 7, which is less than 50. Hence, k =3 andm =7 and k + m =
3+7=10.

The answer is (E).

7. If pisnot divisible by 9 and q is not divisible by 10, then p/9 results in a non-terminating decimal and
g/10 results in a terminating decimal and the sum of the two would not result in an integer. [Because
(a terminating decimal) + (a non-terminating decimal) is always a non-terminating decimal, and a non-
terminating decimal is not an integer.]

Since we are given that the expression is an integer, p must be divisible by 9.

For example, if p=1 and q = 10, the expression equals 1/9 + 10/10 = 1.11...., not an integer.

If p=9andq=5, the expression equals 9/9 + 5/10 = 1.5, not an integer.

If p=9and q= 10, the expression equals 9/9 + 10/10 = 2, an integer.

In short, p must be a positive integer divisible by 9. The answer is (C).
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Substitution (Plugging In): Sometimes instead of making up numbers to substitute into the problem, we

can use the actual answer-choices. Thisis called “Plugging In.” It isavery effective technique, but not as
common as Substitution.

Examplel: If (a—b)(a+ b) =7x 13, then which one of the following pairs could be the values of a and

b, respectively?
A) 7,13
(B) 5,15
(© 310
(D) -10,3
() -3,-10

Substitute the values for a and b shown in the answer-choices into the expression (a—b)(a + b):
Choice (A): (7—-13)(7 +13)=—6x 20
Choice (B): (5-15)(5+15)=-10x 20
Choice (C): (3—10)(3+10) =—7 x 13
Choice (D): (-10—3)(-10+3) =13 x (-7) =7 x 13
Choice (E): (-3-(-10))(-3 + (-10)) = 7 x (-13)
Since only choice (D) equalsthe product 7 x 13, the answer is (D).

Example2: If a®+a®?—a—1 =0, then which one of the following could be the value of a?

(A)
(B)
(©)
(D)
(E)

Let’s test which answer-choice satisfies the equation a® + a? —a—1=0.

A WNEFLO

Choice(A):a=0.a+a’-a-1=0°+0°-0-1=-1=0. Reject.
Choice(B):a=1l.a’+a*-a—-1=1%+12-1-1=0. Correct.
Choice(C):a=2.a+a’-a—-1=2%+22-2-1=9#0. Rgect.
Choice(D):a=3.a®+a*-a—-1=3*+3-3-1=32%0. Reject.
Choice (E):a=4.a°+a*—a—-1=4%+42-4-1=75«0. Reect.

The answer is (B).

Method Il (This problem can also be solved by factoring.)
a+a’-a-1=0
aa+1)-(a+1)=0
(@+1@E@-1=0
@+ha+n@-1$=0
a+1=0o0or a-1=0

Hence, a =1 or —1. The answer is (B).
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Problem Set B:
Use the method of Plugging In to solve the following problems.

> Easy
1L I (x=3)(x+2)=(x—2)(x+3),thenx =
(A) -3
(B) -2
© o
D) 2
(E) 3

2. Which one of the following is the solution of the system of equations given?

X+2y=7
X+y=4
(A) x=3,y=2
(B) x=2,y=3
() x=1y=3
(D) x=3,y=1
(B) x=7,y=1
» Medium

3. If ¥+ 4x+ 3isodd, then which one of the following could be the value of x ?

(A) 3
(B) 5
© 9
(D) 13
(E) 16

4. If (2x + 1)* = 100, then which one of the following COULD equal x ?

(A) -11/2

(B) -92

© 112

(D) 132

(E) 17/2
>» Hard

5. The number m yields a remainder p when divided by 14 and a remainder g when divided by 7. If
p = q + 7, then which one of the following could be the value of m?

(A) 45
(B) 53
C) 72
(D) 85
(E) 100
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Answers and Solutionsto Problem Set B

> Easy

1. If x =0, then the equation (x— 3)(x + 2) = (x — 2)(x + 3) becomes
(0-3)(0+2)=(0-2)(0+3)
(3)(2) = (=23
6=-6

The answer is (C).

2. Thegiven system of equationsisx + 2y = 7 and x + y = 4. Now, just substitute each answer-choice into
the two equations and see which one works (start checking with the easiest equation, X+ y = 4):

Choice (A): x=3,y=2 Here,x +y=3+2=5# 4. Regject.
Choice (B): x=2,y=3: Here, x+ y=2+ 3=5 % 4. Rgject.
Choice (C): x=1,y=3Here, x+y=1+3=4=4,andx + 2y=1+ 2(3) = 7. Correct.
Choice(D): x=3,y=1Here, x+y=3+1=4,butx+ 2y =3+ 2(1) =5 7. Regject.
Choice (E): x=7,y=1: Here,x + y=7 + 1 =8 # 4. Reject.
The answer is (C).
Method I (without substitution):
In the system of equations, subtracting the bottom equation from the top one yields (x + 2y) — (x +y) =

7 -4, or y = 3. Substituting this result in the bottom equation yields x + 3 = 4. Solving the equation for x
yieldsx= 1.

The answer is (C).
> Medium

3. Let's substitute the given choices for xin the expression x* + 4x + 3 and find out which one resultsin an
odd number.

Choice (A): x=3. X+ 4x+ 3 =32+ 4(3) + 3=9+ 12 + 3 = 24, an even number. Reject.
Choice (B): x=5.X+ 4x+ 3 =5+ 4(5) + 3= 25+ 20 + 3 = 48, an even number. Reject.
Choice (C): x = 9.+ 4x+ 3= 9+ 4(9) + 3=81+ 36 + 3 = 120, an even number. Reject.
Choice (D): x = 13. X + 4x+ 3 = 13*+ 4(13) + 3= 169 + 52 + 3 = 224, an even number. Reject.
Choice (E): x=16. X+ 4x + 3 = 16* + 4(16) + 3 = 256 + 64 + 3 = 323, an odd number. Correct.

The answer is (E).

Method Il (without substitution):
X + 4x+ 3 = An Odd Number
X%+ 4x= An Odd Number — 3
X2+ 4x= An Even Number

XX + 4) = An Even Number. This happens only when x is even. If x is odd, x(x + 4) is not even.
Hence, x must be even. Since 16 isthe only even answer-choice, the answer is (E).
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-11

2
4. Choice (A): (2x+1)*= (2[7 +1) :(—11+1)2 :(—10)2 =100. Since this value of x satisfies the

equation, the answer is (A).

Method I (without substitution):

Square rooting both sides of the given equation (2x + 1)? = 100 yields two equations: 2x + 1 = 10 and 2x +
1 = -10. Solving the first equation for x yields x = 9/2, and solving the second equation for x yieldsx =
—11/2. We have the second solution in choice (A), so the answer is (A).

> Hard

5. Select the choice that satisfiesthe equationp=q+ 7.

Choice (A): Suppose m = 45. Then m/14 = 45/14 = 3 + 3/14. So, the remainder isp = 3. Also, m/7 =45/7 =
6 + 3/7. So, theremainder isq = 3. Here, p = g + 7. So, reject the choice.

Choice (B): Suppose m = 53. Then m/14 = 53/14 = 3 + 11/14. So, the remainder is p = 11. Also, m/7 =
53/7=7+ 4/7. So, the remainder isq = 4. Here, p=q + 7. So, select the choice.

Choice (C): Suppose m=72. Then m/14 = 72/14 =5 + 2/14. So, the remainder isp = 2. Now, m/7 = 72/7 =
10 + 2/7. So, theremainder isq = 2. Here, p # g + 7. S0, reject the choice.

Choice (D): Suppose m = 85. Then m/14 = 85/14 = 6 + 1/14. So, the remainder isp = 1. Now, m/7 = 85/7 =
12 + 1/7. So, theremainder isq = 1. Here, p # g + 7. So, reject the choice.

Choice (E): Suppose m= 100. Then m/14 = 100/14 = 7 + 2/14. So, the remainder is p = 2. Now, m/7 =
100/7 = 14 + 2/7. So, theremainder isq = 2. Here, p#q + 7. S0, reject the choice.

Hence, the answer is (B).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W5 ™ (www. manfen. net )

Defined Functions

Defined functions are very common on the GMAT, and at first most students struggle with them. Yet, once
you get used to them, defined functions can be some of the easiest problems on the test. In this type of
problem, you will be given a symbol and a property that defines the symbol. Some examples will illustrate.

Examplel: If x* y represents the number of integers betweenx andy, then (-2* 8) + (2* -8) =

(A) O
B) 9
(C) 10
(D) 18
(E) 20

The integers between 2 and 8 are -1, 0, 1, 2, 3, 4, 5, 6, 7 (atotal of 9). Hence, -2 * 8 = 9. The integers
between -8 and 2 are: -7, -6, -5, 4, -3, -2, -1, 0, 1 (atotal of 9). Hence, 2 * -8 = 9. Therefore,
(2*8)+(2* -8) =9+ 9=18. Theanswer is (D).

Example2:  For any positive integer n, n! denotes the product of all the integers from 1 through n. What
isthevaueof 3!1(7—-2)! ?

a) 2
(B) 3
(C) s
(D) 6
(E) 10!
31(7-2)! =3 - 5l

Asdefined, 3! =3-2-1=6and5' =5-4-3-2- 1.
Hence, 31(7-2)!=3! - 5! =6(5-4-3-2-1)=6-5-4-3-2- 1=6!, asdefined.
The answer is (D).

Example3: A function @ is defined on positive integers as @(a) = @(a—1) + 1. If the value of @(1) is
1, then @(3) equals which one of the following?

(A) ©
(B) 1
© 2
(D) 3
B 4

The function @ is defined on positive integers by therule @(a) = @(a—1) + 1.

Using therulefora=2yidds@(2) = @(2-1) +1=@(1) +1=1+1=2 [Since @(1) = 1, given.]
Using therulefora=3yidds@(3) =@3-1) +1=@(2) +1=2+1=3.[Since @(2) = 2, derived.]

Hence, @(3) = 3, and the answer is (D).
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Y ou may be wondering how defined functions differ from the functions, f (x), you studied in Intermediate

Algebra and more advanced math courses. They don't differ. They are the same old concept you dealt
with in your math classes. The function in Example 3 could just as easily be written as

f@y=fla-1) +1
The purpose of defined functions is to see how well you can adapt to unusual structures. Once you realize

that defined functions are evaluated and manipulated just as regular functions, they become much less
daunting.

Problem Set C:
> Medium

1. A function * is defined for al even positive integersn as the number of even factors of n other than n
itself. What isthe value of *(48) ?

(A) 3
(B) 5
© 6
(o) 7
B 8

2. If A*B isthe greatest common factor of A and B, A$B is defined as the least common multiple of A
and B, and ANB is defined as equal to (A*B) $ (A$B), then what is the value of 12N15?

(A) 42

(B) 45

(C) 48

(D) 52

(E) 60
>» Hard

3. For any positive integer n, rt(n) represents the number of factors of n, inclusive of 1 and itself. If a and
b are prime numbers, then mt(a) + rt(b) —mt(ax b) =

(A) 4
(B) =2
€ o0
(D) -2
(B) 4

4.  Thefunction A(m) is defined for al positive integers m asthe product of m+ 4, m+5,and m+ 6. If n
isapositive integer, then A(n) must be divisible by which one of the following numbers?

(A) 4
(B) 5
(C) 6
) 7
() 11

5.  Define x* by the equation x* = nt/x. Then ((—t)*)* =

(A) U
(B) -12
C
(D) Un
B =
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Answers and Solutionsto Problem Set C

> Medium

1. 48=2-2-2- 2- 3. Theeven factors of 48 are

- 2(=4)
2-2(=9)
2-2-2(=16)

- 2(=6)
2-2(=12)
2-2-2(=24)
.2-2-2-2(=48)

WWWWNNDNN

Not counting the last factor (48 itself), the total number of factorsis 7. The answer is (D).

2. According to the definitions given, 12N15 equals (12* 15) $ (12$15) = (GCF of 12 and 15) $ (LCM of
12 and 15) = 3$60 = LCM of 3 and 60 = 60. The answer is (E).

> Hard

3. The only factors of a prime number are 1 and itself. Hence, t(any prime number) = 2. So, w(a) = 2 and
nt(b) = 2, and thereforet(a) + i(b) =2+ 2=4.

Now, the factors of ab are 1, a, b, and ab itself. Hence, the total number of factors of a x b is 4. In other
words, mt(a x b) = 4.

Hence, wt(a) + m(b) —mt(a x b) =4 —4 = 0. The answer is (C).

4. By the given definition, A(n) = (n + 4)(n + 5)(n + 6), a product of three consecutive integers. There is
exactly one multiple of 3 in every three consecutive positive integers. Also, at least one of the three
numbers must be an even number. Hence, A(n) must be a multiple of both 2 and 3. Hence, A(n) must be a
multiple of 6 (= 2 x 3), because 2 and 3 are primes. The answer is (C).

5. Working from the inner parentheses out, we get
() =
(@/(=m))* =
() =
n/(-1) =
7T

The answer is (C).

Method I1:
We can rewrite this problem using ordinary function notation. Replacing the odd symbol x* with f (x) gives

f (x) =m/x. Now, the expression ((—t)*)* becomes the ordinary composite function
f(f(-0)) =
f(ou/ () =
f(-1) =
n/(-1) =

=

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W5 ™ (www. manfen. net )

Math Notes

WEe'll discuss many of the concepts in this chapter in depth later. But for now, we need a brief review of
these concepts for many of the problems that follow.

1

To compare two fractions, cross-multiply. The larger product will be on the same side as the
larger fraction.

Example: Giveng VS. g Cross-multiplying gives 5-7 vs. 6-6, or 35vs. 36. Now 36 islarger
than 35, so g islarger than g

Taking the squareroot of afraction between 0 and 1 makesit larger.
Example: \/1:l and 1 is greater than 1.
4 2 2 4

Caution: Thisisnot true for fractions greater than 1. For example, \/g = E But 3 < 2

2 2 4

Squaring a fraction between 0 and 1 makesit smaller.
2

Example: (1) -1 and 1 islessthan 1.
2] T4 g 2
ax? = (ax)2 Infact, a®x? :(ax)z.
Example: 3-22=3-4=12. But (3-2)* =6%=36. Thismistakeis often seen in the following form:
~x2=(-x)?. Toseemore clearly why thisiswrong, write -x2 = (-1)x2, which is negative. But
(—x)2 = (-x)(-x) = x*, which is positive.

Example; 5% =(-1)5? =(-1)25=-25. But (-5)° =(-5)(-5)=5-5=25.

%:ai. In fact, %:i and ai:E_

%) h @

Example 22=1. 1.1 gy 1 _; 3.3
3 23 6 23 2 2

—(a+h)z—a+h. Infact, (a+b)=—a—h.
Example (2+3)=-5. But-2+3=1.
Example (2 +X)=-2-x.

Memorizethe following factoring formulas—they occur frequently on the GMAT.
A -yt =(xy)(x-y)

B. xZt2xy+y?=(x+y)’
C. alb+c)=ab+ac
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8. Know theserulesfor radicals:

A i
B. X _ax

y Ay

9. Pythagorean Theorem (For right trianglesonly):

c
a CZ - a2 +b2
b

Example:  What isthe area of the triangle to the right?
(A) 6 h 5
(B) 75
C 8
(D) 11
(E) 15 3

Since the triangle is aright triangle, the Pythagorean Theorem applies: h? +3% = 52, where hiisthe height
. . . . 1 .
of the triangle. Solving for h yields h = 4. Hence, the area of the triangle is E(base)(height):

%(3)(4) =6. Theanswer is(A).

10. When parallél linesare cut by a transversal, threeimportant angle relationships are formed:

Alternate interior Corresponding angles Interior angles on the same side of the
angles are equal. areequal. transversal are supplementary.
c
g b
a+b =180
a c a

11. In atriangle, an exterior angle is equal to the sum of its remote interior angles and therefore
greater than either of them.

e=a+band e>a and e>hb
e b

12. A central angle has by definition the same measure asitsinter cepted arc.

A

600
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13. Aninscribed angle has one-half the measur e of itsinter cepted arc.

60°

14. Thereare180°in a straight angle.

X+y=180

15. Theanglesum of atriangleis 180°.

b ]
a+b+c=180
a c
Example: In the triangle to the right, what is the degree S
measure of anglec ? 100
(A) 17 50
(B) 20 £
(© 30
(D) 40
(E) 45

Since atriangle has 180°, we get 100 + 50 + ¢ = 180. Solving for cyields c = 30. Hence, the answer is (C).

16.

17.

To find the percentage increase, find the absolute increase and divide by the original amount.
Example: If ashirt selling for $18 is marked up to $20, then the absolute increase is 20 — 18 = 2.
increase 2

1
Thus, the percentage increaseis ————— = — =— = 11%.
P X originalamount 18 9 >

Systems of simultaneous equations can most often be solved by merely adding or subtracting the
equations.

Example: If 4x +y=14and 3x + 2y =13, thenx —y =
Solution: Merely subtract the second equation from the first:
4x+y=14
> 3x+2y=13
x-y=1
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18. When counting elementsthat arein overlapping sets, the total number will equal the number in
one group plus the number in the other group minus the number common to both groups.
Venn diagrams are very helpful with these problems.

Example: If in a certain school 20 students are taking math and 10 are taking history and 7 are
taking both, how many students are taking either math or history?

History Math

Solution: @

Both History and Math

By the principle stated above, we add 10 and 20 and then subtract 7 from the result. Thus, there are
(10 + 20) — 7 = 23 students.

19. Thenumber of integersbetween two integer s inclusiveis one mor e than their difference.
For example: The number of integers between 49 and 101 inclusive is (101 —49) + 1 =53. To see
this more clearly, choose smaller numbers, say, 9 and 11. The difference between g and 11 is2. But
there are three numbers between them inclusive—9, 10, and 11—one more than their difference.

20. Rounding Off: The convention used for rounding numbers is “ if the following digit is less than five,
then the preceding digit is not changed. But if the following digit is greater than or equal to five, then
the preceding digit isincreased by one.”

Example: 65,439 —> 65,000 (following digit is 4)
5.5671 —> 5.5700 (dropping the unnecessary zeros gives 5.57)

21. Writing a number as a product of a power of 10 and a number 1 =n < 10 is called scientific
notation. Thisnotation hasthe following form: n x 10°, wherel=n < 10and cisan integer.

Example: 326,000,000 = 3.26 x 10°
Notice that the exponent is the number of significant places that the decimal is moved", not the
number zeros. Students often use 6 as the exponent in the above exampl e because there are 6 zeros.

Example:  0.00007 = 7x 10~
Notice that for a small number the exponent is negative and for a large number the exponent is
positive.

* Although no decimal is shown in the number 326,000,000, you can place a decimal at the end of the
number and add as many trailing zeros as you like without changing the value of the number: 326,000,000 =
326,000,000.00. . ..
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Number Theory

This broad category is a popular source for questions. At first, students often struggle with these problems
since they have forgotten many of the basic properties of arithmetic. So, before we begin solving these
problems, let’s review some of these basic properties.

> “Theremainder isr when pisdivided by k” means p = kq + r; theinteger qiscalled the quotient.
For instance, “ The remainder is 1 when 7 isdivided by 3" means7 = 3- 2 + 1. Dividing both sides
of p=kq+ r by k givesthefollowing alternative form p/k = q + r/k.

Examplel: Theremainder is 57 when a number is divided by 10,000. What is the remainder when the
same number is divided by 1,000?

(A) 5
|) 7
(C) 43
(D) 57
(E) 570

Since the remainder is 57 when the number is divided by 10,000, the number can be expressed as
10,000n + 57, where n is an integer. Rewriting 10,000 as 1,000(10) yields

1,000(10)n + 57 =

1,000(10n) + 57 =
Now, since nisan integer, 10n isan integer. Letting 10n = g, we get

1,000q + 57 =
!—leg:)e, the remainder is still 57 (by thep = kq + r form) when the number is divided by 1,000. The answer
is (D).

Method Il (Alternative form)
Since the remainder is 57 when the number is divided by 10,000, the number can be expressed as
10,000n + 57. Dividing this number by 1,000 yields
10,000n+57 _
1000

10,000n+ 57 _
1,000 1,000

57
1,000

10n +

Hence, the remainder is 57 (by the alternative form p/k = q + r/k), and the answer is (D).
> A number niseven if theremainder iszerowhen nisdivided by 2. n=2z+0,0r n =2z

» A number nisodd if theremainder isonewhen n isdivided by 2: n =2z + 1.
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> Thefollowing propertiesfor odd and even numbers are very useful—you should memorize them:

even x even = even
odd x odd = odd
even x odd = even

even + even = even
odd + odd = even
even + odd = odd

Example2: If nisapositiveinteger and (n + 1)(n + 3) is odd, then (n + 2)(n + 4) must be a multiple of
which one of the following?

(A) 3 B)5 (C)6 (D) 8 (E) 16
(n+ 1)(n + 3) is odd only when both (n + 1) and (n + 3) are odd. This is possible only when n is even.
Hence, n = 2m, where mis a positive integer. Then,

(n+2)(n+4) =

2m+2)(2m+4) =

2(m+1)2(m+2) =

4(m+ 1(m+2) =

4 x (product of two consecutive positive integers, one which must be even) =
4 x (an even number), and this equals a number that is at least a multiple of 8

Hence, the answer is (D).

> Consecutiveintegersarewrittenasx,x + 1, x+2,...

> Consecutive even or odd integersarewritten asx, X +2,x +4, . ..

» Theinteger zeroisneither positive nor negative, but it iseven: 0=2x0.
>

A prime number isan integer that isdivisible only by itself and 1.
The prime numbersare 2, 3,5, 7, 11, 13, 17, 19, 23, 29, 31, 37,41, . . .

> A number isdivisible by 3if the sum of itsdigitsisdivisible by 3.
For example, 135 isdivisible by 3 because the sum of itsdigits (1 + 3+ 5=9) isdivisible by 3.

» A common multipleisa multiple of two or moreintegers.
For example, some common multiples of 2 and 5 are 0, 10, 20, 40, and 50.

» Theleast common multiple (LCM) of two integersisthe smallest positiveinteger that isa multiple
of both.

For example, the LCM of 4 and 10 is 20. The standard method of calculating the LCM is to prime
factor the numbers and then form a product by selecting each factor the greatest number of times it
occurs. For 4 and 10, we get

4=2?

10=2+5
In this case, select 2 instead of 2 because it has the greater number of factors of 2, and select 5 by
default since there are no other factors of 5. Hence, the LCM is2 e 5=4+5=20.
For another example, let’sfind the LCM of 8, 36, and 54. Prime factoring yields

8=23

36=2%3F

54=2+3
In this case, select 2 because it has more factors of 2 than 2% or 2 itself, and select 3° because is has
more factors of 3 than 3% does. Hence, the LCM is 2%« 3* = 8« 27 = 216.
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A shortcut for finding the LCM is to just keep adding the largest number to itself until the other
numbers divide into it evenly. For 4 and 10, we would add 10 to itself: 10 + 10 = 20. Since 4 divides
evenly in to 20, the LCM is 20. For 8, 36, and 54, we would add 54 to itself: 54 + 54 + 54 + 54 = 216.
Since both 8 and 36 divide evenly into 216, the LCM is 216.

> Theabsolute value of a number, | |, isalways positive. In other words, the absolute value symbol
eliminates negative signs.
For example, |-7|=7 and |-/ == . Caution, the absolute value symbol acts only on what isinside the

symbol, | |. For example, -|-(7-m)|=~(7- ). Here, only the negative sign inside the absolute value
symbol but outside the parenthesesis eliminated.
Example3:  The number of prime numbers divisible by 2 plus the number of prime numbers divisible by
3is
Ao B1L ©2 O3 B4

A prime number is divisible by no other numbers, but itself and 1. Hence, the only prime number divisible
by 2 is 2 itself; and the only prime number divisible by 3 is 3 itself. Hence, The number of prime numbers
divisible by 2 is one, and the number of prime numbers divisible by 3 isone. The sum of thetwois1+ 1=
2, and the answer is (C).

Example4:  If 15x+ 16 = 0, then 15x| equals which one of the following?
(A) 15  (B) -16x (C) 15x (D) 16  (E) 16x
Solving the given equation 15x + 16 = 0 yieldsx = —16/15.

Substituting thisinto the expression 15| yields
]_q)(| =1 __16 :1%5) =16
15 15

> Theproduct (quotient) of positive numbersis positive.

The answer is (D).

» Theproduct (quotient) of a positive number and a negative number is negative.

For example, —5(3) = 15 and % =-2.

» Theproduct (quotient) of an even number of negative numbersis positive.
For example, (-5)(=3)(-2)(—1) = 30 is positive because there is an even number, 4, of positives.

) = % is positive because there is an even number, 2, of positives.

» Theproduct (quotient) of an odd number of negative numbersis negative.

For example, (—2)(—:1)(—\/5) =-27+/3 is negative because there is an odd number, 3, of negatives.
(-2(-9(-6) _

ciof12)

» Thesum of negative numbersis negative.

For example, =3 — 5 = —8. Some students have trouble recognizing this structure as a sum because there
isno plus symbol, +. But recall that subtraction is defined as negative addition. So -3 —5 = -3 + (-5).

-1 is negative because there is an odd number, 5, of negatives.

> A number raised to an even exponent isgreater than or equal to zero.
For example, (-)* =7*=0,and x¥* 20, and 0°=0-0= 0= 0.
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Problem Set D:
> Easy
1. Which one of the following is divisible by both 2 and 3?
(A) 1005
(B) 1296
(C) 1351
(D) 1406
(E) 1414

2. How many numbers between 100 and 300, inclusive, are multiples of both 5 and 6?

(A) 7
B) 12
(© 15
(D) 20
(E) 30

3. Which one of the following equals the product of exactly two prime numbers?
(A) 11-6
(B) 13-22
© 14-23
(D) 17-22
(B) 13-28

4.  Which one of the following equals the product of the smallest prime number greater than 21 and the
largest prime number less than 16?

(A) 13-16
(B) 13-29
(C) 13-23
(D) 15-23
(E) 16-21

5. If mand n are two different prime numbers, then the least common multiple of the two numbers must
equal which one of the following?

(A) mn

(B) m+n
(©) m-n
(D) m+mn
(E) mn+n

6.  Which one of the following isthe first number greater than 200 that is a multiple of both 6 and 8?

(A) 200
(B) 208
(C) 212
(D) 216
(E) 224

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html

33



34 GMAT Math Bible W4y M (www. manfen. net)

What is the maximum possible difference between two three-digit numbers each of which is made up
of al thedigits 1, 2, and 3?

(A) 156
(B) 168
(C) 176
(D) 19
(E) 198

The digits of atwo-digit number differ by 4 and their squares differ by 40. Which one of the following
could be the number?

(A) 15
(B) 26
(C) 40
(D) 59
(E) 73

> Medium

9.

10.

11.

12.

13.

The number 3 dividesa with aresult of b and aremainder of 2. The number 3 divides b with a result
of 2 and aremainder of 1. What isthe value of a?

(A) 13
(B) 17
© 21
(D) 23
(E) 27

The remainder when the positive integer mis divided by 7 isx. The remainder when mis divided by
14 isx + 7. Which one of the following could mequal ?

(A) 45
(B) 53
C) 72
(D) 85
(E) 100

Which one of the following choices does not equal any of the other choices?

(A) 543+4.63-324-2.32
(B) 553+4.73-3.34-2.42
(C) 553+453-334-222
(D) 5.43+4.73-324-2.42
(E) 543+4.73-314-2.22

Each of the two positive integers a and b ends with the digit 2. With which one of the following
numbers does a — b end?

(A)
(B)
(©
(D)
B)

If pand q are two positive integers and p/q = 1.15, then p can equal which one of the following?

(A) 15
(B) 18
(C) 20
(D) 22
(E) 23

ArWNEFLO
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14.

15.

16.

17.

18.

19.

20.

How many positive five-digit numbers can be formed with the digits O, 3, and 5?

(A) 14
(B) 15
(C) 108
(D) 162
(E) 243

If n is a positive integer, which one of the following numbers must have a remainder of 3 when
divided by any of the numbers 4, 5, and 6?

(A) 12n+3
(B) 24n+3
(C) 8on+3
(D) 90n+2
(E) 120n+3

x isatwo-digit number. The digits of the number differ by 6, and the squares of the digits differ by 60.
Which one of the following could x equal ?

(A) 17
(B) 28
(C) 39
D) 71
(E) 93

The number 3072 is divisible by both 6 and 8. Which one of the following is the first integer larger
than 3072 that is also divisible by both 6 and 8?

(A) 3078
(B) 3084
(C) 3086
(D) 3090
(E) 309

If the least common multiple of m and n is 24, then what is the first integer larger than 3070 that is
divisible by both mand n?

(A) 3072
(B) 3078
(C) 3084
(D) 3088
(E) 3094

a, b, and c are consecutive integers in increasing order of size. If p=a/5— b/6 andq = b/5 — ¢/6, then
q-p=

(A) 160
(B) 130
) V12
(D) 16
(E) 15

A palindrome number is a number that reads the same forward or backward. For example, 787 is a
palindrome number. By how much is the first palindrome larger than 233 greater than 233?

(A) 9

(B) 11
(C) 13
(D) 14
(E) 16
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21. How many 3-digit numbers do not have an even digit or a zero?

(A)
(B)
(©
(D)
B

>» Hard

20
30
60
80
125

22.  Which one of the following is the minimum value of the sum of two integers whose product is 36?

37
20
15
13
12

23. If mandn are two positive integers such that 5m+ 7n = 46, then what is the value of mn ?

(A)
(B)
(©
(D)
B

15
21
24
27
35

24. Which one of the following equals the number of multiples of 3 between 102 and 210, inclusive?

(A)
(B)
(©
(D)
B

25. The sum of the positive integers from 1 through n can be calculated by the formulan(n + 1)/2. Which

32
33
36
37
38

one of the following equals the sum of all the even numbers from 0 through 20, inclusive?

(A) 50
(B) 70
(© 90
(D) 110
(E) 140
26. a, b, c,d, and e are five consecutive numbers in increasing order of size. Deleting one of the five
numbers from the set decreased the sum of the remaining numbers in the set by 20%. Which one of
the following numbers was del eted?
(A) a
(B) b
© c
(©) d
(B) e
27. A set has exactly five consecutive positive integers starting with 1. What is the percentage decrease in

the average of the numbers when the greatest one of the numbers is removed from the set?

(A) 5

(B) 85
(C) 125
(D) 152
(E) 16.66
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28. What isthe maximum value of msuch that 7" dividesinto 14! evenly?

A) 1
B) 2
© 3
(D) 4
(B) 5
29. If p—10isdivisible by 6, then which one of the following must also be divisible by 67
A) p
B) p-4
(C) p+4
(D) p-6
(E) p+6
30. Which one of the following equals the maximum difference between the squares of two single-digit
numbers that differ by 4?
(A) 13
(B) 25
(C) 45
(D) 56
(E) 63
> Very Hard

31. The positive integers m andn leave remainders of 2 and 3, respectively, when divided by 6. m > n.
What is the remainder when m—nisdivided by 6?

(A)
(B)
(©
(D)
B

32. What isthe remainder when 72 - 8% is divided by 6?

(A)
(B)
(©
(D)
B

33. a, b, c d, and e are five consecutive integers in increasing order of size. Which one of the following
expressionsis not odd?

abhwNPEF

gabhwNPEF

(A) a+b+c
(B) ab+c
(C) ab+d
(D) ac+d
(B) ac+e

34. How many positive integers less than 500 can be formed using the numbers 1, 2, 3 and 5 for the

digits?

(A) 48
(B) 52
(C) 66
(D) 68
(B) 84
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Answers and Solutionsto Problem Set D

> Easy

1. A number divisible by 2 ends with one of the digits 0, 2, 4, 6, or 8.

If anumber isdivisible by 3, then the sum of itsdigitsis also divisible by 3.
Hence, a number divisible by both 2 and 3 will follow both of the aboverules.
Choices (A) and (C) do not end with an even digit. Hence, eliminate them.

The sum of digits of Choice (B) is1 + 2 + 9 + 6 = 18, which is divisible by 3. Also, the last digit is 6.
Hence, choice (B) is correct.

Next, the sum of the digits of choices (D) and (E) are1 +4+0+6(=11)and1+4 + 1 + 4 (= 10),
respectively, and neither is divisible by 3. Hence, rgject the two choices.

Hence, the answer is (B).

2. The least common multiple of the numbers 5 and 6 is the product of the two (since 5 and 6 have no
common factors), whichis5 x 6 = 30. Hence, if a number isamultiple of both 5 and 6, the number must be
amultiple of 30. For example, the numbers 30, 60, 90, ... are divisible by both 5 and 6. The multiples of 30
between 100 and 300, inclusive, are 120, 150, 180, 210, 240, 270, and 300. The count of the numbersis 7.
The answer is (A).
3. Choice (A): 11- 6 can befactored as 11 - 2 - 3. The product of more than two primes. Reject.

Choice (B): 13- 22 can be factored as 13 - 2 - 11. The product of more than two primes. Reject.

Choice (C): 14 - 23 can befactored as 7 - 2 - 23. The product of more than two primes. Reject.

Choice (D): 17 - 21 can befactored as 17 - 3 - 7. The product of more than two primes. Reject.

Choice (E): 13 - 23 cannot be further factored and isitself the product of two primes. Accept.
The answer is (E).

4. The smallest prime number greater than 21 is 23, and the largest prime number less than 16 is 13. The
product of thetwo is 13 - 23, whichislisted in choice (C). The answer is (C).

5. Prime numbers do not have common factors. Hence, the least common multiple of a set of such numbers
equals the product of the numbers. For example, the LCM of 11 and 23 is 11 « 23. The answer is (A).

6. A multiple of 6 and 8 must be a multiple of the least common multiple of the two, which is 24. Now,
200/24 = 192/24 + 8/24 = 8 + 8/24. So, the first multiple of 24 that is smaller than 200 is 192 (= 8 x 24),
and the first multiple of 24 that is greater than 200 is216 (= 24 x[8 + 1] = 24 x 9). The answer is (D).

7. The difference between two numbers is maximum when one of the numbers takes the largest possible
value and the other one takes the smallest possible value.

The maximum possible three-digit number that can be formed using all three digits 1, 2, and 3 is 321 (Here,
we assigned the higher numbers to the higher significant digits).

The minimum possible three-digit number that can be formed from all three digits 1, 2, and 3 is 123 (Here,
we assigned the lower numbers to the higher significant digits).

The difference between the two numbersis 321 — 123 = 198. The answer is (E).
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8. Since the digits differ by 4, let a and a + 4 be the digits. The difference of their squares, which is
(a+ 4)* - a?, equals 40 (given). Hence, we have

(a+4)2-a*>=40
a’?+8a+16—a’=40
8a+16=40

8a=24

a=3

The other digitisa+ 4 =3+ 4 =7. Hence, 37 and 73 are the two possible answers. The answer is (E).
> Medium

9. Since 3 divides b with a result of 2 and a remainder of 1,b = 2- 3+ 1 = 7. Since number 3 divides a
with aresult of b (which we now know equals 7) and aremainder of 2,a=b-3+2=7-3+2=23. The
answer is (D).

10. Choice (A): 45/7 = 6 + 3/7, so x = 3. Now, 45/14 = 3 + 3/14. The remainder is 3, not x + 7 (= 10).
Reject.

Choice (B): 53/7 =7 + 4/7, so x = 4. Now, 53/14 = 3 + 11/14. The remainder is 11, and equalsx + 7 (= 11).
Accept the choice.

Choice (C): 72/7 =10+ 2/7, so x = 2. Now, 72/14 =5 + 2/14. The remainder is 2, notx + 7 (= 9). Reject.
Choice (D): 85/7 =12 + 1/7, so x= 1. Now, 85/14 = 6 + 1/14. The remainder is 1, not x+ 7 (= 8). Reject.
Choice (E): 100/7 = 14 + 2/7, so x= 2. Now, 100/14 = 7 + 2/14. The remainder is 2, not x+ 7 (= 9). Reject.

The answer is (B).

11. Choice(A)=5.43+4.63-3.24—-232=45.
Choice (B) =5.53+4.73-3.34 —2.42 = 4.5 = Choice (A). Reject choices (A) and (B).
Choice (C) =5.53 + 4.53-3.34 — 2.22 = 4.5 = Choice (A). Regject choice (C).
Choice (D) =5.43 + 4.73—-3.24 - 2.42 = 4.5 = Choice (A). Reject choice (D).
Choice (E) =543 + 4.73 - 3.14 - 2.22 = 4.8. Correct.

The answer is (E).

12. Since each of the two integers a and b ends with the same digit, the difference of the two numbers ends
with 0. For example 642 — 182 = 460, and 460 ends with 0. Hence, the answer is (A).

13. We have that p/q = 1.15. Solving for p yields p = 1.15q = q + 0.15q = (a positive integer) + 0.15q.
Now, p isapositive integer only when 0.15q is an integer. Now, 0.15q equals 15/100 - g = 3g/20 and would
result in an integer only when the denominator of the fraction (i.e., 20) is canceled out by q. This happens
only when g is amultiple of 20. Hence, q = 20, or 40, or 60, .... Pick the minimum value for g, which is 20.
Now, 1.15q=q + 0.15qg = q + 3/20 - q =20 + 3/20 - 20 = 23. For other values of q (40, 60,80, ...),pisa
multiple of 23. Only choice (E) isamultiple of 23. The answer is (E).
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14. Let the digits of the five-digit positive number be represented by 5 compartments:

Each of the last four compartments can be filled in 3 ways (with any one of the numbers 0, 3 and 5).

The first compartment can be filled in only 2 ways (with only 3 and 5, not with O, because placing O in the
first compartment would yield a number with fewer than 5 digits).

3/ 0] 0, 0] 0
53] 3| 3] 3
5| 5] 5] 5

Hence, the total number of ways the five compartments can befilledinis2-3-3- 3 - 3= 162. The answer
is (D).

15. Let m be a number that has a remainder of 3 when divided by any of the numbers 4, 5, and 6. Then
m — 3 must be exactly divisible by all three numbers. Hence, m — 3 must be a multiple of the Least
Common Multiple of the numbers 4, 5, and 6. The LCM is3 - 4 - 5 = 60. Hence, we can suppose m —3 =
60p, where p is a positive integer. Replacing p with n, we get m— 3 = 60n. So, m= 60n + 3. Choice (E) is
in the same format 120n + 3 = 60(2n) + 3. Hence, the answer is (E).

We can also subtract 3 from each answer-choice, and the correct answer will be divisible by 60:

Choice (A): If n=1, then (12n + 3) — 3 = 12n = 12, not divisible by 60. Reject.
Choice (B): If n= 1, then (24n + 3) — 3 = 24n = 24, not divisible by 60. Reject.
Choice (C): If n= 1, then (80n + 3) —3 = 80n = 80, not divisible by 60. Reject.
Choice (D): If n=1, then (90n + 2) —3=90n -1 = 89, not divisible by 60. Reject.
Choice (E): (120n + 3) —3 = 120n, divisible by 60 for any integer n. Hence, correct.
16. Sincethe digits differ by 6, let a and a + 6 be the digits. The difference of their squares, which is (a +
6)* —a?, equals 60 (given). Hence, we have
(a+6)y>—a>=60
a+12a+36-a’=60
12a+36=60
12a=24

a=2
The other digitisa+ 6 = 2 + 6 = 8. Hence, 28 and 82 are the two possible answers. The answer is (B).

17. Any number divisible by both 6 and 8 must be a multiple of the least common multiple of the two
numbers, which is 24. Hence, any such number can be represented as 24n. If 3072 is one such number and
is represented as 24n, then the next such number should be 24(n + 1) = 24n + 24 = 3072 + 24 = 3096. The
answer is (E).

18. Any number divisible by both m and n must be a multiple of the least common multiple of the two

numbers, which is given to be 24. The first multiple of 24 greater than 3070 is 3072. Hence, the answer is
(A).
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19. The consecutive integers a, b, and c in the increasing order can be expressed as a, a + 1, a + 2,
respectively.

56 5 6 30 30

_a-4-1+1

30

_a-5+1
30

by adding and subtracting 1 from the numerator

q-p=— by subtracting p from both sides

The answer is (E).

20. A palindrome number reads the same forward or backward. The first palindrome larger than 233 will
have the last digit 2 (same as the first digit), and the middle digit will be 1 unit greater than the middle digit
of 233. Hence, the first palindrome larger than 233 is 242. Now, 242 — 233 = 9. The answer is (A).

21. There are 5 digits that are not even or zero: 1, 3, 5, 7, and 9. Now, let’s count all the three-digit
numbers that can be formed from these five digits. The first digit of the number can befilled in 5 ways with
any one of the mentioned digits. Similarly, the second and third digits of the number can be filled in 5
ways. Hence, the total number of ways of forming the three-digit number is 125 (= 5 x 5 x 5). The answer
is(E).

> Hard

22. List all possible factors x andy whose product is 36, and calculate the corresponding sumx + v

X y Xy X+y
1 36 36 37
2 18 36 20
3 12 36 15
4 9 36 13
6 6 36 12

From the table, the minimum sum is 12. The answer is (E).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html

41



42 GMAT Math Bible W4y M (www. manfen. net)

23. Usually, an equation such as 5m + 7n = 46 alone will not have a unique solution. But if we attach a
constraint into the system such as an inequality or some other information (Here, mand n are constrained to
take positive integers values only), we might have a unique solution.
Since m is a positive integer, 5m is a positive integer; and since n is a positive integer, 7n is a positive
integer. Letp =5mand q = 7n. So, p ismultiple of 5 and q is multiple of 7 and p + q = 46. Subtracting q
from both sides yields p = 46 — q [(a positive multiple of 5) equals 46 — (a positive multiple of 7)]. Let's
seek such solution for p and g:

If q=7, p=46-7 =39, not amultiple of 5. Reject.

If =14, p=46 —14 = 32, not amultiple of 5. Regject.

If =21, p=46-21 =25, amultiple of 5. Acceptable. So,n=¢g/7 =3 and m=p/5=">5.
The checks below are not required since we already have an acceptable solution.

If =28, p=46-28=18, not amultiple of 5. Regject.

If q=35, p=46-35=11, not amultiple of 5. Regject.

If q=42, p=46—-42 =4, not amultiple of 5. Reject.

If q=49, p=<46-49=-3, not positive either. Regject.

So, we have only one acceptable assumption and that is n = 3 and therefore m= 5. Hence, mn =3 - 5= 15.
The answer is (A).

24. The numbers 102 and 210 are themselves multiples of 3. Also, a multiple of 3 exists once in every
three consecutive integers. Counting the multiples of 3 starting with 1 for 102, 2 [= 1 + (105 — 102)/3 =
1+1=2]for 105, 3[=1+ (108 —102)/3 =1+ 2 = 3] for 108, and so on, the count we get for 210 equals
1+ (210-102)/3 = 1 + 36 = 37. Hence, the answer is (D).

25. The even numbers between 0 and 20, inclusive, are 0, 2, 4, 6, ..., 20. Their sumis

0+2+4+6+..+20=
2x1+2x2+2x3+...+2x10=
2x(1+2+3+..+10)=
10(10+1)
X—

n(n+1)
2

=10x11=110 by the formula (sum of n terms) =

The answer is (D).

26. Since a, b, ¢, d, and e are consecutive numbers in the increasing order, we haveb=a+1,c=a+ 2,
d=a+3ande=a+4. Thesum of thefivenumbersisa+ (a+1) + (a+2) +(a+3) + (a+4) =5a+ 10.

Now, we are given that the sum decreased by 20% when one number was deleted. Hence, the new sum
should be (5a + 10)(1 — 20/100) = (5a + 10)(1 — 1/5) = (5a + 10)(4/5) = 4a + 8. Now, since New Sum = Old
Sum — Dropped Number, we have (5a + 10) = (4a + 8) + Dropped Number. Hence, the number dropped is
(5a+10)—(4a+8)=a+ 2 Sincec=a+ 2, theanswer is (C).
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27. The average of the five consecutive positive integers 1, 2, 3,4, and5is(1+2+ 3+ 4+ 5)/5=15/5=
3. After dropping 5 (the greatest number), the new average becomes (1 + 2 + 3 + 4)/4 = 10/4 = 2.5. The
percentage drop in the averageis

Old average — New average
Old average

-100=

3-25 -
3
100 _
6
16.66%

The answer is (E).

28. Theterm 14! equals the product of the numbers 1, 2, 3, 4,5, 6, 7, 8, 9, 10, 11, 12, 13, and 14. Only two
of these numbers are divisible by 7. The numbers are 7 and 14. Hence, 14! can be expressed as the product
of k - 7 - 14, where kis not divisible by 7. Now, since there are two 7sin 14!, the numbers 7 and 72 divide

14! evenly. 7 and further powers of 7 leave a remainder when divided into 14!. Hence, the maximum value
of mis2. The answer is (B).

29. Since p — 10 is divisible by 6, let's represent it as 6n, where n is an integer. Then we have
p — 10 = 6n. Adding 10 to both sides of the equation yields p = 6n + 10. Let’s plug this result into each
answer-choice to find out which oneis amultiple of 6 and therefore divisible by 6.

Choice (A): p=6n+10=6n+6+4=6(n+ 1) + 4. Hence, p isnot amultiple of 6. Reject.

Choice (B): p—4=(6n+ 10) —4 =6n + 6 = 6(n + 1). Hence, p is a multiple of 6 and therefore
divisible by 6. Correct.

Choice (C):p+4=(6n+10)+4=6n+14=6Nn+ 12+ 2=6(n + 2) + 2. Hence, p is not amultiple
of 6. Reject.

Choice (D): p—6=(6n+ 10) — 6 = 6n + 4. Hence, p is not amultiple of 6. Regject.

Choice(E): p+6=(6n+10)+6=6n+16=6n+ 12+ 4 =6(n + 2) + 4. Hence, p is not a multiple of
6. Reject.

The answer is (B).
30. Suppose a and b are the single-digit numbers. Then by the Difference of Squares formula a®> — b* =
(a—Db)(a+ b) = 4(a + b) [Given that difference between the digitsis 4]. Thisis maximum when (a + b) is

maximum.

If aand b are single digit numbers, then a + b would be amaximum whenaisequal to9andb=9-4=5
(given the numbers differ by 4). Hence, the maximum value of a? — b? is 9> — 52 = 56. The answer is (D).
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> Very Hard

31. We are given that the numbers m and n, when divided by 6, leave remainders of 2 and 3, respectively.
Hence, we can represent the numbers mand n as 6p + 2 and 6q + 3, respectively, wherep and g are suitable
integers.

Now,m—-n=(6p+2)—(6g+3)=6p—-60—1=6(p—0)—1. A remainder must be positive, so let's add 6
to this expression and compensate by subtracting 6:

6(p-g)-1=

6(p—q)-6+6-1=

6(p—q)—6+5=

6(p—gq-1)+5
Thus, the remainder is 5, and the answer is (E).

32. 7%- 82=(7-8)2= 562

The number immediately before 56 that is divisible by 6 is 54. Now, writing 56° as (54 + 2)?, we have

562 = (54 + 2)?
=542 + 2(2)(54) + 22 by the formula(a + b)*> = a? + 2ab + b?
= 54[54 + 2(2)] + 22
=6x9[54+22)]+4 here, the remainder is 4

Since the remainder is 4, the answer is (D).

33. Choice (A): a+ b+ c: Supposeaisan even number. Then b, the integer following a, must be odd, and
¢, the integer following b, must be even. Hence, a + b + ¢ = sum of two even numbers (a and ¢) and an odd
number (b). Since the sum of any number of even numbers with an odd number is odd (For example, if
a=4,thenb=5c=6,anda+b+ cequals4 +5+ 6 =15 (odd)), a+ b + cisodd. Reject.

Choice (B): ab + c: At least one of every two consecutive positive integers a and b must be even. Hence,
the product ab is an even number. Now, if ¢ isodd (which happens when aiis odd), ab + ¢ must be odd. For
example, if a=3,b=4, and c =5, then ab + cmust equal 12 + 5 =17, an odd number. Reject.

Choice (C): ab + d: We know that ab being the product of two consecutive numbers must be even. Hence,
if dhappens to be an odd number (it happens when b is odd), then the sumab + d is also odd. For example,
ifa=4,thenb=5c=6,andd=7,thenab+d=3-5+7=15+ 7 = 23, an odd number. Reject.

Choice (D): ac + d: Suppose a is odd. Then ¢ must also be odd, being a number 2 more than a. Hence, acis
the product of two odd numbers and must therefore be odd. Now, d is the integer following ¢ and must be
even. Hence, ac +d = odd + even = odd. For example, if a=3,thenb=3+1=4,c=4+1 =5 (odd) and
d=5+1=6(even)andac+d=3- 5+ 6 =21, an odd number. Regject.

Choice (E): ac + & Suppose a is an odd number. Then both ¢ and e must also be odd. Now, ac is product of
two odd numbers and therefore must be odd. Summing this with another odd number e yields an even
number. For example, if a = 1, thenc must equal 3, and e must equal 5andac + emust equal 1 - 3+ 5=8,
an even number. Now, suppose a is an even number. Then both ¢ and e must also be even. Hence,

ac+e=
(product of two even numbers) + (an even number) =
(even number) + (even number) =
an even number
For example, if a =2, then ¢ must equal 4, and e must equal 6 and the expression ac + e equals 14, an even
number. Hence, in any case, ac + eis even. Correct.

The answer is (E).
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Number Theory

34. A number less than 500 will be 1) a single-digit number, or 2) a double-digit number, or a 3) triple-

digit number with left-most digit less than 5.

L et the compartments shown below represent the single, double and three digit numbers.

1 1 1 1 1 1
or or or or or or
2 2 2 2 2 2
or or or or or or
3 3 3 3 3 3
or or or or or or
5 5 5 5 not 5 5
--------------------- dlowed [[ ------- || -------
(Total 4| + |(Tota 4|[(Total 4] + | --—--—--- (Total 4|[(Total 4
ways) ways) || ways) (Tota 3|| ways) || ways)
ways)
=4+ (4x4)+(3Bx4x4)=
Compartment  Compartments Compartments for triple-digit 410 48=68
for single-digit for double-digit number.
number number.

The compartment for the single-digit number can be filled in 4 ways (with any one of the numbers 1, 2, 3,

and 5).

Each of the two compartments for the double-digit number can be filled in 4 ways (with any one of the 4
numbers 1, 2, 3, and 5) each. Hence, the two-digit number can be madein 4 x 4 = 16 ways.

Regarding the three-digit number, the left most compartment can be filled in 3 ways (with any one of the
numbers 1, 2, and 3). Each of the remaining two compartments can be filled in 4 ways (with any one of the
numbers 1, 2, 3, and 5) each. Hence, total number of ways of forming the three-digit number equals 3 x 4 x

4=48.

Hence, the total number of ways of forming the number is4 + 16 + 48 = 68. The answer is (D).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W5 ™ (www. manfen. net )

Geometry

About one-fifth of the math problems on the GMAT involve geometry. (There are no proofs.) Fortunately,
except for Data Sufficiency questions, the figures on the GMAT are usually drawn to scale. Hence, you
can check your work and in some cases even solve a problem by “eyeballing” the drawing. We'll discuss
thistechnique in detail later.

Following is a discussion of the basic properties of geometry. You probably know many of these
properties. Memorize any that you do not know.

Lines & Angles

When two straight lines meet at a point, they form an angle. The point is A
called the vertex of the angle, and the lines are called the sides of the angle.

The angle to the right can be identified in three ways:

14X X

2. /B B

3. ZABCor ZCBA C

When two straight lines meet at a point, they form four
angles. The angles opposite each other are called vertical
angles, and they are congruent (equal). In thefigureto the

right,a=b,and c=d. a=bandc=d

Angles are measured in degrees, °. By definition, a circle has 360°. So an angle can be measured by its
fractional part of acircle. For example, an anglethat is % of thearc of acircleis1’. And an angle that

is % of thearc of acircleis %x 360=90".

10 '

1/360 of an arc 1/4 of an arc 2/3 of an arc
of acircle of acircle of acircle

There are four major types of angle measures:

An acute angle has measure less than 90°: E
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A right angle has measure 90°:

An obtuse angle has measure greater than 90°: /

A straight angle has measure 180°: Y . X +y=180°

Example: In the figure, AOB is a straight line. What is
the average of the four numbersa, b, ¢, d ?

(A) 45
(B) 360/7

(C) 60

(D) 90

(E) 120 A B

In the figure, AOB is a straight line, and a straight angle measures 180°. Hence, the sum of the angles a, b,
¢, and d is 180, and the average of the four istheir sum divided by 4: 180/4 = 45. The answer is (A).

Example: Inthefigure, linesl, m, and nintersect at O.
Which one of the following must be true about
thevalueof a ?

(A) a<5/8 <
(B)a=5/7 x+10°
(C)a=5/6 ay®
(D)a=1

Ba>1

Equating vertical anglesyields x = ay andy =x + 10. Plugging the second equation into the first yields x =

a(x+ 10). Solving for x yiddsx = ~22 Also, y=x+10= 02 4 19 102+10-10a _ 10
l-a l-a l-a l-a
know that the angle made by any point on aline is 180°. Hence, the angle made by point O on line n is
180°. Hence, 120 + ay + x + 10 = 180. Simplifying yields ay + x = 50. Substituting the known results x =
10a and y= 10 into this equation yields 10_a+10_a: 50. Hence, 2(10_a): 50. Multiplying both
l-a l-a l1-a 1-a 1-
sidesby (1 —a) yields 20a = 50(1 — a). Distributing the 50 yields 20a = 50 — 50a. Adding 50a to both sides
yields 70a = 50. Finally, dividing both sides by 70 yields a = 5/7. The answer is (B).

. Now, we

Two angles are supplementary if their angle sum is 180°: 45° \ 135’
45+ 135=180
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Two angles are complementary if their angle sumis 90’
30+ 60 =90
I2

|
Perpendicular lines meet at right angles: 1 ] L1,

Two linesin the same plane are parallel if they never intersect. Parallel lines have the same slope.

When parallel lines are cut by atransversal, three important angle relationships exist:

Alternate interior angles Corresponding angles Interior angles on the same side of
areequal. areequdl. the transversal are supplementary.
c
a b
a+b=180°
a c a
. . L Shortest
The shortest distance from a point to aline is along a distance
new line that passes through the point and is L
perpendicular to the original line. ¢ onger
distance
Triangles |
A triangle containing aright angle is called aright
triangle. The right angle is denoted by a small
square:
Isosceles . Scalene
A triangle with two equal sides is called Equilateral b
isosceles. The angles opposite the equal sides
are called the base angles, and they are 60°
congruent (equal). A triangle with al three X a
sides equal is called equilateral, and each X X C
angle is 60°. A triangle with no equal sides
(and therefore no equal angles) is called . | azb=zc
scalene: 60 60
X

Base angles
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The altitude to the base of an isosceles or equilateral triangle bisects the base and bisects the vertex angle:

a|d s/3
a? a? . IS s h= 2
Isosceles: ¢ N Equilateral: h
A §2 §/2
The angle sum of atriangleis 180°: b
a+b+c=180
a c

Example: In the figure, lines AB and D E are parallel.
What isthe value of x ?

(A) 225
(B) 45
(C) 60
(D) 675
(E) 70

Since lines AB and DE are parallel, we can equate the alternate interior anglesat AandD toget ZA=2D =
x (from the figure). Also, equating vertical angles ACB and DCE yields ZACB = £DCE = 45 (from the
figure). Now, we know that the angle sum of atriangle is 180°. Hence, ~DCE + 2 CED + £LEDC = 180.
Plugging the known values into this equation yields 45 + x + x = 180. Solving this equation for x yields x =
67.5. The answer is (D).

1
Theareaof atriangleis > bh, where b isthe base and h is the height. Sometimes the base must be extended

in order to draw the altitude, asin the third drawing directly below:

1
h h h A==bh
2
L]
b b b
In atriangle, thelonger side is opposite the larger angle, and vice versa:
a /100 b 50" islarger than 30°, so side b is
longer than side a
50° 30°

c

Pythagorean Theorem (right triangles only): The
square of the hypotenuse is equal to the sum of the

squares of the legs. a c 2=a +b?

b

Pythagorean triples: The numbers 3, 4, and 5 can always represent the sides of aright triangle and they ap-
pear very often: 52 =32+ 42, Another, but less common, Pythagorean Tripleis 5, 12, 13: 13%2 =52 +122,
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Two triangles are similar (same shape and usually different sizes) if their corresponding angles are equal.
If two triangles are similar, their corresponding sides are proportional :

If two angles of a triangle are congruent to two angles of another
triangle, the triangles are similar.

In the figure to the right, the large and small triangles are
similar because both contain aright angle and they share ZA..

Two triangles are congruent (identical) if they have the same size and shape.

In atriangle, an exterior angle is equal to the sum of its remote interior angles and is therefore greater than

either of them:
a
e=a+b and e>a and e>b
e b

In atriangle, the sum of the lengths of any two sides is greater than the length of the remaining side:
x y X+y>z
y+2z>X
7 X+z>y

Example:  Two sides of atriangle measure 4 and 12. Which one of the following could equal the length
of thethird side?

(A) 5
(B) 7
<€ 9
(D) 17
(E) 20

Each side of atriangle is shorter than the sum of the lengths of the other two sides, and, at the same time,
longer than the difference of the two. Hence, the length of the third side of the triangle in the question is
greater than the difference of the other two sides (12 — 4 = 8) and smaller than their sum (12 + 4 = 16).
Since only choice (C) lies between the values, the answer is (C).

In a 30°—60°-90° triangle, the sides have the following relationships:

B 2 In genera —> 2X
/3 x+/3

(] 60\ (] 60\
1 X
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In a45°-45°-90° triangle, the sides have the following relationships:

Quadrilaterals

A quadrilateral is afour-sided closed figure, where each side isa straight line.

The angle sum of a quadrilateral is 360°. You can
view a quadrilateral as being composed of two 180°
180-degree triangles: 180°

A parallelogram is a quadrilateral in which the
opposite sides are both parallel and congruent. Its
areaisbasex height: h A

bh

The diagonals of a parallelogram bisect each other:

A parallelogram with four right angles is a ] []
rectangle. If wisthewidth and | isthe length of a A=l-w

rectangle, then its area is and its perimeter is P = W
2w+ 2l P=2w+2

L] []
I

Example:  Inthefigure, the area of quadrilateral ABCD is 75. What isthe area of parallelogram EFGH ?

(A) 96

(B) 153

(C) 157

(D) 165

() 171
A E F
X X+3

1 []
D

H G
X+7
< ............................................................ >

In the figure, AACD isright angled. Hence, by The Pythagorean Theorem, AC2 = AD? + DC2 = x? + X2 = 2X2
By sguare rooting the sides, we have AC = xV2.

The formula for the area of atriangle is 1/2 x base x height. Hence, the area of the right-triangle ACD is
1/2 - x - X, and the area of triangle ABC is %-AC - (atitude from B on AC) :%- x1/2 - 52 = 5x. Now, the

area of quadrilateral ABCD, which is given to be 75, is the sum of areas of the two triangles: x/2 + 5x.
Hence, X2 + 5x = 75. Multiplying both sides by 2 yields » + 10x = 150.

Now, the formulafor the area of a parallelogram is base x height. Hence, the area of EFGH is (x + 3)(x + 7) =
X+ 10x + 21 = (}* + 10x) + 21 = 150 + 21 (since ¥ + 10x = 150) = 171. The answer is (E).
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If the opposite sides of arectangle are equal, itisa S
square and its area is A= & anq its perimeter is ] L
P = 4s, where s isthe length of aside: S S A=g2
P=4s
L] []
S
The diagonals of a square bisect each other and are
perpendicular to each other:
A quadrilateral with only one pair of parallel sides base
isatrapezoid. The parallel sides are called bases,
and the non-parallel sides are called legs:
leg leg
base
The area of a trapezoid is the average of the two by
bases times the height:
h A= (bl +h, )h
2
b,

The volume of arectangular solid (a box) is the product of the length, width, and height. The surface area
is the sum of the area of the six faces:

V=l-w-h
S=2wl +2hl + 2wh

w

If the length, width, and height of a rectangular solid (a box) are the same, it is a cube. Its volumeis the
cube of one of its sides, and its surface area is the sum of the areas of the six faces:

V=x3

S=6x?
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Example:  The length, width, and depth of arectangular box are 6 feet, 5 feet, and 7 feet, respectively. A
hose supplies water at a rate of 6 cubic feet per minute. How much time in minutes would it
take to fill aconical box whose volume is three times the volume of the rectangle box?

(A) 105
(B) 125
(C) 205
(D) 235
(E) 322

The volume of arectangular tank is length x width x depth = 6 feet x 5 feet x 7 feet. Hence, the volume of
the conical box, which is 3 times the volume of rectangular box, is 3(6 x 5 x 7). Now, the time taken to fill
atank equals the (volume of the tank) + (the rate of filling) = 3(6 x 5x 7) feet/6 cubic feet per minute =
105 minutes. The answer is (A).

The volume of a cylinder is V = zr?h, and the lateral surface (excluding the top and bottom) is S= 2xrh,
wherer istheradius and h is the height:

V =ar?h
S=2nrh+ 2nur 2

A circleisaset of pointsin aplane equidistant from a fixed point (the center of the circle). The perimeter
of acircleis called the circumference.

A line segment from acircleto its center isaradius.

A line segment with both end points on acircleis achord. chord

A chord passing though the center of acircle is a diameter.

A diameter can be viewed as two radii, and hence a diameter’s length diameter

istwice that of aradius. o ior

A line passing through two points on acircle is a secant. r% &—ac

A piece of the circumferenceisan arc.

The area bounded by the circumference and an angle with vertex at the
center of the circleis a sector. secant

A tangent line to a circle intersects the circle at
only one point. The radius of the circle is
perpendicular to the tangent line at the point of 45
tangency: '
B

Two tangents to a circle from a common exterior
point of the circle are congruent: A AB=AC
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An angleinscribed in asemicircleisaright angle: @

A central angle has by definition the same measure
asitsintercepted arc:

600
An inscribed angle has one-half the measure of its
intercepted arc: 60°
Theareaof acircleis r?, and its circumference A= ar?
(perimeter) is 27, wherer istheradius: C = 2ar
Onthetest, m = 3isasufficient approximation for . You don’'t need rt = 3.14.
A

Example: In the circle shown in the figure, the length of

the arc ACB is 3 times the length of the arc AB.

What is the length of the line segment AB ?

(A) 3

(B) 4

© 5 5

D) 2v3

B 2

Since the length of the arc ACB is 3 times the length of the arc AB, the angle made by the arc ACB must be
three times the angle made by the arc AB. Now, the two arcs together make 360° at the center of the circle.
Hence, the smaller angle, the angle made by the arc AB, must equal one-quarter of the full angle, which is
360°. One-quarter of 360° is 90°. Hence, ZAOB = 90°. Hence, triangle AOB is a right triangle, and
applying The Pythagorean Theorem to the triangle yields

AB? = OA? + OB?
=3?+3?=9+9=18 OA = OB = radius of circle=0C = 3 (from the figure)

AB =118 = 32

The answer is (E).
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Shaded Regions

To find the area of the shaded region of afigure, subtract the area of the unshaded region from the area of
the entire figure.

Example: In the figure, ABCD is a rectangle. A 8 F 4 B
What is the area of the shaded region in AR
the figure? EEELEIES
(A) 18 6 A
(B) 20 5
© 24 ;

(D) 28 E i
E) 32
G L
D Cc

Thefigureis not drawn to scale.
From the figure, the area of the shaded region equals

(Areaof AABD) — (Area of AAFE)
Now, the area of AABD, by the formula 1/2 x base x height, equals
1/2 x AB x AD = (1/2)(AF + FB)(AE + ED) = (1/2)(8 + 4)(6 + 1) = (1/2)(12)(7) =6 x 7 =42
and the area of AAFE equals
1/2xAF x AE=1/2x8x6=4x6=24
Hence, the area of the shaded region equals

(Areaof AABD) — (Areaof AAFE) =
42-24=
18

The answer is (A).

Example: What isthe area of shaded region in the figure?
(A) 107 +27+/3
B) 107+ %1/5,
(C) 30m+274/3

(D) 30m+%/3
(E) 36m +27+/3

From the figure, we have
The area of the Shaded region = (Areaof Circle) — (Areaof Sector AOB) + (Area of AAOB).
By the formula of the area of acircle, the area of the circle in the figure ismt x radius? = 7(6)? = 36r.

The formulafor the area of a sector is
(Angle made by sector/360°) x (Area of the circle) =
60/360 x 365t =
1/6 x 36t =
67
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Also, since OA and OB are radii, angles opposite them are equal. Hence, AOB is an isosceles triangle with
one angle (LOAB =) 60°. An isosceles triangle with one angle measuring 60° is always an equilateral
triangle.

\3

Now, the formulafor the area of an equilateral triangleis T- side?. Hence, the area of AAOBis

RER 62:§- 36=93

4

Hence, the area of the shaded region is 36r — 6t + 93 =30% + 9/3. The answer is(D).

“Birds-Eye” View

Most geometry problems on the test require straightforward calculations. However, some problems
measure your insight into the basic rules of geometry. For this type of problem, you should step back and
take a“birds-eye’ view of the problem. The following example will illustrate.

Example: In the figure to the right, O is both the center of

the circle with radius 2 and a vertex of the square S R
OPRS What isthe length of diagonal PS? \
(A) 12

V2 o] P
® 7
C 4
(D) 2
(B) 245

The diagonals of a square are equal. Hence, line segment OR (not shown) is equal to SP. Now, ORisa
radius of the circle and therefore OR = 2. Hence, SP = 2 aswell, and the answer is (D).
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Problem Set E:

> Easy

1. ABCD isasguare and one of its sides AB is also a chord of the circle as shown in the figure. What is
the area of the square?

(A) 3
B) 9
(© 12
(D) 1242
(E) 18
b A
3
O
3
C B

2. What isthevalue of y in the figure?

(A) 20
(B) 30
(C) 35
(D) 45
(E) 50
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3. Inthetriangle, what isthe value of x ?

(B)
(©
(D)
B

25
55
60
7
85

4. Inthefigure, what isthe value of a ?

(A)
(B)
(©
(D)
B

16
18
36
54
72

5. Inthefigure, what isthe average of the five angles shown inside the circle?

(A)
(B)
(©
(D)
B

36
45
60
72
90

a’ +b°
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Geometry

6. Inthefigure, Oisthe center of the circle. What is average of the numbers a, b, ¢, and d ?

(A)
(B)
(©
(D)
B

> Medium

45
60
90
180
360

7.  The perimeter of rectangle ABCD is 5/2 times the length of side AB. What is the value of AB/BC ?

(A)
(B)
(©
(D)
B

8. Inthe

(A)
(B)
(©
(D)
B

va
12

> AR

D C

figure, AD and BC are lines intersecting at O. What is the value of a ?

15
30
45
60
135

5x + 5a

A 2x+ 30 D

B ZOMAT Rl

5y/2
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9.  From the figure, which one of the following must be true?

(A) y=z
(B) y<z
(C) y=z
(D) y>z
(B) y=z
v
y zZ
< < — »

10. From the figure, which one of the following could be the value of b ?

(A) 20
(B) 30
(C) 60
D) 75
(E) 90
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11. AD isthelongest side of the right triangle ABD shown in the figure. What is the length of longest side

of AABC ?
(A) 2
(B) 3
©) 41
(D) 9
(B) 41
A
4
B 5 C D

Thefigureis not drawn to scale

12. Inthefigure, what isthe value of a ?

(A) 30
(B) 45
(C) 60
(D) 72
(E) 90
| m
o\ 3C°
6c e
< . >
al be
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13. In the figure, lines | and m are parallel. Which one of the following, if true, makes linesp and q

parallel?
(A) a=b
(B) a=c
(©) c=d
(D) d=b
(E) b=c
p q
4 t .
! a | b°
< c1d >
m | \
A\ A\

14. A, B, C, and D are points on aline such that point B bisects line AC and point A bisects line CD. What
istheratio of ABto CD ?

(A) V4
(B) 13
©) 12
D) 23
(E) 34

15. If A, B, C, D, and E are pointsin a plane such that line CD hisects ZACB and line CB bisects right
angle £ACE, then £DCE =

(A) 225°
(B) 45°

(C) 575°
(D) 675°
(E) 725°
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16. From the figure, which of the following must be true?

(1
(1)
@y

(A)
(B)
(©
(D)
B

X+y=90
X is 35 units greater thany
X is 35 unitslessthany

| only

Il only

[l only

| and 11 only
I and 111 only

< >

|
35°

17. Inthefigure, triangles ABC and ABD areright triangles. What is the value of x?

(A) 20
(B) 30
(C) 50
(D) 70
(E) 90
B
20° X°
A C 5 D
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18.

In the figure, ABC isaright triangle. What isthe value of y ?
(A) 20
(B) 30
(C) 50
(D) 70
(E) 90

19.

20.

The following are the measures of the sides of five different triangles. Which one of them represents a
right triangle?

(A)  43,4/4,4/5
(B) 1,54

© 7,34

(D) +/3,47,/4
(E) 4,810

AABC is aright-angled isosceles triangle, and £ B is the right angle in the triangle. If AC measures
7+/2 , then which one of the followi ng would equal the lengths of AB and BC, respectively?

(A 7,7
(B) 9,9
(©) 10,10
(D) 11,12
(E) 7,12
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21. Inthefigure, if AB=8,BC=6, AC=10and CD =9, then AD =

(A) 12
(B) 13
© 15
(D) 17
(E) 24
A
8
10
B 6 C o D

22. Theaverage length of the sides of AABC is 12. What is the perimeter of AABC ?

(A) 4
(B) 6
© 12
(D) 24
(E) 36
A
60°
A

23.  Which one of the following is true regarding the triangle shown in figure?

(A) x>y>z
(B) x<y<z
(C) x=y=z

(D) 2x=3y2=z
(E) x2=2%3=z

112 2

76\ 1 CY
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24. Inthefigure, ABCD isarectangle, and the area of AACE is 10. What isthe area of the rectangle?

(A) 18
(B) 225
(C©) 36
(D) 44
(B) 45
A
B
4
E
5
D C

25. Inthefigure, what isthe area of AABC ?

(A) 2
B) 2
© 1

1
(D) 7
(E) 1/2
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26. Inthefigure, Oisthe center of the circle. Which one of the following must be true about the
perimeter of the triangle shown?

(A) Alwayslessthan 10

(B)  Always greater than 40

(C) Alwaysgreater than 30

(D) Alwayslessthan 30

(E) Lessthan 40 and greater than 20

AB

27.  Which of the following must be true?

()  Theareaof triangle P.
(1)  Theareaof triangle Q.
(1)  Theareaof triangle R.

(A) I=1=11
B) I<Ii<Il
© 1>l<ll
(D) Hi<i<l
B H>1>1
y
10 7
10
10 Y ’
10 y
P Q R
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28. Inthefigure, ABCD is aparallelogram. Which one of the following is true?

(A) x<y
(B) x>q
(©) x>p
D) y>p
(B) y>q
A y B
X
q
30°
31°
D p C

29. Inthefigure, the areas of parallelograms EBFD and AECF are 3 and 2, respectively. What is the area
of rectangle ABCD ?

A) 3

B 4

(© 5

(D) 43

B 7
A E B
D F C
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30. Inthefigure, the area of rectangle ABCD is 100. What is the area of the square EFGH ?

(A) 256
(B) 275
(C) 309
(D) 399
(B) 401
A 3 B E 2x+5 F
X+
x
+
N
D C
H G

31. Inthefigure, the area of rectangle EFGH is 3 units greater than the area of rectangle ABCD. What is
thevalueof abif a+ b=8?

A) 9
B) 12
(© 15
(D) 18
B 22
A ] B E X+ a F
X+
x
+ <
N +
o
D C
H G
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32. Inthefigure, the area of rectangle ABCD is45. What is the area of the square EFGH ?

(A) 20
(B) 40
(© 50
(D) 65
() 70
A X+5 B : ”
X
|
(&)
D c
H

33. Inthefigure, ABCD is a parallelogram, what is the value of b ?

(A) 46
(B) 48
© 72
(D) 84
(E) 9%

48° b°
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34. Inthefigure, ABand CD arethe diameters of the circle. What isthe value of x?

(A) 16°
(B) 18°
(C) 26°
(D) 32°
(E) 58
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35. Inthefigure a, b, c d, e f, g, h,i, and]j are chords of the circle. Which two chords are parallel to each

other?

(A) aandf
(B) bandg
(C©) candh
(D) dandi

(BE) eandj

Thefigureis not drawn to scale.
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36. A andB are centers of two circles that touch each other externally, as shown in the figure. What is the
area of the circle whose diameter is AB ?

(A) 4xn
(B) 25m/4
©) 9
(D) 16mn
(E) 25m

37. Inthefigure, which one of the following angles is the greatest?

(A) LA

(B) /B

(C) <+C

(D) «D

(E) .CDB

A 3 "

4 5
D 6

Thefigureis not drawn to scale.
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38. Thesidelength of asquareinscribed inacircleis 2. What is the area of the circle?
A) =
(B) +2n
© 2n

(D) 2427
B 7

39. Which of the following could be the four angles of a parallelogram?

()  50° 130°, 50°, 130°
(1) 125° 50°, 125°, 60°
(1) 60°, 110°, 60°, 110°

(A) lonly

(B) [l only

(©) landll only
(D) landlll only
(B) ILandlll

40. Inthefigure, if line CE bisects ZACB, then x =

(A) 45
(B) 50
© 55
(D) 65
) 70
A

40°

D

E > %0°

B C
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41. Inthefigure, £LP =

(A)
(B)
(©
(D)
B

15°
30°
35°
40°
50°

42. The length of arectangular banner is 3 feet 2 inches, and the width is 2 feet 4 inches. Which one of
the following equals the area of the banner?

(A)
(B)
(©
(D)
B

> Hard

5 sg. feet
51/2 5. feet
6 1/3 sq. feet
7 sq. feet

7 7/18 q. feet

43. Inthefigure, linesl and kare parallel. Which one of the following must be true?

(A)
(B)
(©
(D)
B

a<b
as<b
a=b
a=b
a>b

(b + 30)°
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44

45,

In the figure, linesl and k are parallel. If a is an acute angle, then which one of the following must be
true?

(A) b>10
(B) b>15
(C) b<20
(D) b<30
(BE) b>45
< >
(b +30)° I
O¢a
b° k
< >

The diagonal length of asquareis 14.1 sg. units. What is the area of the square, rounded to the nearest
integer? (ﬁ isapproximately 1.41.)

(A) 9
(B) 97
(C) 98
(D) 99
(E) 100
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46. In the figure, ABC and ADC are right triangles. Which of the following could be the lengths of AD
and DC, respectively?

() +3and+4
(1) 4and6

(1) 1and 24
(IV) land /26
(A) landll only
(B) Il andlll only

(©) Illland 1V only
(D) IVandlonly

(B) I, Ilandlll only
A
4
B D
3
C

47. Inthefigure, what isthe value of x ?

(A) 15
(B) 30
(C) 45
(D) 60
(E) 75
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48. Inthefigure, what isthe value of x ?

(B)
(©
(D)
B

10°
30°
45°
60°
75°

49. |If ABCD isasguare and the area of AAFGis 10, then what is the area of AAEC ?

(A)
(B)
©

(D)
B

5
10
P
10
N
10
20
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50. Inthefigure, ABCD is arectangle, and F and E are points on AB and BC, respectively. The area of
ADFBis9 and the area of ABED is24. What is the perimeter of the rectangle?

(A) 18
(B) 23
(©) 30
(D) 42
(E) 48

A F 2 B

4

E

D C

51. In the figure, ABCD is a rectangle. The area of quadrilateral EBFD is one-half the area of the
rectangle ABCD. Which one of the following is the value of AD ?

(A) 5

(B) 6

<© 7

(D) 12

(E) 15
A B

4

. F
D C
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52. Inthefigure, ABCD is arectangle, and the area of quadrilateral AFCE is equal to the area of AABC.
What isthe value of x ?

(A) 5
B) 6
<© 7
(D) 12
(E) 15
A x E B
4
D 5 F 3 C

33. In the figure, ABCD is a rectangle. Points E and F cut the sides BC and CD of the rectangle
respectively such that EC = 3, FC = 4, and AD = 12, and the areas of the crossed and the shaded
regions in the figure are equal. Which one of the following equals the perimeter of rectangle ABCD ?

(A) 42
(B) 50
) 56
(D) 64
(E) 72

A B

12

E

3

D C
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54. What isthe perimeter of AABC shown in the figure?

(A)
(B)
©
D)
B

2+ 42
4+ 242

8
4+ 442
4+ 443

55. Inthefigure, what isthe value of x?
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56. In the figure, ABCD is arectangle. Points P, Q, R, S, and T cut side AB of the rectangle such that
AP =3, PQ=QR=RS= ST =1. Eisapoint on AD such that AE = 3. Which one of the following line
segmentsis parallel to the diagonal BD of the rectangle?

(A) EP
(B) EQ
(©) ER
(D) ES
(B) ET
15
R | >
A 3 P1Q1R1S1 T B
A
g
0! E
v
D C

Thefigureis not drawn to scale.

57. Inthe, figure A, B and C are points on the circle. What isthe value of x ?

(A) 45
(B) 55
(C) 60
(D) 65
(E) 70
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58. Inthefigure, ABCD and PQRSare two rectangles inscribed in the circle as shown and AB =4, AD =
3, and QR = 4. What isthevalue of | ?

(A) 32
(B) 83
© 3
(D) 4
(E) 5
P Q
IV B
4
3 | 4

D\S \ C

59. In the figure, ABCD and PQRS are rectangles inscribed in the circle shown in the figure. If AB =5,
AD = 3, and QR = 4, then what isthe value of | ?

(A)
(B)
©
(D)
B

N O1
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60. Inthefigure, ABCD isarectangleinscribed in the circle shown. What is the length of the arc DC ?

(A) /4
(B) 2w/3
(© w2
(D) 3m/4
(E) 4n/3
A B
4
2
D C

61. Which one of the following relations is true regarding the angles of the quadrilateral shown in figure?

(A) +sA=/C

(B) «4B>/+4D

(C) +sA<.LC

(D) +«B=4D

(E) +4£A=/4B

B

A 3
4 5
D 6

Thefigureis not drawn to scale.

62. Inatriangle with sides of lengths 3, 4, and 5, thesmallest angleis 36.87°. In the figure, O isthe center

of the circle of radius 5. A and B are two points on the circle, and the distance between the pointsis 6.
What isthe value of x ?

(A) 3687
(B) 45

(C) 5313
(D) 116.86
(E) 126.86
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63. Inthe figure shown, ABCDEF is aregular hexagon and AOF is an equilateral triangle. The perimeter
of AAOF is 2a feet. What is the perimeter of the hexagon in feet?

(A) 2a
(B) 3a
(©) 4a
(D) 6a
(B) 12a
A B
F C
O
E D

64. Point Ais 10 miles West of Point B. Point B is 30 miles North of Point C. Point C is 20 miles East of
Point D. What is the distance between points A and D ?

(A) 10410 miles
(B) 10420 miles
(C) 20410 miles
(D) 30410 miles
(E) 30420 miles

65. Water is poured into an empty cylindrical tank at a constant rate. In 10 minutes, the height of the
water increased by 7 feet. The radius of the tank is 10 feet. What is the rate at which the water is
poured?

(A) 11/8 &t cubic feet per minute.
(B) 11/3 7t cubic feet per minute.
(C)  7/60 7 cubic feet per minute.
(D) 11w cubic feet per minute.
(E)  70m cubic feet per minute.
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66. Thelength of arectangleisincreased by 25%. By what percentage should the width be decreased so
that the area of the rectangle remains unchanged?

(A) 20
(B) 25
(C) 30
(D) 3333
(E) 50

67. Inthefigure, if AB = 10, what isthe length of the side CD ?

(A) 5
(B) Ef(@
© 5
(D) 10
() 1043

68. Inthefigure, what isthe area of AABC if EC/CD = 37

(A) 12
(B) 24
(C) 81
(D) 1215
(E) 143
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69. AB and CD are chords of the circle, and E and F are the midpoints of the chords, respectively. The
line EF passes through the center O of the circle. If EF = 17, then what is radius of the circle?

(A) 10
(B) 12
() 13
(D) 15
(E) 25
A /_\ C
5 12

70. A circular park is enlarged uniformly such that it now occupies 21% more land. Which one of the
following equals the percentage increase in the radius of the park due to the enlargement?

(A) 5%

(B) 10%
© 1%
(D) 21%
(E) 42%

71. A closed rectangular tank contains a certain amount of water. When the tank is placed on its 3 ft by 4
ft side, the height of the water in the tank is 5 ft. When the tank is placed on another side of
dimensions 4 ft by 5 ft, what is the height, in feet, of the surface of the water above the ground?

(A)
(B)
(©
(D)
Q)

OO WN
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72. Inthefigure, A and B are centers of two circles touching each other. The ratio of the radii of the two
circlesis 2 : 3, respectively. The two circles also touch abigger circle of radius 9 internally as shown.

If OB = 6, then AB =
(A) 103

(B) 13/3

(€ 5

(D) 132

(E) 152

73. Inthefigure, AABC isinscribed in the circle. The triangle does not contain the center of the circle O.
Which one of the following could be the value of xin degrees?

(A) 35
(B) 70
(©) 85
(D) 9
(E) 105
A
XO
C B
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74. Inthefigure, ABCD is asguare, and BC is tangent to the circle with radius 3. If PC = 2, then what is
the area of square ABCD ?

(A) 9
(B) 13
(C) 16
(D) 18
(E) 25
A B o
2
D

75. Inthefigure, ABCD is asquare and BCP is an equilatera triangle. What is the measure of x ?

(A) 75
B) 15
(C) 20
(D) 45
(E) 60
A B
x° P
%
D C
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76. Inthefigure, ABCD and BECD are two parallelograms. If the area of parallelogram ABCD is 5 square
units, then what is the area of parallelogram BECD ?

(A) 25
(B) 333
(© 5
(D) 10
(E) 25

77. Inthe figure, ABCD and ABEC are parallelograms. The area of the quadrilateral ABED is 6. What is
the area of the parallelogram ABCD ?

(A) 2
(B) 4
(C) 45
O) S
B 6

A B
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78. Inthefigure, linesly, |,, and |, are paralel to one another. Line-segments AC and DF cut the three
lines. If AB = 3, BC =4, and DE =5, then which one of the following equalsDF ?

(A) 3/30
(B) 15/7
() 203
D) 6
(E) 353
r/ o,
B E |,

79. Inthefigure, ABis paralel to CD. What is the value of x?

(A) 36
(B) 45
(C) 60
(D) 75
(E) Cannot be determined
A E B
« >
x° y°
y° x°
< C D >
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Answer s and Solutionsto Problem Set E

> Easy

1. ABCD isasquare and one of its sides AB is also a chord of the circle as shown in the figure. What is
the area of the square?
(A) 3
B 9
© 12
(D) 1242
(E) 18

C B

Side AB is the hypotenuse of the AAOB. Hence, by The Pythagorean Theorem, we have AB? = AC? + BO? =
3% + 32 = 18. Hence, the area of the square ABCD equals side? = AB? = 18. The answer is (E).

2. What isthevalue of y in the figure?

(A) 20
(B) 30
(C) 35
(D) 45
(E) 50

a° 5a°
Ve N

Summing the angles of the triangle in the figure to 180° yieldsa + 3a + 5a = 180. Solving this equation for
ayields a = 180/9 = 20. Angles y and a in the figure are vertical and therefore are equal. So, y = a = 20.
The answer is (A).
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3. Inthetriangle, what isthe value of x ?

(A) 25
(B) 55
(C) 60
o) 77
(E) 85

The angle sum of atriangle is 180°. Hence, (y + X) + (60 + x) + (70 —y) = 180. Simplifying the equation
yields 2x+ 130 = 180. Solving for x yields x= 25. The answer is (A).

4. Inthefigure, what isthe value of a ?

(A) 16
(B) 18
(C) 36
(D) 54
E 72
< >

The angle made by alineis 180°. Hence, from the figure, we have
a+2a+3a+4a=180
10a =180
a=18

The answer is (B).
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5. Inthefigure, what isthe average of the five angles shown inside the circle?

(A) 36
(B) 45
(©) 60
D) 72
(E) 9

a’+b°

S

The average of thefive anglesis

ao

Sum of the five angles _ 360
5 5

=72

The answer is (D).

6. Inthefigure, Oisthe center of the circle. What is average of the numbers a, b, ¢, and d ?

(A) 45
(B) 60
(©) 9
(D) 180
(E) 360

bo

Since the angle around a point has 360°, the sum of the four angles a, b, ¢, and d is 360 and their averageis
360/4 = 90. The answer is (C).
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> Medium
7. The perimeter of rectangle ABCD is 5/2 times the length of side AB. What is the value of AB/BC ?

(A) V4
(B) 12
© 1
(D) 2
B 4
A B
D C

The ordering ABCD indicates that AB and BC are adjacent sides of a rectangle with common vertex B (see
figure). Remember that the perimeter of arectangle is equal to twice itslength plus twice its width. Hence,

P =2AB +2BC
We are given that the perimeter is 5/2 times side AB. Replacing the left-hand side of the equation with
> AB yields
5 y
5
EAB =2AB + 2BC
5AB = 4AB + 4BC by multiplying the equation by 2
AB =4BC by subtracting 4AB from both sides
AB/BC =4 by dividing both sides by BC

The answer is (E).

8. Inthefigure, AD and BC arelinesintersecting at O. What isthe value of a ?

(A) 15
(B) 30
© 45
(D) 60
(E) 135
v
C
A 5X+5a 2% + 30 D
< v = >
5y/2
B

Equating vertical angles ZAOB and ZCOD in the figure yields y = 2x + 30. Also, equating vertical angles
£ AOC and £BOD vyields 5y/2 = 5« + 5a. Multiplying this equation by 2/5 yieldsy = 2x + 2a. Subtracting
this equation from the equation y = 2x + 30 yields 2a = 30. Hence, a = 30/2 = 15, and the answer is (A).
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9.  From the figure, which one of the following must be true?

(A) y=z
(B) y<z
(C) y=z
(D) y>z
(B) y=z
v
y z
< ” »

Equating the two pairs of vertical angles in the figure yieldsy = 3x and x = z. Replacing x in first equation
with zyieldsy = 3z This equation saysthat yis 3 times aslarge as z. Hence, y > z. The answer is (D).

10. From the figure, which one of the following could be the value of b ?

(A) 20
(B) 30
(C) 60
(D) 75
(E) 90

In the figure, anglesh® — a°/2 and 2a° — 2b° must be positive. Hence, we have the inequalities, b —a/2 >0
and2a—-2b>0.

Adding a/2 to both sides of first inequality and 2b to both sides of second inequality yields the following
two inequalities:

b>a/2
2a>2b

Dividing the second inequality by 2 yieldsa > b.

Now, summing angles around point O to 360° yields a + (b —a/2) + (a/2 + 20) + (2a—2b) + (2a—b) = 360.
Simplifying thisyields 5a = 360, and solving yields a = 360/5 = 72.
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Substituting this value in the inequalitiesb > a/2 and a > b yields
b>a/2=72/2=36,and 72> b

Combining the inequalitiesb > 36 and 72 > b yields 36 < b < 72. The only choicein thisrangeis (C), so the
answer is (C).

11. AD isthelongest side of the right triangle ABD shown in the figure. What is the length of longest side

of AABC ?
A) 2
B 3
© s
(D) 9
(E) 4
A
4
B 5 C D

Thefigureis not drawn to scale

In aright triangle, the angle opposite the longest side is the right angle. Since AD is the longest side of the
right triangle ABD, 2B must be a right angle and AABC must be a right triangle. Applying The
Pythagorean Theorem to the right triangle ABC yields

AC? = AB%+BC?
AC =+/AB? + BC?
AC =42 + 52
AC =+16+25

The answer is (C).
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12. Inthefigure, what isthe value of a ?

(A) 30
(B) 45
(C) 60
(D) 72
(E) 90
| m
) 6c° 3c 2h° g
< 2 0
n
4

Equating vertical angles in the figure yields a = 2b and b = 3c. From the first equation, we haveb = a/2.
Plugging this into the second equation yields a/2 = 3c, from which we can derive ¢ = a/6. Since the angle
made by alineis 180°, we have for line | that b + a + 6¢ = 180. Replacing b with a/2 and ¢ with a/6 in this
equation yieldsa/2 + a + 6(a/6) =a/2 + a + a = 180. Summing the left-hand side yields 5a/2 = 180, and
multiplying both sides by 2/5 yields a = 180(2/5) = 72. The answer is (D).

13. In the figure, lines | and m are parallel. Which one of the following, if true, makes linesp and q

parallel?
(A) a=b
(B) a=c
(©) c=d
(D) d=b
(E) b=c
p q
— 1 t .
| a® | b°
c |\ a
<5 >
v v

Superimposing parallel line mon linel yields afigure like this:
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Now, when two lines (here p and q) cut by atransversal (herel) are parallel, we have

() Corresponding angles are equal: No corresponding angles are listed in the figure.
(I Alternate interior angles are equal: b = c. In choice (E).

(1) Alternate exterior angles are equal: a = d. Not listed in any answer-choice.

(IV) Interior angles are supplementary.

(V) Exterior angles are supplementary.

The answer is (E).

14. A, B, C, and D are points on aline such that point B bisects line AC and point A bisects line CD. What
istheratio of ABto CD ?

(A) V4
(B) 13
©) 12
D) 23
(E) 34

Drawing the figure given in the question, we get

D A B C

AB=BC
CA=DA

Suppose AB equal 1 unit. Since point B bisects line segment AC, AB equals half AC. Hence, AC equals
twice AB = 2(AB) = 2(1 unit) = 2 units. Again, since point A bisects line segment DC, DC equals twice
AC = 2(AC) = 2(2 units) = 4 units. Hence, AB/DC = 1 unit/4 units = 1/4. The answer is (A).
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15. If A, B, C, D, and E are pointsin a plane such that line CD hisects ZACB and line CB bisects right
angle £ACE, then £DCE =

(A) 225°
(B) 45°

(C) 575°
(D) 675°
(E) 725°

Drawing the figure given in the question yields

E

C

. CD bisects £LACB
Figure not drawn to scale. CB hisects ZACE

We are given that CB hisects the right-angle ZACE. Hence, ZACB = £~ BCE = LACE/2 = 90°/2 = 45°.
Also, since CD hisects ~ACB, LACD = £DCB = £ACB/2 = 45°/2 = 22.5°. Now, £ DCE =
£DCB + £BCE =22.5° + 45° = 67.5°. The answer is (D).

16. From the figure, which of the following must be true?

() x+y=90
(1) xis35 units greater thany
(1) xis35unitslessthany

(A) lonly
(B) Il only
(C) 1l only

(D) landll only
(E) landlllonly

4| >

35°

X° y°
<« >

Angle x is an exterior angle of the triangle and therefore equals the sum of the remote interior angles, 35
and y. That is, x =y + 35. This equation says that x is 35 units greater than y. So, (1) istrue and (I11) is
false. Now, if xisan obtuse angle (x > 90), thenx + y is greater than 90. Hence, x + y need not equal 90. So,
(1) is not necessarily true. The answer is (B).
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17. Inthefigure, triangles ABC and ABD areright triangles. What is the value of x?

(A) 20
(B) 30
(C) 50
(D) 70
(E) 90
20° x°
A 5 D

In triangle ABC, £A is 20°. Hence, theright anglein AABC is either LABC or £BCA. If £ABC istheright
angle, then £ABD, of which £ABC is a part, would be greater than the right angle (90°) and ABD would be
an obtuse angle, not aright triangle. So, £ ABC isnot 90° and therefore 2 BCA must be aright angle. Since
AD isaline, ZACB + £ BCD = 180°. Solving for £BCD vyields £BCD = 180 — 90 = 90. Hence, ABCD is
also aright triangle, with right angle at C. Since there can be only oneright anglein atriangle, ZD isnot a
right angle. But, we are given that AABD isright angled, and from the figure £A equals 20°, which is not a
right angle. Hence, the remaining angle ZABD is right angled. Now, since the sum of the angles in a
triangleis 180°, in AABC, we have 20 + 90 + x = 180. Solving for x yields x= 70. The answer is (D).

18. Inthefigure, ABC isaright triangle. What isthe value of y ?

(A)
(B)
(©
(D)
B

20
30
50
70
90

In the given right triangle, AABC, £A is 20°. Hence, ZA is not the right angle in the triangle. Hence, either
of the other two angles, 2 C or £B, must be right angled.
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Now, £ BDA (= £ABC = y°, from the figure) is an exterior angle to ABCD and therefore equals the sum of
the remote interior angles £ C and £DBC. Clearly, the sumis larger than £C and thereforeif LCisaright
angle, ZBDA (= £ABC) must be larger than aright angle, so £ BDA, hence, ZABC must be obtuse. But a
triangle cannot accommodate a right angle and an obtuse angle simultaneously because the angle sum of
the triangle would be greater than 180°. So, £ C is not a right angle and therefore the other angle, B, isa
right angle. Hence, y° = 2B = 90°. The answer is (E).

19.

The following are the measures of the sides of five different triangles. Which one of them represents a
right triangle?

(A)  3,44,45
(B) 1,54

© 7,34

(D) 3,7,44
(E) 4,810

A right triangle must satisfy The Pythagorean Theorem: the square of the longest side of the triangle is
equal to the sum of the squares of the other two sides. Hence, we look for the answer-choice that satisfies
this theorem:

Choice (A): (JE)Z - (45)2 +(JZ)2. Reject.
Choice (B): 5° # 12 + 4% Reject.
Choice (C): 7% # 3 + 4% Reject.

Choice (D): (ﬁ)z = (@)2 +(\/Z)2. Correct.
Choice (E): 10° # 8+ 4% Reject.

The answer is (D).

20.

AABC is aright-angled isosceles triangle, and £ B is the right angle in the triangle. If AC measures
7+/2 , then which one of the followi ng would equal the lengths of AB and BC, respectively?

A 7,7

(B) 9,9

(C) 10,10

(D) 11,12

(E) 712

A

B C

In aright-angled isosceles triangle, the sides of the right angle are equal. Now, in the given right-angled
isosceles triangle AABC, 4B is given to be the right angle. Hence, the sides of the angle, AB andBC, are
equal. Applying The Pythagorean Theorem to the triangle yields

ABR? + BC? = AC?
2
BC? + BC? = (7&) since AB = BC

2(BCYP=7*x2
BC*=72
BC=7 by sguare rooting both sides

Hence, AB = BC = 7. The answer is (A).
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21. Inthefigure, if AB=8,BC=6, AC=10and CD =9, then AD =

(A) 12
(B) 13
© 15
(D) 17
(E) 24
A

8

10
B 6 C o D

The lengths of the three sides of AABC are AB = 8, BC = 6, AC = 10. The three sides satisfy The
Pythagorean Theorem: AC? = BC? + AB? (107 = 62 + 8?). Hence, triangle ABC is right angled and £ B, the
angle opposite the longest side AC (hypotenuse), is aright angle. Now, from the figure, this angle is part of
AADB, so AADB is aso right angled. Applying The Pythagorean Theorem to the triangle yields

AD? = AB? + BD?
= AB’ + (BC + CD)? from the figure, BD = BC + CD
=& +(6+9)7°

&+ 15°

289
=17

AD =17 by sguare rooting

The answer is (D).

22. Theaverage length of the sides of AABC is 12. What is the perimeter of AABC ?

(A) 4

(B) 6

© 12

(D) 24

(E) 36

A
60°

WAL

The perimeter of atriangle equals the sum of the lengths of the sides of the triangle.
The average length of the sides of the triangle equals 1/3 x (the sum of the lengths of the three sides).
Hence, the perimeter of atriangle equals three times the average length of the sides of the triangle.

Now, we are given that the average length of the triangle is 12. Hence, the perimeter of the triangle equals
3 x 12 = 36. The answer is (E).
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23.  Which one of the following is true regarding the triangle shown in figure?

(A) x>y>z
(B) x<y<z
(©) x=y=z

(D) 2x=3yl2=z
(BE) x2=2%/3=z2

112 2

YA 1 CY

From the figure, we have the following inequality between the sides of the triangle: BC (=2) > AB (=1 1/2)
> AC (= 1). In atriangle, the longer the side, the bigger the angle opposite it. Hence, we have the following
inequality between the angles of the triangle: ZA > £ C > £B. Replacing the angles in the inequality with
their respective vertical anglesin thefigureyields x>y >z The answer is (A).

24. Inthefigure, ABCD is arectangle, and the area of AACE is 10. What isthe area of the rectangle?

(A) 18
(B) 225
(C) 36
(D) 44
(E) 45
A
B
4
E
5
D C

The formula for the area of atriangle is 1/2 x base x height. Hence, the area of AACE (which is given to
equal 10) is 1/2 x CE x AB. Hence, we have

1/2 x CE x AB=10

1/2x5x AB=10 (from the figure, CE = 5)
AB=4
Now, the formula for the area of a rectangle is length x width. Hence, the area of the rectangle ABCD =
BC x AB
=(BE+ EC) x (AB) from the figure, BC = BE + EC
=(4+5 x4 from the figure, BE=4and EC =5
=9x4
=36

The answer is (C).
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25. Inthefigure, what isthe area of AABC ?

a) 2
(B) 42
© 1

1
(D) 7z
(E) 12

Equating vertical angles at point B in the figureyieldsy =zand ZA = 2z So, the triangle is isosceles (4B =
£C =y). Now, the angle sum of atriangleis 180°, so 2z + z+ z = 180. Solving for zyields z= 180/4 = 45.
Hence, we have 2z = 2 x 45 = 90. So, AABC is aright-angled isoscel es triangle with right angle at vertex A
and equal angles at £ B and £C (both equaling 45°). Since sides opposite equal angles in a triangle are

equal, sides AB and AC are equal and each is 1 unit (given that AB is 1 unit). Now, the area of the right
triangle ABCis1/2 x AB x AC = 1/2 x 1 x 1 = 1/2. The answer is (E).

26. In the figure, O is the center of the circle. Which one of the following must be true about the
perimeter of the triangle shown?

B
N
(A) Alwayslessthan 10
(B) Always greater than 40
(C) Always greater than 30

(D) Alwayslessthan 30
(B) Lessthan 40 and greater than 20

In AAOB, OAand OB are radii of the circle. Hence, both equal 10 (since OA = 10 in the figure).

Now, the perimeter of atriangle equals the sum of the lengths of the sides of the triangle. Hence, Perimeter
of AAOB=0OA+ OB +AB=10+ 10+ AB =20 + AB.

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



106 GMAT Math Bible WAy M (www. manfen. net)

In atriangle, the length of any side is less than the sum of the lengths of the other two sides and is greater
than their difference. So, AB islessthan AO + OB (= 10 + 10 = 20) and is greater than 10 — 10 = 0. So, we
have 0 < AB < 20. Adding 20 to each part of this inequality yields 20 < 20 + AB < 20 + 20, or 20 <
Perimeter < 40. Hence, the answer is (E).

27.  Which of the following must be true?

()  Theareaof triangle P.
(I)  Theareaof triangle Q.
(1)  Theareaof triangle R.

(A) I=11=1l
B) I<Ii<lIl
© 1>11=>1l
(D) l<i<ll
B  H>1>l
10 z
10 z
10 ‘ Y
10 y
P Q

R

In the figure, triangle P is equilateral, with each side measuring 10 units. So, as in any equilateral triangle,
the altitude (x here) is shorter than any of the other sides of the triangle. Hence, xis less than 10. Now,

| = Areaof Triangle P

1/2 x base x height

1/2 x 10 x X

= bxand thisislessthan 50, since x is less than 10

Triangle Q has both base and altitude measuring 10 units, and the area of the triangle is 1/2x base x height
= 1/2 x 10 x 10 = 50. So, |1 = 50. We have one more detail to pick up: y, being the hypotenuse in the right
trianglein figure Q, is greater than any other side of the triangle. Hence, yis greater than 10, the measure of
one leg of theright triangle.

Triangle R has both the base and the altitude measuring y units. Hence,
Il = area of thetriangle R
= 1/2 x base x height
=12xyxy
= (1/2)y?, and thisis greater than 1/2 x 10* (since y > 10), which equals 50

Summarizing, the three results | < 50, Il = 50, and |1l > 50 into a single inequality yields | < Il <IIl. The
answer is(B).
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28. Inthefigure, ABCD is a parallelogram. Which one of the following istrue?

(A) x<y
(B) x>q
(C©) x>p
D) y>p
(B) y>q

A y B
X
q

30°

31°
D p C

Since ABCD is a parallelogram, opposite sides are equal. So, x = g and y=p. Now, line BD is atransversal
cutting opposite sides AB and DC in the parallelogram. So, the alternate interior angles ~ABD and 2BDC
both equal 31°. Hence, in AABD, 2B (which equals 31°) is greater than £D (which equals 30°, from the
figure). Since the sides opposite greater angles in a triangle are greater, we have x >y. But,y = p (we
know). Hence, x> p, and the answer is (C).

29. Inthefigure, the areas of parallelograms EBFD and AECF are 3 and 2, respectively. What is the area
of rectangle ABCD ?

(A) 3

B) 4

© 5

(D) 443

B 7
A E B
D F C

The area of the rectangle ABCD islength x width = DC x AD.

The area of the parallelogram AECF isFC x AD (base x height). Also, the area of parallelogram EBFD is
DF x AD. Now, summing the areas of the two parallelograms AECF and EBFD yields
FC x AD + DF x AD = (FC + DF)(AD) = DC x AD = the area of the rectangle ABCD. Hence, the area of
rectangle ABCD equals the sum of areas of the two parallelograms, which is2 + 3 =5. The answer is (C).
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30. Inthefigure, the area of rectangle ABCD is 100. What is the area of the square EFGH ?

(A) 256
(B) 275
(C) 309
(D) 399
(B) 401
E 2X+5 F
A X+3 B
x
+
N
D C
H G

The area of the rectangle ABCD, length x width, is (x + 3)(x+ 2) = x¥* + 5x + 6 = 100 (given the area of the
rectangle ABCD equals 100). Now, subtracting 6 from both sides yields x* + 5x = 94.

The area of square EFGH is (2x + 5)? = 4x? + 20X + 25 = 4(X + 5X) + 25 = 4(94) + 25 = 401. The answer is
(B).

31. Inthefigure, the area of rectangle EFGH is 3 units greater than the area of rectangle ABCD. What is
thevalueof abif a+ b=8?

A) 9
B) 12
() 15
(D) 18
B 22
A ] B E X+ a F
X+
<
+ >
N +
o
D C
H G

The formula for the area of a rectangle is length x width. Hence, the area of rectangle ABCD is
(X + 6)(x + 2) = x?+ 8x + 12, and the area of the rectangle EFGH is (x + a)(x + b) =X + (a + b)x+ ab =
X + 8x + ab (given that a + b = 8). Now, we are given that the area of the rectangle EFGH is 3 units greater
than the area of the rectangle ABCD. Hence, we have

X +8x+ab=(x*+8x+12)+3
ab=12+3 (by canceling x? and 8x from both sides)
ab=15

The answer is (C).
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32. Inthefigure, the area of rectangle ABCD is45. What is the area of the square EFGH ?

(A) 20
(B) 40
(C) 50
(D) 65
(E) 70
A X+5 B E
X
|
(¢
D C
H

G

The formulafor the area of the rectangle is length x width. Hence, the area of rectangle ABCD is AB x AD =
(x+ 5)(x—5) = ¥ — 5% We are given that the area is 45, so X* — 5? = 45. Solving the equation for x° yields

X =45+ 25=70.

Now, the formula for the area of a square is side?. Hence, the area of square EFGH is EF? = x°. Now, as
shown earlier, X equals 70. The answer is (E).

33. Inthefigure, ABCD isaparallelogram, what is the value of b ?

(A)
(B)
©
(D)
B

46
48
72
84
96

48°

48°

From the figure, £A = 48 + 48 = 96. Since the sum of any two adjacent angles of a parallelogram equals
180°, we have £ A+ b =180 or 96 + b = 180. Solving for b yields b = 180 — 96 = 84. The answer is (D).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



110 GMAT Math Bible WAy M (www. manfen. net)

34. Inthefigure, ABand CD arethe diameters of the circle. What isthe value of x?

(A) 16°
(B) 18°
(C) 26°
(D) 32°
(E) 58

OA and OC are radii of the circle and therefore equal. Hence, the angles opposite the two sides in AAOC
areequal: £C = £A = 32° (from the figure). Now, summing the angles of the triangle to 180° yields
LA+ £C+ £AOC =180o0r 32 + 32 + LAOC = 180. Solving the equation for ZAOC, we have ZAOC =
180 - (32 +32) =180-64 = 114.

Since £BOD and £AQOC vertical angles, they are equal. Hence, we have ~BOD = £ AOC = 114.

Now, OD and OB are radii of the circle and therefore equal. Hence, the angles opposite the two sides in
ABOD areequa: 2B = 2D. Now, summing the angles of the triangle to 180° yields 2B+ 2D + £BOD =
180or D + 2D + £BOD =180 or 22D + 114 = 180. Solving the equation yields 2D = 32. Since 2D and
angle xX° are vertical angles, x also equals 32.

The answer is (D).
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35. Inthefigure a, b, ¢ d, gf, g, h,i, and| are chords of the circle. Which two chords are parallel to each

other?

(A) aandf
(B) bandg
(C©) candh
(D) dandi

(BE) eandj

Thefigureis not drawn to scale.

Two lines are parallel to each other when the angle swept between them is 180°. Use this property to
determine the answer:

Choice (A): Angle swept between lines a and f equals Angle between a and b + Angle between b and
¢ + Angle betweenc and d + Angle betweend and e + Angle betweeneandf =40+ 35+ 35+ 40+ 32 =
182 # 180. Hence, a and f are not parallel. Reject.

Choice (B): Angle swept between linesb and g equals Angle between b and ¢ + Angle between ¢ and
d + Angle betweend and e + Angle between e andf + Angle betweenfandg=35+35+40+ 32 + 36 =
178 # 180. Hence, b and g are not parallel. Regject.

Choice (C): Angle swept between linesc and h equals Angle between ¢ and d + Angle between d and
e + Angle betweene and f + Angle between f and g + Angle betweengandh =35+40+ 32+ 36 + 45 =
188 # 180. Hence, c and h are not parallel. Reject.

Choice (D): Angle swept between lines d and i equals Angle between d and e + Angle between e and
f + Angle between f and g + Angle between g and h + Angle betweenhandi =40+ 32+ 36 + 45+ 32 =
185 # 180. Hence, d and i are not parallel. Reject.

Choice (E): Angle swept between lines e and j equals Angle between e and f + Angle between f and
g + Angle between g and h + Angle between h andi + Angle betweeniandj =32+ 36+45+32+35=
180. Hence, eand j are parallel. Correct.

The answer is (E).
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36. A andB are centers of two circles that touch each other externally, as shown in the figure. What is the
area of the circle whose diameter is AB ?

(A) 4xm
(B) 25m/4
©) 9
(D) 16mn
(E) 25m

Since the two circles touch each other, the distance between their centers, AB, equals the sum of the radii of
the two circles, whichis2 + 3 = 5. Hence, the area of acircle with diameter AB (or radius = AB/2) is

7t x radius® =
(AB/2)? =
n(5/2)% =
25r/4

The answer is (B).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W4 M (www. manfen. net) Geometry 113

37. Inthefigure, which one of the following angles is the greatest?

(A) LA
(B) /B
) «C
(D) /D
(E) /CDB
A 3 0
4 5
D 6

Thefigureis not drawn to scale.

In AABD, AD =4, AB = 3, and BD = 2 (from the figure). Forming the inequality relation for the side
lengths yields AD > AB > BD. Since in atriangle, the angle opposite the longer side is greater, we have a
similar inequality for the angles opposite the corresponding sides: ZABD > ZBDA > ZA.

Similarly, in ABCD, DC =6, BC =5, and BD = 2. Forming the inequality for the side lengths yields
DC > BC >BD. Also the angles opposite the corresponding sides follow the relation
/DBC> /CDB> /C.

Now, summing the two known inequalities ZABD > ~BDA > £A and ~DBC > 2 CDB> £ C yields
/LABD +/DBC>/BDA+ /£CDB> £A+ £C; /B> /D > £A+ £C. From thisinequality, clearly 2B is
the greatest angle. Hence, the answer is (B).

38. Thesidelength of asquareinscribed inacircleis 2. What is the area of the circle?

A) =
(B) 2x
© 2n
(D) 2v2x
(E) =
1/\
diameter

The diagonal of a square inscribed in acircle is a diameter of the circle. The formula for the diagonal of a
square is 72 x side. Hence, the diameter of the circle inscribi ng the square of sidelength 2 is N2 x2=

21/5. Since radius = diameter/2, the radius of the circleis ¥ = x/E Hence, the area of the circleisxnt

radius® = n(ﬁ)z = 2mt. The answer is (C).
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39. Which of the following could be the four angles of a parallelogram?

()  50°,130°, 50°, 130°
(I  125°, 50°, 125°, 60°
(rry 60°, 110°, 60°, 110°
(A) lonly

(B) Il only

(C) Tlandllonly

(D) landlll only

(B) Iandlll

A quadrilateral is a parallelogram if it satisfies two conditions:

1) Theopposite anglesare equal.
2) Theangles sumto 360°.

Now, in (I), opposite angles are equal (one pair of opposite angles equals 50°, and the other pair of opposite
angles equals 130°). Also, al the angles sum to 360° (= 50° + 130° + 50° + 130° = 360°). Hence, (1) istrue.

In (1), not all opposite angles are equal (50° # 60°). Hence, (11) is not a parallelogram.

In (111), the angle sum is not equal to 360° (60° + 110° + 60° + 110° = 340° = 360°). Hence, (I11) does not
represent a quadrilateral.

Hence, only (I) istrue, and the answer is (A).

40. Inthefigure, if line CE bisects ZACB, then x =

(A) 45
(B) 50
(C) 55
(D) 65
(E) 70
A
40°
D
E
XO
B C

Summing the angles of AABC to 180° yields
LA+ /B+£C =180

40+90+ £C =180 by substituting known values
£C =180-(40 + 90) =50
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We are given that CE bisects ZACB. Hence, ZECB = ZACE = one half of the full angle ZACB, which
equals 1/2 - 50 = 25. Now, summing the angles of AECB to 180° yields

/BEC+ LECB+ 2CBE =180
X+25+90=180
Xx=180-25-90=65

The answer is (D).

41. Inthefigure, LP =

(A) 15°
(B) 30°
(C) 35°
(D) 40°
(E) 50°

Since the angle in aline is 180°, we have ZPAD + £ DAB = 180, or £PAD + 105 = 180 (from the figure,
£DAB = 105°). Solving for £PAD yields £PAD = 75.

Since the anglein alineis 180°, we have ZADP + £ ADC = 180, or ZADP + 115 = 180 (from the figure,
£ADC = 115°). Solving for £ADP yields £ADP = 65.

Now, summing the angles of the triangle PAD to 180° yields
/P + /PAD + £ADP = 180
/P +75+65=180
/LP=40

The answer is (D).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html

115



116 GMAT Math Bible WAy M (www. manfen. net)

42. The length of arectangular banner is 3 feet 2 inches, and the width is 2 feet 4 inches. Which one of
the following equals the area of the banner?

(A) 5. feet
(B) 51/2sq. feet
(C) 613sq. feet
(D) 7sq. feet

(E) 77/18q. feet

First, let’s convert all the measurements to feet. There are 12 inches in afoot, so 2 inches equals 2/12 = 1/6
feet, and 4 inches equals 4/12 = 1/3 feet.

Hence, 3 feet 2 inches equals 3 1/6 feet, and 2 feet 4 inches equals 2 1/3 feet.

Now, the area of arectangleislength x width. Hence,
Area=31/6x 21/3=19/6 x 7/3=133/18=7 7/18

The answer is (E).
> Hard

43. Inthefigure, linesl and k are parallel. Which one of the following must be true?

(A) a<b
(B) a<b
(© a=b
(D) a=b
(E) a>b
< >
(b +30)° I
@)
k
< >
Draw line m passing through O and parallel to both linel and line k.
< >
(b +30)° I
O m
< a° >
XO
be k
< >

Now, observe that angle xis only part of angle a, and x = b since they are alternate interior angles. Since x
isonly part of anglea, a > xand a> b. The answer is (E).
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44. Inthefigure, linesl and k are paralél. If ais an acute angle, then which one of the following must be

true?
(A) b>10
(B) b>15
(C) b<20
(D) b<30
(E) b>45

h (b + 30)° g

(OPEN
b° k
« >

Draw aline paralel to both of the lines| and kand passing through O.

< >
(b +30)° I
o) p°
« T m’
b° k
< >

We are given that a is an acute angle. Hence, a < 90. Since angles p and b + 30 are alternate interior angles,
they are equal. Hence, p = b + 30. Similarly, angles g and b are alternate interior angles. Hence, q = b.
Since angle aisthe sum of itssub-anglespand g, a=p + q= (b + 30) + b = 2b + 30. Solving this equation
for b yields b = (a — 30)/2 = a/2 — 15. Now, dividing both sides of the inequality a < 90 by 2 yields
a/2 < 45. Also, subtracting 15 from both sides of the inequality yields a/2 — 15 < 30. Since a/2 - 15 =b, we
have b < 30. The answer is (D).

45. Thediagonal length of asquareis 14.1 sg. units. What is the area of the square, rounded to the nearest
integer? (\/E isapproximately 1.41.)

(A) 9
(B) 97
(C) 98
(D) 99
(E) 100

If aisthe length of a side of the square, then a diagona divides the square into two congruent (equal) right
triangles. Applying The Pythagorean Theorem to either triangle yields diagonal® = side? + side? = a + &’ =
2a’. Taking the square root of both sides of this equation yields diagonal = aV2. Weare given that the

2 2
diagonal length is 14.1. Hence, a2 =14.10r a= E Now, thearea, &2 equals (&) _1al”

\2 V2 (45)2

2
14'21 = &281 = 99.4. The number 99.4 is nearest to 99. Hence, the answer is (D).
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Note: If you had approximated 141 with 10, you would have mistakenly gotten 100 and would have

V2

answered (E). Approximation is the culprit. Prefer doing it in the last.

46. In the figure, ABC and ADC are right triangles. Which of the following could be the lengths of AD
and DC, respectively?

() +3and+4
(1) 4and6

(1) land /24
(IV) 1and /26
(A) landll only
(B) Il andlll only

(©) Illand 1V only
(D) IVandlonly

(B) I, 1landlll only
A
4
B D
3
C

Figure not drawn to scale

From the figure, we have that 2B is aright anglein AABC. Applying The Pythagorean Theorem to the
triangle yields AC? = AB? + BC? = 42 + 3% = 25, Hence, AC = +/25 =5.

Now, we are given that AADC is a right-angled triangle. But, we are not given which one of the three
angles of the triangle is right-angled. We have two possibilities: either the common side of the two
triangles, AC, is the hypotenuse of the triangle, or it is not.
In the case AC is the hypotenuse of the triangle, we have by The Pythagorean Theorem,

AC?= AD? + DC?

5% = AD? + DC?

2
This equation is satisfied by 111 since 5 :12+(@) . Hence, 111 is possible.

In the case AC is not the hypotenuse of the triangle and, say, DC is the hypotenuse, then by applying The
Pythagorean Theorem to the triangle, we have

AD? + AC? = DC?
AD? + 52 = DC?
2
This equation is satisfied by IV: 52 +12 = (1/26) .

Hence, we conclude that 111 and |V are possible. The two are available in choice (C). Hence, the answer is

().
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47. Inthefigure, what isthe value of x ?

(A) 15
(B) 30
(C) 45
(D) 60
(E) 75

Let's start evaluating the unknown angles of the triangles in the figure from left most located triangle
through the right most located triangle. Then the value of x can be derived by summing the angles of right
most located triangle to 180°. Thisis done as follows:
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In the first triangle from the left: AABC, we have from the figure that 2B = x° and ZA = x° (vertical angles
are egual). Summing the angles of the triangle to 180° yields x + x + £C = 180. Solving the equation for
£Cyields £C =180 - 2x.

In the second triangle from the left: ACED, we have from the figure that £D = x° (vertical angles are
equal), and we have £C [in ACED] = 2C in AACB (They are vertical angles) = 180 — 2x (Known result).
Now, summing the angles of the triangle to 180° yields (180 — 2x) + x + £ E = 180. Solving the equation for
LEyields LE=x.

In the third triangle from the left: AGFE, we have from the figure that £ G = x° (vertical angles are equal)
and £E [in AGFE] = £LE in ACED (Vertical angles are equal) = x° (Known result). Now, we aso have
£ F =90° (From the figure). Now, summing the three angles of the triangle to 180° yields x + x + 90 = 180.
Solving for x yields 2x = 90 or x = 45. Hence, the answer is (C).

48. Inthefigure, what isthe value of x ?

(A) 10°
(B) 30°
(C) 45°
(D) 60°
(E) 75°

Let’s name the vertices of the figure as shown
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In AABC, al the sides are equal (each equals 5). Hence, the triangle is equilateral, and ZA=/B=2C =
60°.

Also, AEFG is a right-angled isosceles triangle (since EG = FG = 5), and The Pythagorean Theorem is
2

satisfied (EG? + FG? = 5 + 52 = 50 = EF? = (5\/5) .Hence, LE = £F = 45° (Angles opposite equal sides

of an isoscelesright triangle measure 45° each).

Now, in ACED, we have:

/LD =x° vertical angles, from the figure
£LC=/2CinAABC vertical angles, from the figure
=60° we know
LEInACED = LE in AEFG vertical angles
=45° we know

Now, summing these three angles of ACED to 180° yields 60 + 45 + x = 180. Solving this equation for x
yields x=75. The answer is (E).
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49. If ABCD isasqguare and the area of AAFGis 10, then what is the area of AAEC ?

(A) 5
10
(B) 2
10
© 7
(D) 10
(E) 20
A B
F
4
G
D E 2 ¢

The formula for the area of atriangle is 1/2 x base x height. By the formula, the area of AAFG (which is
givento be 10) is /2 x FG x AB. Hence, we have

1/2x4x AB=10 given that the area of AAFG =10
AB=5

Also, by the same formula, the area of AAEC is

1/2 x EC x DA

=1/2 x2 x DA from the figure, EC = 2 units

=1/2x2 x AB ABCD isasqguare. Hence, side DA = side AB
=1/2x2x5

=5

The answer is (A).
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50. Inthefigure, ABCD is arectangle, and F and E are points on AB and BC, respectively. The area of
ADFBis9 and the area of ABED is24. What is the perimeter of the rectangle?

(A) 18
(B) 23
(©) 30
(D) 42
(E) 48
A F 2 B
4
E
D c

The formula for the area of atriangle is 1/2 x base x height. Hence, the area of ADFB is1/2 x FB x AD.
We are given that the area of ADFB is 9. Hence, we have

1/2xFBx AD=9
1/2x2xAD=9
AD=9

Similarly, the area of ABED is 1/2 x BE x DC, and we are given that the area of the triangle is 24. Hence,
we have

1/2xBEx DC=24
12x4x DC=24 from the figure, BE = 4
DC=12
Now, the formulafor the perimeter of arectangleis
2 x (the sum of the lengths of any two adjacent sides of the rectangle)

Hence, the perimeter of the rectangle ABCD = 2(AD + DC) = 2(9 + 12) = 2 x 21 = 42. The answer is (D).
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51. In the figure, ABCD is a rectangle. The area of quadrilateral EBFD is one-half the area of the
rectangle ABCD. Which one of the following is the value of AD ?

(A) 5
(B) 6
<© 7
(D) 12
(E) 15
A B
4
F
D C

From the figure, it is clear that the area of quadrilateral EBFD equals the sum of the areas of the triangles
AEBD and ADBF. Hence, the area of the quadrilateral EBFD

= areaof AEBD + area of ADBF

=1/2xED x AB+ 1/2 x BF x DC area of atriangle equals 1/2 x base x height
=12x3xAB+1/2x4xDC from thefigure, ED = 3and BF =4

= (3/2)AB + 2DC

= (3/2)AB + 2AB opposite sides AB and DC must be equal

= (7/2)AB

Now, the formula for the area of a rectangle islength x width. Hence, the area of the rectangle ABCD
equals AD x AB. Since we are given that the area of quadrilateral EBFD is half the area of the rectangle
ABCD, we have

L(apxn8)=1 A8
2 2

AD x AB = 7AB

AD=7 (by canceling AB from both sides)

The answer is (C).
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52. Inthefigure, ABCD is arectangle, and the area of quadrilateral AFCE is equal to the area of AABC.
What isthe value of x ?

(A) 5
B) 6
<c 7
D) 12
(E) 15
A x E B
4
D 5 F 3 C

The formula for the area of atriangle is 1/2 x base x height. Hence, the areas of triangles AEC, ACF, and
ABC are

The area of AAEC = (1/2)(X(BC) = (1/2)(x)(4) = 2x
The area of AACF = (1/2)(3)(AD)

= (1/2)(3)(BC) AD = BC, since opposite sides arectangle are equal
=(3/2BC=(3/2)(4) =6

The area of AABC = (1/2)(AB)(AD)

= (1/2)(CD)(BC) AB = CD and AD = BC since opposite sidesin a
rectangle are equal

= (1/2)(DF + FC)(BC)

=(1/2)(5+ 3)(4)

= (116/2)(8)(4)

Now, the area of the quadrilateral AECF equals (the area of AAEC) + (the area of AACF) = 2x + 6, and the

area of AABC = 16. Since we are given that the area of the triangle ABC equals the area of the quadrilateral
AFCE, 2x + 6 = 16. Solving for xin this equation yields x = 5. The answer is (A).
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53. In the figure, ABCD is a rectangle. Points E and F cut the sides BC and CD of the rectangle
respectively such that EC = 3, FC = 4, and AD = 12, and the areas of the crossed and the shaded
regions in the figure are equal. Which one of the following equals the perimeter of rectangle ABCD ?

(A) 42
(B) 50
(C) 56
(D) 64
(E) 72

A B

X
12 X X
X X
XX .
% X ;
X X
X X X
D F 4 c

The formula for the area of atriangle is 1/2 x base x height. Hence, the area of AAFC (the crossed region)
equals 1/2x FC x AD, and the area of AAEC (the shaded region) equals 1/2 x EC x AB. We are given that
the two areas are equal. Hence, we have the equation

1/2xEC x AB=1/2x FC x AD

1/2x3xAB=1/2x4x 12 from thefigure, EC = 3, FC = 4, and AD =12

(3/2AB=24

AB = (2/3)(24) = 16

Now, the perimeter of a rectangle is two times the sum of the lengths of any two adjacent sides of the
rectangle. Hence, the perimeter of ABCD is 2(AB + AD) = 2(16 + 12) = 56. The answer is (C).
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54. What isthe perimeter of AABC shown in the figure?

(A) 2+ 42
(B) 4+ 242
() 8

(D) 4+ 442
(E) 4+ 43

Equating the vertical angles at points A and C in the figure yields £A = 2z and y = z. Summing the angles
of thetriangle to 180° yields

LA+ /B+ £C =180

2z+y+2z=180 we know that ZA=2z, /B=y,and £C =z
2z+2z+2z=180 we know that y=2z

4z=180

z=180/4=45

S0, LZA=22=2(45) =90, £LB=y=z=45and £ C =z=45. Hence, AABC is aright triangle. Also, since
angles £C and 4B are equal (equal to 45), the sides opposite these two angles, AB and AC, must be equal.
Since AC equals 2 (from the figure), AB also equals 2. Now, applying The Pythagorean Theorem to the

triangleyields
BC?= AB*+ AC?
=22+ 22 giventhat AB=AC=2
=4+4
=8
BC= 242 square rooting both sides

Now, the perimeter of AABC = AB+ BC + CA=2+ 24/2 + 2=4+ 24/2. The answer is (B).
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55. Inthefigure, what isthe value of x?

(A) 90
(B) 95
(C) 100
(D) 105
(E) 115

Now, in AABC, AB =3, BC = 4, and AC = 5. Hence, AC? equals 5° = 25, and AB? + BC? equals
3+ 42=9+ 16 = 25. Hence, AC? = 25 = AB? + BC? From this, it is clear that the triangle satisfies The
Pythagorean Theorem. Hence, by the theorem, ABC must be a right triangle, AC the longest side the
hypotenuse, and the angle opposite the side, 2B must be the right angle. Hence, ZB = 90°.

Now, in AEGH, from the figure, we have each side (EG, GH, and EH) of the triangle measures 1 unit.
Hence, all the sides of the triangle are equal, and the triangle is equilateral. Since in any equilateral triangle,
each angle measures 60°, we have ZE = 60°.

Now, from the figure, we have

/Binthequadrilateral = 2B in AABC vertical angles are equal
=90° known result

Also, we have

£E inthequadrilateral = ZE in AEGH vertical angles are equal
=60°

Now, summing the angles of the quadrilateral to 360° yields 2B+ LE + 2D + £F = 360°. Hence, we have
90 + 60 + x+ x = 360. Solving for xyields 2x = 210 or x = 210/2 = 105. The answer is (D).
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56. Inthefigure, ABCD isarectangle. Points P, Q, R, S and T cut side AB of the rectangle such that AP =
3,PQ=QR=RS=ST =1 Eisapoint on AD such that AE = 3. Which one of the following line
segmentsis parallel to the diagonal BD of the rectangle?

(A) EP
(B) EQ
(©) ER
(D) ES
(E) ET
15
< >
A 3 pP1Q1R1S 1 T B
A
3
9 E
v
D C

Thefigureis not drawn to scale.

Let X represent the point on AB that makesEX parallel to the diagonal BD. Then AAXE and AABD must be
similar because

LEAX=~DAB common angles
LAEX=/ADB corresponding angles are equal

Hence, the sets of corresponding angles are equal and the triangles are similar.

Hence, the corresponding sides of the triangles must be in the same ratio. This yields the following
equations.

AE/AD = AX/AB
3/9 = AX/15
AX=15x3/9=15x1/3=5

Hence, the point X is 5 units away from the point A on the side AB. Now,
AP = 3 AX which equals 5.
AQ=AP + PQ =3+ 1=4=%AX, which equals5.
AR=AP+PQ+QR=3+1+1=5=AX, which equals5.

Hence, point R coincides with point X and therefore just like EX, ER must be parallel to BD. Hence, the
answer is (C).
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57. Inthe, figure A, B and C are points on the circle. What isthe value of x ?

(A) 45
(B) 55
(C) 60
(D) 65
(E) 70

OA and OB are radii of the circle. Hence, angles opposite them in AAOB are equal: ZOAB = £ABO.
Summing the angles of AAOBto 180° yields ZOAB + LABO + £AOB = 180 or 2£ABO + 75° = 180 [since
£ OAB = £ OBA), LOBA = (180 —75)/2 = 105/2].
Similarly, OB equals OC (radii of acircle are equal) and angles opposite them in ABOC are equal: £LOBC =
£ BCO. Summing angles of the triangle to 180° yields ~OBC + ~BCO + 35 =180 0r 220BC + 35 =180
[since LOBC = £BCO; £OBC = (180 — 35)/2 = 145/2].
Now, since an angle made by alineis 180°, we have

x+ £LABO + LOBC =180

X+ 105/2 + 145/2 = 180

X +250/2 =180

x+125=180

x=180-125=55

The answer is (B).
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58. Inthefigure, ABCD and PQRSare two rectangles inscribed in the circle as shown and AB =4, AD =
3, and QR = 4. What isthevalue of | ?

(A) 32
(B) 83
© 3
(D) 4
B 5

P

{O

a/

S e

PQRS s arectangle inscribed in the circle. Hence, diagonal PR must pass through the center of the circle.
So, PRisadiameter of thecircle.

Similarly, BD is a diagonal of rectangle ABCD, which is also inscribed in the same circle. Hence, the two
diagonals must be diameters and equal. So, we have PR = BD.

Now, in thefigure, let’ s join the opposite verticesB and D of the rectangle ABCD:

P Q

A/ B

N N

S R

Applying The Pythagorean Theorem to the right triangle ABD yields BD* = AB* + AD* =42+ 32 =16+ 9=
25. By square rooting, we get BD = 25 = 5. Hence, PRalso equals 5. Since, from the figure, | equals PR,
| equals 5. The answer is (E).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



132 GMAT Math Bible WAy M (www. manfen. net)

59. In the figure, ABCD and PQRS are rectangles inscribed in the circle shown in the figure. If AB =5,
AD = 3, and QR =4, then what isthevalue of | ?

(A) 3
(B) 4
(© 5
(D) 415
B A2
P | Q
A / \ B
5
3 4
D C
N N

PQRS is a rectangle inscribed in the circle. Hence, its diagonal PR must pass through the center of the
circle. So, PRis adiameter of the circle.

Similarly, AC is adiagonal of the rectangle ABCD, which is also inscribed in the same circle. Hence, AC
must also be a diameter of the circle. Since the diameters of acircle are equal, PR = AC.

Applying The Pythagorean Theorem to AABC yields AC? = AB? + BC? = 5? + 32 = 25 + 9 = 34. Hence, PR
also equals 34. Now, applying The Pythagorean Theorem to APQRYyields

PQ? + QR? = PR?
1>+42=34
12+ 16 = 34
12=18

| = 418

= 32

The answer is (E)
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60. Inthefigure, ABCD isarectangle inscribed in the circle shown. What is the length of the arc DC ?

(A) /4
(B) 2n/3
(© w2
(D) 3m/4
(E) 4n/3

A B

4
2
D C

In thefigure, BD isadiagonal of the rectangle inscribed in the circle. Hence, BD is a diameter of the circle.
So, the midpoint of the diagonal must be the center of the circle, and the radius must equal half the length
of the diameter: BD/2 = 4/2 = 2. Now, joining the center of the circle, say, O to the point C yields the
following figure:

A B

Now, in ADOC since OD and OC are radii of the circle, both equal 2. So, OD = OC = 2. Since DC also
equals 2 (in figure given), OD =OC = DC = 2 (al three sides are equal). Hence, the triangle is equilateral
and each angle must equal 60°, including 2DOC. Now, the circumference of the given circle equals
21t x radius = 2m(2) = 4rt. The fraction of the complete angle that the arc DC makes in the circle is
60°/360° = 1/6. The arc length would also be the same fraction of the circumference of the circle. Hence,
the arc length equals 1/6 x 4w = 2n/3. The answer is (B).
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61. Which one of the following relationsis true regarding the angles of the quadrilateral shown in figure?

(A)
(B)
(©
(D)
B

A

Thefigureis not drawn to scale.

/A=/C
/B> /D
/A< /C
/B=/D
/A=/B

Joining the opposite vertices B and D on the quadrilateral yields the following figure:

A

B

C

Since the angle opposite the longer side in atriangle is greater, we have

AD (= 4) > AB(= 3) (from the figure). Hence, LABD > £/ BDA and

CD (= 6) > BC(=5) (from the figure). Hence, ~ DBC > 2 CDB.

Adding the two known inequalities ZABD > 2~ BDA and ~DBC > ~CDB yields

/ABD + ~DBC > /ZBDA+ 2CDB

/B>/D

Hence, the answer is (B).

Since from the figure, £ ABD + ~DBC equals £ ABC (= £B) and
/BDA + £ CDB equals £ CDA (= £D)
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62. Inatriangle with sides of lengths 3, 4, and 5, the smallest angleis 36.87°. In the figure, O is the center
of the circle of radius 5. A and B are two points on the circle, and the distance between the pointsis 6.
What isthe value of x ?

(A) 3687
(B) 45

(C) 5313
(D) 116.86
(E) 126.86

A

We are given that the smallest angle of any triangle of side lengths 3, 4, and 5 is 36.87°. The smallest angle
is the angle opposite the smallest side, which measures 3.

Now, in AAOB, OA = OB = radius of the circle = 5 (given). Hence, the angles opposite the two sidesin the
triangle are equal and therefore the triangle is isosceles. Just as in any isosceles triangle, the atitude on the
third side AB must divide the side equally. Say, the altitude cuts AB at J. Then we have AJ = JB, and both
equal AB/2=3.

A

Since the altitude is a perpendicular, applying The Pythagorean Theorem to AAOJ yields AJ? + JO? = OA?;
3% +J0?=5% J0? =52 - 3F = (25-9) = 16 = 42 Square rooting both sides yields JO = 4. Hence, in AAQJ,
AJ = 3, JO =4, and AO = 5. Hence, the smallest angle, the angle opposite the smallest side, ZAOJ equals
36.87°. Summing the angles of AAOJ to 180° yields x + £AJO + £JOA = 180; x + 90 + 36.87 = 180.
Solving this equation yields x = 180 — (90 + 36.87) = 180 — 126.87 = 53.13. The answer is (C).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



136 GMAT Math Bible WAy M (www. manfen. net)

63. Inthe figure shown, ABCDEF isaregular hexagon and AOF is an equilateral triangle. The perimeter
of AAOF is 2a feet. What is the perimeter of the hexagon in feet?

(A) 2a
(B) 3a
(©) 4a
(D) 6a
(B) 12a
A B
F C
O
E D

We are given that AOF is an equilateral triangle. In an equilateral triangle, all three sides are equal and
therefore the perimeter of the triangle equals (number of sides) x (side length) = 3AF (where AF is one side
of the equilateral triangle). Now, we are given that the perimeter of AAOF is 2a. Hence, 3AF = 2a, or
AF = 2a/3.

We are given that ABCDEF is aregular hexagon. In aregular hexagon, all six sides are equal and therefore
the perimeter of the hexagon equals (number of sides) x (side length) = 6AF (where AF is also one side of
the hexagon). Substituting AF = 2a/3 into thisformulayields

6AF = 6(2a/3) = 4a

The answer is (C).
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64. Point Ais 10 miles West of Point B. Point B is 30 miles North of Point C. Point C is 20 miles East of
Point D. What is the distance between points Aand D ?

(A) 10410 miles
(B) 10420 miles
(C) 20410 miles
(D) 30410 miles
(E) 30420 miles
Plotting the given points A, B, C, and D on a map according to given information yields the following
figure:
] N
A 10 miles B A
/i
/o
K W < » E
' | 30 miles
/
P
/ I
y I v
4 1
J 1 S
D E -
20 miles

Let’s drop a perpendicular from Ato DC and name it AE. Also, let’sjoin points A and D. Now, since AE is
perpendicular to DC, ABCE is arectangle. Hence, opposite sides AB and EC are equal; and opposite sides
AE and BC are equal and since AB equals 10 miles, EC equals 10 miles. Similarly, opposite sides AE and
BC both equal 30 miles. Now, DE =DC —EC = 20 — 10 = 10 miles (from the figure). Applying The
Pythagorean Theorem to the triangle AED yields
AD? = AE? + DE?
=307 + 10?
=900 + 100

= 1000

Hence, AD = 4/1000 =104/10.. The answer is (A).
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65. Water is poured into an empty cylindrical tank at a constant rate. In 10 minutes, the height of the
water increased by 7 feet. The radius of the tank is 10 feet. What is the rate at which the water is
poured?

(A) 11/8 ;t cubic feet per minute.
(B) 11/3x cubic feet per minute.
(C)  7/60 7 cubic feet per minute.
(D) 11 cubic feet per minute.
(E)  70m cubic feet per minute.

The formulafor the volume of acylindrical tank is (Area of the base) x height. Since the baseis circular (in
acylinder), the Area of the base = r(radius)?. Also, Therate of filling the tank equals

The volumefilled + Time taken =

(Area of the base x height) + Time taken =
[ (radius)® x height] + Time taken =
7t(10 feet)? x 7 feet + 10 minutes =

70rt cubic feet per minute
The answer is (E).

66. Thelength of arectangle isincreased by 25%. By what percentage should the width be decreased so
that the area of the rectangle remains unchanged?

(A) 20
(B) 25
(C) 30
(D) 3333
(E) 50

Let | and w be the initial length and width of the rectangle, respectively. Then by the formula
Area of Rectangle = Length x Width, the area of the rectangle = w.

When the length is increased by 25%, the new length isl(1 + 25/100). Now, let x% be the percentage by
which the width of the new rectangle is decreased so that the area is unchanged. Then the new width should
equal w(1 — x/100). The area now is (1 + 25/100) x w(1 — x/100), which equals Iw (area remained
unchanged).

Thus, we have the equation
I(1+ 25/100) x w(1—x/100) = lw

(1 +25/100) x (1 —x/100) = 1 canceling | and w from both sides
(125/100)(1 —x/100) = 1

(1-x100) = 100/125

—x/100 = 100/125—1

—x/100 = 100/125 — 125/125

—x/100 = —25/125

x=100x 25/125=100x 1/5=20
The answer is (A).
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67. Inthefigure, if AB = 10, what is the length of the side CD ?

(A) 5

(B) 51\06
© 5
(D) 10
(E) 1043

Applying The Pythagorean Theorem to the right triangle ABC yields
BC?+ AC? = AB?
5%+ AC? = 10? given that AB = 10 and BC = 5 (from the figure)
AC?=10°-5=100-25=75

Square rooting yields AC = N75=4/25-3=1/25x4/3 = 53.

Hence, the sides opposite angles measuring X° (A in AABC) and 90° — x° (B in AABC) are in the ratio

5: 5\/521:@.

Similarly, in AECD, the ratio of the sides opposite the angles E (measuring x°) and D (measuring 90° — xX°)
must alsobe 1: +/3.

Hence, we have
CD/IEC=1:4/3
CDI(5+5)=1: /3

CD:E

V3

The answer is (C).
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68 Inthefigure, what isthe area of AABC if EC/CD = 37

(A) 12
(B) 24
(C) 81
(D) 1215
(E) 143

In right triangle EDC, £C isright angled, 2D measures x°, and angle ZE measures 180° — (90° + x°) =
90° —x°.

In right triangle ABC, 2C is right-angled, Z B measures x°, and angle £ A equals 180° — (90° + x°) =
90° —x°.

Since corresponding angles in the two triangles are equal, both are similar triangles and the corresponding
angle sides must be same. Hence, we have

AC/BC = EC/CD
AC/9=3
AC=3-9=27
Now, the area of AABC = 1/2 - base- height =1/2- AC- BC=1/2-27-9=1215.

The answer is (D).
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69. AB and CD are chords of the circle, and E and F are the midpoints of the chords, respectively. The
line EF passes through the center O of the circle. If EF = 17, then what is radius of the circle?

(A) 10
(B) 12
(C) 13
(D) 15
(E) 25

3

12

a

D

If aline joining the midpoints of two chords of a circle passes through the center of the circle, then it cuts
both chords perpendicularly.

Let x be the length of the line segment from center of the circle to chord AB (at E). Since the length of EF is
17, 0F =17 —x.

Now, let r be the radius of the circle. Applying The Pythagorean Theorem to the right triangle AEO yields

AE? + EO? = AO?
B +x=r? N

Also, applying The Pythagorean Theorem to ACFO yields

CF? + OF? = OC?
122+ (17 =X =r2 2

Equating the left-hand sides of equations (1) and (2), since their right-hand sides are the same, yields

X +52=122+ (17 —X)?

X+ 52=122+ 172 + x> — 34x
HMx =122+ 17>—-52

34x =144 + 289 - 25
34x = 408

X = 408/34

x=12
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Now, substituting this value of x in equation (1) yields
5% +122=r?
25+ 144 =r?
r= 4169 =13

Hence, theradiusis 13, and the answer is (C).

70. A circular park is enlarged uniformly such that it now occupies 21% more land. Which one of the
following equals the percentage increase in the radius of the park due to the enlargement?

(A) 5%

(B) 10%
(©) 11%
(D) 21%
(E) 42%

Let theinitial radius of the park ber, and let the radius after the enlargement be R. (Since the enlargement
is uniform, the shape of the enlarged park is still circular.) By the formulafor the area of acircle, the initial
area of the park istr?, and the area after expansion istRe. Since the land occupied by the park is now 21%
greater (given that the new areais 21% more), the new areais (1 + 21/100)xr? = 1.21mr? and we have the

equation
7R = 1.21nr2
R=1.21r? by canceling 7 from both sides
R=21.1r by taking the square root of both sides

Now, the percentage increase in theradiusis

Final radius — Initial radius
Initial radius

1.1r-r 100 =

100=

0.1r 100 =
r

10

10%
The answer is (B).
71. A closed rectangular tank contains a certain amount of water. When the tank is placed on its 3 ft by 4

ft side, the height of the water in the tank is 5 ft. When the tank is placed on another side of
dimensions 4 ft by 5 ft, what is the height, in feet, of the surface of the water above the ground?

(A) 2
(B) 3
© 4
(©) 5
B 6

When based on the 3 ft - 4 ft side, the height of water inside the rectangular tank is 5 ft. Hence, the volume
of the water inside tank islength x width x height =3 - 4 - 5 cu. ft.

When based on 4 ft - 5 ft side, |et the height of water inside the rectangular tank be h ft. Then the volume of
the water inside tank would be length x width x height =4 - 5- hcu. ft.

Equating the results for the volume of water, we have 3 - 4- 5=v =4 -5 - h. Solving for h yields
h=(3-4-5)/(4-5)=3ft.

The answer is (B).
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72. Inthefigure, A and B are centers of two circles touching each other. The ratio of the radii of the two
circlesis 2 : 3, respectively. The two circles also touch abigger circle of radius 9 internally as shown.

If OB = 6, then AB =
(A) 103

(B) 13/3

(€ 5

(D) 132

(E) 152

From the given ratio, let the radii of the circle with center A and the circle with center B be 2a and 3a,
respectively.

Since the circle with center O (the bigger circle) and the circle with center B (the smaller circle) touch each
other internally, the distance between their centers equals the difference between the radii of the two
circles. Hence, OB equals

(Radius of bigger circle) —3a

9-3a=6

3a=9-6=3

a=33=1

Since the two smaller circles touch each other externally, the distance between the centers of the two, AB,
equals the sum of the radii of the two: 2a + 3a = 5a = 5(1) = 5. The answer is (C).
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73. Inthefigure, AABC isinscribed in the circle. The triangle does not contain the center of the circle O.
Which one of the following could be the value of xin degrees?

(A) 35
(B) 70
(©) 85
(D) 9
(E) 105
A
XO
C B

A chord makes an acute angle on the circle to the side containing the center of the circle and makes an
obtuse angle to the other side. In the figure, BC is a chord and does not have a center to the side of point A.
Hence, BC makes an obtuse angle at point A on the circle. Hence, £A, which equals x°, is obtuse and
therefore is greater than 90°. Since 105 is the only obtuse angle offered, the answer is (E).
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74. Inthe figure, ABCD is a square, and BC is tangent to the circle with radius 3. P is the point of
intersection of the line OC and the circle. If PC = 2, then what is the area of square ABCD ?

(A) 9
(B) 13
(C) 16
(D) 18
(E) 25
A B o
2
D

C

In the figure, since OB and OP are radii of the circle, both equal 3 units. Also, the length of line segment
OCisOP + PC =3+ 2 = 5. Now, since BC is tangent to the circle, ZOBC = 90. Hence, triangle OBC isa
right triangle. Applying The Pythagorean Theorem yields

BC?+ BO*= 0OC?

BC*+32=52

BC?=52-3°

BC?*=25-9

BC*=16

BC=4
By the formula for the area of a square, the area of square ABCD is side? = BC? = 42 = 16. The answer is

©).
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75. Inthefigure, ABCD isasquare and BCP is an equilateral triangle. What is the measure of x ?

(A) 75
(B) 15
© 30
(D) 45
(E) 60
A B
X° P
yO
D C

Through point P, draw a line QP parallel to the side AB of the square. Since QP cuts the figure
symmetrically, it bisects ZBPC. Hence, ZQPC = (Angle in equilateral triangle)/2 = 60°/2 = 30°. Now,
£LQPD = £CDP (aternate interior angles are equal) = y° (given). Since sides in a square are equal, BC =
CD; and since sides in an equilateral triangle are equal, PC = BC. Hence, we have CD = PC (= BC). Since
angles opposite equal sides in atriangle are equal, in ACDP we have that 2~ DPC equals £CDP, which
equalsy’. Now, from the figure, £QPD + 2DPC = £QPC which equals 30° (we know from earlier work).
Hence, y° +y° = 30°, or y= 30/2 = 15. Similarly, by symmetry across the line QP, £ZAPQ = £QPD = 15°.
Hence, x= £ZAPD = ZAPQ + £QPD = 15° + 15° = 30°. The answer is (C).

A B
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76. Inthefigure, ABCD and BECD are two parallelograms. If the area of parallelogram ABCD is 5 square
units, then what is the area of parallelogram BECD ?

(A) 25
(B) 333
(© 5
(D) 10
(E) 25
A B E
D C

We know that a diagonal of a parallelogram cuts the parallelogram into two triangles of equal area. Since
BD isadiagonal of paralelogram ABCD, the area of the parallelogram equals twice the area of either of the
two equal triangles AABD and ADBC. Hence, the area of the parallelogram ABCD = 2(area of ADBC) =5
(given).

Similarly, since BC is a diagonal of parallelogram BECD, the area of the parallelogram BECD is
2(area of ADBC). But, 2(area of ADBC) =5 (given). Hence, the answer is (C).

77. Inthe figure, ABCD and ABEC are parallelograms. The area of the quadrilateral ABED is 6. What is
the area of the parallelogram ABCD ?

A) 2
B) 4
(C) 45
D) 5
E) 6
A B
D C E

We know that a diagonal of a parallelogram divides the parallelogram into two triangles of equal area
Since AC isadiagona of parallelogram ABCD, the area of AACD = the area of AABC; and since BC isa
diagonal of parallelogram ABEC, the area of ACBE = the area of AABC. Hence, the areas of triangles ACD,
ABC, and CBE, which form the total quadrilateral ABED, are equal. Since ABCD forms only two triangles,
ACD and ABC, of the three triangles, the area of the parallelogram equals two thirds of the area of the
quadrilateral ABED. This equals 2/3 x 6 = 4. Hence, the answer is (B).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



148

GMAT Math Bible WAy M (www. manfen. net)

78. Inthe figure, lines |y, |,, and |, are paralel to one another. Line-segments AC and DF cut the three
lines. If AB = 3, BC =4, and DE =5, then which one of the following equalsDF ?

(A) 3/30
(B) 15/7
(C) 20/3
D) 6
(B) 35/3
A/ \D I,
B E I,

In the figure, AC and DF are transversals cutting the parallel lines |, |,, and ;. Let’s move the line-segment
DF horizontally until point D touches point A. The new figure looks like this:

AV o

2

B E \E
\
\
\
AN
AN
\
/ \ \\\ |3
c / t

Now, in triangles ABE and ACF, 2B equals £C and £ E equals £F because corresponding angles of
paralel lines (herel, and | ;) are equal. Also, ZA is a common angle of the two triangles. Hence, the three
angles of triangle ABE equal the three corresponding angles of the triangle ACF. Hence, the two triangles
are similar. Since theratios of the corresponding sides of two similar triangles are equal, we have

AB _AE
AC AF

AB DE : . . .
_— = From the figure, AC = AB + BC. Also, from the new figure, point A isthe
AB+BC DF

same as point D. Hence, AE isthe same as DE and AF is the same as DF.

3 -2 Substituting the given values
3+4 DF
DF :% By multiplying both sides by 7/3 x DF

The answer is (E).
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79. Inthefigure, ABis paralel to CD. What is the value of x?

(A) 36
(B) 45
(C) 60
(D) 75
(E) Cannot be determined
A E B
< >
« >

Lines AB and CD are paralel (given) and cut by transversal ED. Hence, the aternate interior angles x andy
are equal. Since x =y, AECD isisosceles (£C = £D). Hence, anglesx andy in AECD could each range
between 0° and 90°. No unique value for x is derivable. Hence, the answer is (E).
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Eye-Balling

Surprisingly, on the test you can often solve geometry problems by merely “eye-balling” the given
drawing. Even on problems whose answers you can’t get directly by looking, you often can eliminate a
couple of the answer-choices.

» Unless stated otherwise, all figures are drawn exactly to scale. Hence, if an angle looks like it’s about
90°, it is; if one figure looks like it’s about twice as large as another figure, it is.

Let’s try “eye-balling” the answers for the following examples.

Examplel: In the figure to the right, if I|k, then what is
the value of y ?

(A) 20 y 2y-75
(B) 45

(C) 55

(D) 75

(E) 110 : 5

By eye-balling the drawing, we can see that y is less than 90°. It appears to be somewhere between 65° and
85°. But 75° is the only answer-choice in that range. Hence, the answer is (D).

Example2:  In the figure to the right, the area of the shaded

region is

(A) 12

(B) 2/3

(C) 7/8 2
(D) 3/2

(E) 5/2

1 |
I 2 1

1 1
The area of the larger triangle is A= 3 bh = 3 2-2=2. Now, by eye-balling the drawing, the area of the

shaded region looks to be about half that of the larger triangle. Therefore, the answer should be about

1 . . .
> 2=1. The closest answer-choice to 1 is 7/8. The answer is (C).

Note: On the test, answer-choices are listed in order of size: usually from smallest to largest (unless
the question asks for the smallest or largest). Hence, in the previous example, 2/3 is smaller than 7/8
because it comes before 7/8.
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Problem Set K:

Solve the following problems by eye-balling the figures.

1. In the figure to the right, the radius of the larger circle is
twice that of the smaller circle. If the circles are concen-
tric, what is the ratio of the shaded region’s area to the
area of the smaller circle?
(A) 101
(B) 91
(c 31
(D) 21
() 11
P Q
1
U R
T S

2. In the figure to the right, APST is an isosceles right
triangle, and PS = 2. What is the area of the shaded region
URST ?

A) 4
(B) 2
(C) 5/4
(D) 5/6
(E) 172

3. In the figure to the right, the area of APQR is 40. What is Q

the area of AQRS ?

(A) 10

(B) 15 6

(C© 20 S

(D) 25 p

(E) 45 \%5 R
4. In the figure to the right, PQRS is a square and M and N P M Q

are midpoints of their respective sides. What is the area of
quadrilateral PMRN ?

(A) 8

(B) 10

C) 12 N 4
(D) 14

(E) 16
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Answers and Solutions to Problem Set K

1. In the figure to the right, the radius of the larger circle is
twice that of the smaller circle. If the circles are concen-
tric, what is the ratio of the shaded region’s area to the
area of the smaller circle?

(A) 101
B) 91
(©) 31
(D) 21
() 11

The area of the shaded region appears to be about three times the area of the smaller circle, so the answer
should be (C). Let’s verify this. Suppose the radius of the larger circle is 2 and the radius of the smaller

circle is 1. Then the area of the larger circle is zr? = zr(2)2 =4, and the area of the smaller circle is

m? = Jr(l)2 = 7. Hence, the area of the shaded region is 4m — 7t = 3. Now,
area of shaded region _ 37 3
1

area of smaller circle T

The answer is (C).

2. In the figure to the right, APST is an isosceles right

P Q
triangle, and PS = 2. What is the area of the shaded region
URST ?
(A) 4 1
(B) 2
(C) 5/4 U R
(D) 5/6
(E) 1/2
T S

The area of the square is 1% = 1. Now, the area of the shaded region appears to be about half that of the
square. Hence, the area of the shaded region is about 1/2. The answer is (E).

3. In the figure to the right, the area of APQR is 40. What is Q
the area of AQRS?
(A) 10 6
(B) 15
(© 20 S
(D) 25 P
(E) 45 \%5 R

Clearly from the drawing, the area of AQRS is greater than half the area of APQR. This eliminates (A),
(B), and (C). Now, the area of AQRS cannot be greater than the area of APQR. This eliminates (E). The
answer is (D).

4.  In the figure to the right, PQRS is a square and M and N P M Q

are midpoints of their respective sides. What is the area of
quadrilateral PMRN ?
(A) 8
(B) 10 4
© 12 N
(D) 14
(E) 16
S R

Since the square has sides of length 4, its area is 16. Now, the area of the shaded region appears to be half
that of the square. Hence, its area is 8. The answer is (A).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W5 ™ (www. manfen. net )

Coordinate Geometry

On a number line, the numbers increase in size to the right and decrease to the left:
<4 smaller larger —#»

|
\
54 -3-2-10123 435

If we draw a line through the point O perpendicular to the number line, we will form a grid:

A

4
1 I
*y)
Y+
—4 -2 (00} 2 ] 4 >
X
2
1 IV
-4

The thick horizontal line in the above diagram is called the x-axis, and the thick vertical line is called the y-
axis. The point at which the axes meet, (0, 0), is called the origin. On the x-axis, positive numbers are to
the right of the origin and increase in size to the right; further, negative numbers are to the left of the origin
and decrease in size to the left. On the y-axis, positive numbers are above the origin and ascend in size;
further, negative numbers are below the origin and descend in size. As shown in the diagram, the point
represented by the ordered pair (x, y) is reached by moving x units along the x-axis from the origin and then
moving y units vertically. In the ordered pair (x, y), x is called the abscissa and y is called the ordinate;
collectively they are called coordinates. The x andy axes divide the plane into four quadrants, numbered I,
I1, 111, and IV counterclockwise. Note, if x #y, then (X, y) and (y, X) represent different points on the
coordinate system. The points (2, 3), (-3, 1), (-4, —4), and (4, -2) are plotted in the following coordinate
system:
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A

(2 3)

(0,0

(4/ _2)

Example: If the point (a, b) is in Quadrant Il and |a| — |b| > 0, then which one of the following is true?

(A) a>0
(B) b<o0
(C) a>b
(D) lal<]b|
(E) a+b<0

We are given that the point (a, b) is in Quadrant Il. In Quadrant Il, the x-coordinate is negative and the
y-coordinate is positive. Hence,a < 0 and b > 0. Reject choices (A) and (B), since they conflict with these
inequalities.

Next, since a is negative and b is positive, a < b. Reject Choice (C) since it conflicts with this inequality.

Adding |b| to both sides of the given equation |a| — |b| > 0 yields |a| > |b|. Reject Choice (D) since it conflicts
with this inequality.

Since a is negative, |a| equals —a; and since b is positive, |b| equals b. So, a + b = —|a| + |b| = —(|la] - |b]).
Now, since |a| — |b| is given to be positive, —(Ja| — |b|) must be negative. So, a + b < 0. The answer is (E).

Distance Formula:

The distance formula is derived by using the Pythagorean theorem. Notice in the figure below that the
distance between the points (x, y) and (a, b) is the hypotenuse of a right triangle. The differencey — b is the
measure of the height of the triangle, and the difference x — a is the length of base of the triangle. Applying
the Pythagorean theorem yields

d* =(x-a) +(y-b)’

Taking the square root of both sides of this equation yields
2
d= ‘/(x —a)’ +(y - b)

(x, y)

y—-b

b
(s, 5) X—a (x,b)
| >
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Example: If C is the midpoint of the points A(-3, —4), and B(-5, 6), then AC =

A 5
(B) 26
©) A6l
(D) 8
(E) 10

Using the distance formula to calculate the distance between A and B yields

A = (-3-(-9))" + (-4 -€)" = /27 + (-10)” =2 +100 = V104 = 226
2\/_

Since C is the midpoint of AB,AC=AB/2= —— = = /26 . The answer is (B).

Midpoint Formula:

The midpoint M between points (x, y) and (a, b) is given by

(x+a y+b)
\'2 "2 )

In other words, to find the midpoint, simply average the corresponding coordinates of the two points.

M=

Example: If (=3, -5) is the midpoint of the part of the line between the x and y axes, then what is the
slope of the line?

(A) -5/3
(B) -3/5
©) 35
(D) 53
(E) 10

We have that (-3, -5) is the midpoint of the line between the x-intercept (X, 0) and the y-intercept (0, Y).
The formula for the midpoint of two different points (x;, y,) and (%, y,) is (X, + %,)/2, (y; + ¥,)/2). Hence,
the midpoint of (X, 0) and (0, Y) is (X + 0)/2, (0 + Y)/2) = (X/2, Y/2). Equating this to the given midpoint
yields (X/2, Y/2) = (-3, -5). Equating corresponding coordinates yields X/2 = -3, or X = -6, and Y/2 = -5,
or Y = -10. Hence, the slope of the line between (X, 0), which equals (-6, 0), and (0, Y), which equals
(0, -10), is

The answer is (A).
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Slope Formula:

The slope of a line measures the inclination of the line. By definition, it is the ratio of the vertical change
to the horizontal change (see figure below). The vertical change is called the rise, and the horizontal
change is called the run. Thus, the slope is the rise over the run.

A . Y)

Vg

>
Forming the rise over the run in the above figure yields
-b
m = L
xX—a
Example: In the figure to the right, what is the slope of line A
passing through the two points? 5, 4)
(A)1/4 (B)1 (C)1/2 (D) 32 (E)?2
1,2
a7
>
. 4-2 2 1 .
The slope formula yields m = T-1 = 7 = > The answer is (C).

Slope-Intercept Form:

-b
Multiplying both sides of the equation m = a by x — a yields

y—-b=m(x-a)
Now, if the line passes through the y-axis at (0, b), then the equation becomes
y—b=m(x-0)
or
y—b=mx
or
y=mx+b

This is called the slope-intercept form of the equation of a line, where m is the slope and b is the
y-intercept. This form is convenient because it displays the two most important bits of information about a
line: its slope and its y-intercept.

HZOMATZE BHE Y R : http://manfen. net/thread-7582-1-1. html



Wi M CGwww, manfen. net) Coordinate Geometry 157

Example: In the figure to the right, the equation of the A
9
lineis y= EX + k. Which one of the follow-
ing must be true about line segments AO and
BO ? B
(A) AO>BO >
(B) AO<BO A 0
(C) AO=BO
(D) AO=BO
(E) AO=BO0O/2

Since y = EX +k is in slope-intercept form, we know the slope of the line is % Now, the ratio of BO to

AO is the slope of the line (rise over run). Hence, i—(O) = % Multiplying both sides of this equation by
AO yields BO:%AO. In other words, BO is % the length of AO. Hence, AO is longer. The answer is
(A).

The x-intercept is the point where the line crosses the x-axis. It is found by settingy = 0 and solving the
resulting equation. The y-intercept is the point where the line crosses the y-axis. It is found by setting x =0
and solving the resulting equation.

y
A
y-intercept

X-intercept
> X

Example: Graph the equation x— 2y = 4.

Solution: To find the x-intercept, set y = 0. This yields x -2-0= 4, or x=4. So the x-intercept is (4, 0).
To find the y-intercept, set x = 0. This yields 0 — 2y = 4, or y = -2. So the y-intercept is (0, —2). Plotting
these two points and connecting them with a straight line yields
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Areas and Perimeters:

Often, you will be given a geometric figure drawn on a coordinate system and will be asked to find its area
or perimeter. In these problems, use the properties of the coordinate system to deduce the dimensions of
the figure and then calculate the area or perimeter. For complicated figures, you may need to divide the
figure into simpler forms, such as squares and triangles. A couple examples will illustrate:

Example: What is the area of the quadrilateral in the Ay

coordinate system to the right?

(A) 2

(B) 4

C) 6 i

5 7

s
>
Ol 1 X

If the quadrilateral is divided horizontally through the line y = Ay

2, two congruent triangles are formed. As the figure to the
right shows, the top triangle has height 2 and base 4. Hence,

its area is
LA S 2
270 /

The area of the bottom triangle is the same, so the area of the |

quadrilateral is 4 + 4 = 8. The answer is (D). 1 4
| >
ol 1 X
Example: What is the perimeter of Triangle ABC in the A y
figure to the right?
(A) 5+ \/E + @ A
(B) 10++/34
(C)  5++/5+428
(D) 2/5+434 ! c
® 5+28 >
0] 1 B X

Point A has coordinates (0, 4), point B has coordinates (3, 0), and point C has coordinates (5, 1). Using the
distance formula to calculate the distances between points A and B, A and C, and B and C yields

AB=4(0-3)°+(4-0)* =1/9+16 =+/25=5
AC =4(0-5)°+(4-1)* =25+ 9 =+/34
BC=+/(5-3)°+(1-0)* =v4+1=+5

Adding these lengths gives the perimeter of Triangle ABC:
AB+AC +BC =5+4/34 +4/5
The answer is (A).
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Problem Set G:

> Easy
1.  Theslope of the line 2x + y = 3 is NOT the same as the slope of which one of the following lines?
(A) 2x+y=5
(B) x+y/l2=3
(C) x=-yl2-3
(D) y=7-2x
(E) x+2y=9

2. What is the slope of the line passing through (-3, —4) and the origin?
(A) 37
(B) 4/7
(C) 3/4
(b) 1
(E) 4/3

> Medium

y-axis
A
Quadrant 11 100 Quadrant 1

>
-100 100  x-axis

Quadrant 111 Quadrant IV
-100

3. In the coordinate system shown, if (b, @) lies in Quadrant Ill, then in which quadrant can the point

(a, b) lie?

(A) lonly
(B) lonly
(C) Hlonly
(D) IV only

(E) Inany one of the four quadrants.
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y-axis A
Quadrant Il 100 Quadrant |
A(m, n)
>
-100 100 x-axis
Quadrant 11 Quadrant IV
-100

4. Inthe figure, the point A(m, n) lies in Quadrant Il as shown. In which region is the point B(n, m) ?

(A) Quadrant |
(B) Quadrant Il
(C) Quadrant Il
(D) Quadrant IV
(E)  On the x-axis

5. Which of the following statements is true about the line segment with endpoints (-1, 1) and (1, -1)?

(A)  Crosses the x-axis only.

(B)  Crosses the y-axis only.

(C)  Crosses the y-axis on its positive side.

(D) Passes through the origin (0, 0).

(E) Crosses the x- and y-axes on their negative sides.
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y-axis
A
Quadrant Il 100 Quadrant I
~100 100 x-axis
Quadrant I Quadrant IV

-100

6.  If point A(-m, n) is in Quadrant I, then where is point B(m, n) located?

(A) Quadrant |
(B) Quadrant I
(C)  Quadrant Il
(D) Quadrant IV
(E) Origin

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



162 GMAT Math Bible

Wi M (Gwww, manfen. net)

>» Hard

7. Inthe figure, the horizontal and vertical lines divide the square ABCD into 16 equal squares as shown.
What is the area of the shaded region?

4
45

A(2, a)

B(4,7)

7

D(7, 5)

C(4, b)

/.

G(6, 3)

H(2, 3)

(0,0)

F(6, 0)

E(7, 0) X-axis

8.  All the lines in the rectangular coordinate system shown in the figure are either horizontal or vertical
with respect to the x-axis. What is the area of the figure ABCDEFGH ?

(A)
(B)
(©)
(D)
(E)

T2 GMAT % B 1 1] -

15
15.5
16
16.5
17
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A E
y-axis
aO
B(6, 3)
a° 1cC >
A(0, 0) D(2, 0) X-axis
9.  Inthe rectangular coordinate plane shown, what are the coordinates of point E ?

(A) (2,0
B) @3
€ (62
(D) (6,6)
(E) (6.8)

10. In the rectangular coordinate system shown, points A and E lie on the x-axis and the points D and B
lie on the y-axis. Point C(-3, -5) is the midpoint of the line AB, and point F(3, 5) is the midpoint of
the line DE. Which of the following is true?

()  ABis parallel to DE

(I AB=DE
(1) AE =DB
(A) lonly
(B) llonly
(C) Hlonly

(D) land Il only
(E) Hand Il only

. Ay-axis
\
D\
\ F@3,5)
\\
\
\
\
\
.\ \ E
A \\ . X-axis
\ AN
\\
\ C(=3,15)
\\
\
\\ B
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Answers and Solutions to Problem Set G

» Easy
1.  Theslope of the line 2x +y =3 is NOT the same as the slope of which one of the following lines?
(A) 2x+y=5
(B) x+yR2=3
C) x=-y22-3
(D) y=7-2x
(E) x+2y=9

The slope of a line expressed as y = mx + b is m. Expressing the given line 2x + y = 3 in that format yields
y = =2x + 3. Hence, the slope is -2, the coefficient of x. Let’s express each line in the form y = mx + b and
pick the line whose slope is not -2.

Choice (A): 2x +y =5; y=-2x + 5, slope is —2. Reject.
Choice (B): x+y/2 = 3; y =-2x + 6, slope is —2. Reject.
Choice (C): x=-y/2 - 3; y=-2x — 6, slope is -2. Reject.
Choice (D):y=7-2x;y =—2x + 7, slope is 2. Reject.

Choice (E):x+2y=9; y= —%x +%, slope is —% = —2. Accept the choice.

The answer is (E).

2. What is the slope of the line passing through (-3, —4) and the origin?

(A) 3/7
(B) 4/7
(C) 3/4
(D) 1
(E) 4/3
The formula for the slope of a line passing through two points (x;, y;) and (x,, y,) is B Hence, the
27X
. - . 0-(-4)_4 .
slope of the line through (=3, —4) and the origin (0, 0) is = (_3) =3 The answer is (E).
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>» Medium
y-axis
A
Quadrant Il 100 Quadrant I
>
~100 100  x-axis
Quadrant 11 Quadrant 1V
-100

3. In the coordinate system shown, if (b, @) lies in Quadrant Ill, then in which quadrant can the point

(a, b) lie?

(A) lonly
(B) Ilonly
(C) Hlonly
(D) IVonly

(E) Inany one of the four quadrants.
We are given that the point (b, a) lies in Quadrant Ill. In this quadrant, both x- and y-coordinates are

negative. So, both b and a are negative. So, the point (a, b) also lies in the same quadrant (since both x- and
y-coordinates are again negative). Hence, the answer is (C).
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y-axis

A
Quadrant Il 100 Quadrant I
A(m, n)
>
~100 100 X-axis
Quadrant 11 Quadrant 1V
-100

4. Inthe figure, the point A(m, n) lies in Quadrant Il as shown. In which region is the point B(n, m) ?

(A) Quadrant |
(B) Quadrant I
(C) Quadrant Il
(D) Quadrant IV
(E)  On the x-axis

Since point A(m, n) is in Quadrant Il, the x-coordinate m is negative and the y-coordinate n is positive.

Hence, in point B(n, m), the x-coordinate is positive, and the y-coordinate is negative. So, point B must be
in Quadrant IV. The answer is (D).
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5. Which of the following statements is true about the line segment with endpoints (-1, 1) and (1, -1)?

(A)  Crosses the x-axis only.

(B) Crosses the y-axis only.

(C) Crosses the y-axis on its positive side.

(D) Passes through the origin (0, 0).

(E) Crosses the x- and y-axes on their negative sides.

Locating the points (-1, 1) and (1, —1) on the xy-plane gives

y-axis

A(-1, 1)

X-axis

B(1, -1)

The midpoint of two points is given by
(Half the sum of the x-coordinates of the two points, Half the sum of the y-coordinates of the two points)

Hence, the midpoint of A and B is (_1; ! %) =(0,0).

Hence, the line-segment passes through the origin. The answer is (D).
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y-axis
A
Quadrant Il 100 Quadrant I
>
~100 100  x-axis
Quadrant 11 Quadrant 1V
-100

6.  If point A(-m, n) is in Quadrant I, then where is point B(m, n) located?

(A) Quadrant |
(B) Quadrant Il
(C)  Quadrant I
(D) Quadrant IV
(E) Origin

We have that the point A(-m, n) lies in the first quadrant. In the first quadrant, both x- and y-coordinates are
positive. Hence, —m is positive, and n is positive. Hence, m must be negative. Hence, point B(m, n) =
(a negative number, a positive number). The x-coordinate is negative and y-coordinate is positive only in
Quadrant Il. Hence, point B lies in Quadrant I1. The answer is (B).
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» Hard

7. Inthe figure, the horizontal and vertical lines divide the square ABCD into 16 equal squares as shown.
What is the area of the shaded region?

(A) 4
(B) 45
€ 5
(D) 65
® 7

Since each side of the larger square measures 4 units and is divided by the four horizontal lines, the
distance between any two adjacent horizontal lines must be 1 unit (= 4 units/4). Similarly, the larger square

is divided into four vertical lines in the figure and any two adjacent lines are separated by 1 unit
(= 4 units/4).

D Q C

The shaded region can be divided into two sub-regions by the line FE, forming AFPE and AFQE.
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Now, the line-segment FE is spread across the two opposite sides of the larger square and measures 4 units.
The altitude to it, shown in the bottom triangle, is spread vertically across the three horizontal segments and
therefore measures 3 units.

Hence, the area of the lower triangle = 1/2 x base x height = 1/2 x 4 x3 = 6.

The shaded region above the line FE is one of the four sections formed by the two diagonals of the
rectangle ABEF and therefore its area must equal one-fourth the area of rectangle ABEF. The area of
rectangle ABEF is length x width = FE x AF =4 x 1 = 4. Hence, the area of the shaded region above the
lineFEis1/4x4=1.

Summing the areas of the two shaded regions yields the area of the total shaded region: 1 + 6 = 7. The
answer is (E).

A
y-axis
AQ, a) B(4, 7)
// D(7, 5)
C(4, b)
S/
G(6, 3)
H(, 3)
(0,0) F(6, 0) (7.0 xaxis >

8.  All the lines in the rectangular coordinate system shown in the figure are either horizontal or vertical
with respect to the x-axis. What is the area of the figure ABCDEFGH ?

(A) 15
(B) 155
(C) 16
(D) 165
(E) 17

Drop a vertical line from C on to the side GH (to meet at, say, P), and draw a horizontal line from G on to
the side DE (to meet at, say, Q). The resultant figure is as follows:

A
y-axis

A(2, a) B(4,7)

D(7, 5)
C(4, b)
CEI

H(2, 3) P(4, 3) Q(7, 3)

(0, 0) F6.0)  ECo e
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Since the point P is horizontal to the point H, its y-coordinate equals the y-coordinate of H, which is 3.
Also, since P is vertical to the point C, its x-coordinate equals the x-coordinate of the point C, which is 4.
Hence, the point P is (4, 3).

Similarly, the point Q is vertical to the point D and therefore its x-coordinate equals the x-coordinate of D,
which is 7. Also, the point Q is horizontal to the point H and therefore takes its y-coordinate. Hence, the
point Q is (7, 3).

Now, the shaded region in the given figure is the sum of the three rectangles ABPH, CDQP, and GQEF.

The area of the rectangle ABPH is length - width =

BP - AB =
(Difference in y-coordinates of B and P) - (Difference in x-coordinates of A and B) =
(7-3)(4-2)=
4-2=
8
The area of the rectangle CDQP is length - width =
CD-DQ-=
(Difference in x-coordinates of C and D) - (Difference in y-coordinates of D and Q) =
(7-4H)(5-3)=
3-2=
6
The area of the rectangle GQEF is length - width =
GQ-QE=
(Difference in x-coordinates of G and Q) - (Difference in y-coordinates of Q and E) =
(7-6)3-0)=
1-3=
3

Hence, the total area is 8 + 6 + 3 = 17 sg. units. The answer is (E).
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A E
y-axis
aO
B(6, 3)
a° 1€ >
A0, 0) D(2, 0) X-axis
9. Inthe rectangular coordinate plane shown, what are the coordinates of point E?

(A) (2,0
B) @3
€ (62
(D) (6,6)
(E) (6,8)

From the figure, since EC is perpendicular to the x-axis, C is a point vertically below point B. Hence, both
have the same x-coordinate.

The line AC is horizontal and therefore its length equals the x-coordinate difference of A and C, which
equals 6 -0 =6.

The line DC is horizontal and therefore its length equals the x-coordinate difference of D and C, which is
6-2=4.

The length of the vertical line BC equals the y-coordinate difference of B and C, whichis3-0=3.
The length of the vertical line EC equals the y-coordinate difference of E and C.

Now, in AABC, ZA =a° £B =90°-a° and £C = 90°. The sides opposite angles A and B are in the ratio
BC/AC = 3/6 = 1/2.

Similarly, in ADEC, ZE =a°, £D =90° -a°®, and £C =90° (So, ABC and DEC are similar triangles and
their corresponding sides are proportional). Hence, the sides opposite angles E and D are in the ratio
DC/EC = 1/2. Hence, we have

DC/EC = 1/2
EC=2DC
EC=2-4=8

Hence, the y-coordinate of point E is 8, and the answer is (E).
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10. In the rectangular coordinate system shown, points A and E lie on the x-axis and the points D and B
lie on the y-axis. Point C(-3, -5) is the midpoint of the line AB, and point F(3, 5) is the midpoint of
the line DE. Which of the following is true?

Coordinate Geometry 173

()  ABis parallel to DE
(I AB=DE
(i) AE=DB
(A) lonly
(B) Ilonly
(C) Hlonly
(D) land Il only
(E) Nand Il only
. Ay-axis
\
D |z
*\ F(3,5)
\\
\
\
\
.\ \\ E
AN *\ x-axis
\ AN
\
\\
» C(-3,-5)
\\
AN
\
\|B

Let the coordinate representations of points A and E (which are on the x-axis) be (a, 0), and (e, 0),
respectively. Also, let the representations of the points B and D (which are on the y-axis) be (0, b) and
(0, d), respectively.

N . . . X+ Xy Y1+ Yo
The formula for the midpoint of two points (x;, y;) and (x,, y,) in a coordinate system is | ———=, )

ab

Hence, the midpoint of AB is (azo, 0;b)= (E’E)= C(-3, -5). Equating the x- and y-coordinates on

both sides yields a/2 = -3 and b/2 = -5. Solving for a and b yields a = -6 and b = -10.

e d

Similarly, the midpoint of DE is (O_Ze 0;d)= (E'E)= F(3, 5). Equating the x- and y-coordinates on

both sides yields /2 = 3 and d/2 = 5. Solving for e and d yields e = 6 and d = 10.

The slope of a line through two points (x;, ;) and (x,, ¥,) in a coordinate system is Ya=h
X2 =X
Hence, the slope of the line AB = b-0 = _b - 10 —§. And the slope of the line DE = d;O: —9:
0-a a -6 3 0-e e

—% = —%. Since the slopes are equal, the lines AB and DE are parallel. Hence, | is true.

The distance between two points in a rectangular coordinate system equals the square root of the sum of the
squares of the differences between the x- and y-coordinates of the two points. Hence, AB =
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\/(—6— 0)2+(0- (~20))° = V62 +10? = /36 +100 = 1136 . Also, DE = 4/(6-0)* +(0-10)° = /67 +10° =

4/36+100 =+/136 . Hence, AB = DE and Il is true.

By the same formula for the distance between two points, AE = \/(—6— 6)2 +(0—0)2 =642 and BD =

|(0-0)*+(~10-10)° =10v2 . Hence, AE = BD and Il s false.

Hence, only | and Il are true, and the answer is (E).
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Elimination Strategies

On hard problems, if you are asked to find the least (or greatest) number, then
R A I eliminate the least (or greatest) answer-choice.

xStrategy

This rule also applies to easy and medium problems. When people guess on these types of problems, they
most often choose either the least or the greatest number. But if the least or the greatest number were the
answer, most people would answer the problem correctly, and it therefore would not be a hard problem.

Example: What is the maximum number of points common to the intersection of a square and a
triangle if no two sides coincide?

(A)
(B)
(C)
(D)
(E)

By the above rule, we eliminate answer-choice (E).

© 0o O~

On hard problems, eliminate the answer-choice “not enough information.”

xStrategy

When people cannot solve a problem, they most often choose the answer-choice “not enough information.
But if this were the answer, then it would not be a “hard” problem.

1L T! On hard problems, eliminate answer-choices that merely repeat numbers from the

G 7] I problem.
xStrategy
Example: If the sum of x and 20 is 8 more than the difference of 10 and y, what is the value of x +y ?
A) -2
B) 8
© 9
(D) 28

(E) notenough information

By the above rule, we eliminate choice (B) since it merely repeats the number 8 from the problem. By
Strategy 2, we would also eliminate choice (E). Caution: If choice (B) contained more than the number 8,

say, 8+ /2, then it would not be eliminated by the above rule.
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HHH I On hard problems, eliminate answer-choices that can be derived from elementary

S I operations.

XStrategy

Example: In the figure to the right, what is the
perimeter of parallelogram ABCD? B (8,3)
(A) 12 C
(B) 10+6+2
(C) 20++2 s
(D) 24 A
(E) notenough information D

Using the above rule, we eliminate choice (D) since 24 = 8-3. Further, using Strategy 2, eliminate choice
(E). Note, 12 was offered as an answer-choice because some people will interpret the drawing as a
rectangle tilted halfway on its side and therefore expect it to have one-half its original area.

After you have eliminated as many answer-choices as you can, choose from the more
complicated or more unusual answer-choices remaining.

xStrategy
Example: Suppose you were offered the following answer-choices:
(A)  4+43
(B) 4+243
€ 8
(D) 10
() 12

Then you would choose either (A) or (B).

We have been discussing hard problems but have not mentioned how to identify a hard problem. Most of
the time, we have an intuitive feel for whether a problem is hard or easy. But on tricky problems (problems
that appear easy but are actually hard), our intuition can fail us.

On the test, your first question will be of medium difficulty. If you answer it correctly, the next
question will be a little harder. If you again answer it correctly, the next question will be harder still, and
so on. If your math skills are strong and you are not making any mistakes, you should reach the medium-
hard or hard problems by about the fifth problem. Although this is not very precise, it can be quite helpful.
Once you have passed the fifth question, you should be alert to subtleties in any seemingly simple
problems.
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Problem Set H:

1. What is the maximum number of 3x3 squares that
can be formed from the squares in the 6x6 checker
board to the right?

(A) 4
(B) 6
C) 12
(D) 16
(E) 24

2. Let P stand for the product of the first 5 positive integers. What is the greatest possible value of m if

P . .
—— is an integer?
om g

(A 1
(B) 2
€ 3
(D) 5
(E) 10

3. After being marked down 20 percent, a calculator sells for $10. The original selling price was
(A) $20 (B) $125 (C) %12 (D) $9 (E) $7

4.  The distance between cities A and B is 120 miles. A car travels from A to B at 60 miles per hour and
returns from B to A along the same route at 40 miles per hour. What is the average speed for the
round trip?

(A) 48 (B) 50 (C) 52 (D) 56 (E) 58

5. Ifwis 10 percent less than x, and y is 30 percent less than z, then wy is what percent less than xz?
(A) 10% (B) 20% (C) 37% (D) 40% (E) 100%

6. In the game of chess, the Knight can make any of
the moves displayed in the diagram to the right. If
a Knight is the only piece on the board, what is the
greatest number of spaces from which not all 8
moves are possible?

|
|
|
A 8 B
|
|

(B) 24 7‘7‘7

(C) 38 TN

(D) 48 \ \

(E) 56 —
.
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7. How many different ways can 3 cubes be painted if each cube is painted one color and only the 3
colors red, blue, and green are available? (Order is not considered, for example, green, green, blue is
considered the same as green, blue, green.)

A 2
(B) 3
© 9
(D) 10
(E) 27

2
8.  What is the greatest prime factor of (24) -1?

(A 3
(B) 5
() 11
(D) 17
(E) 19

9.  Suppose five circles, each 4 inches in diameter, are cut from a rectangular strip of paper 12 inches
long. If the least amount of paper is to be wasted, what is the width of the paper strip?

(A) 5
(B) 4+2+3
(C) 8

(D) 4(1 + ﬁ)

(E) not enough information

10. Let C and K be constants. If x? + Kx + 5 factors into (x + 1)(x + C), the value of K is

(A) 0
(B) 5
(C) 6
(D) 8

(E) not enough information
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Answers and Solutions to Problem Set H

1. What is the maximum number of 3x3 squares
that can be formed from the squares in the
6x6 checker board to the right?

(A) 4
(B) 6
€) 12
(D) 16
(E) 24

Clearly, there are more than four 3x3 squares in the checker board—eliminate (A). Next, eliminate (B)
since it merely repeats a number from the problem. Further, eliminate (E) since it is the greatest. This
leaves choices (C) and (D). If you count carefully, you will find sixteen 3x3 squares in the checker board.
The answer is (D).

2. Let P stand for the product of the first 5 positive integers. What is the greatest possible value of m if

L is an integer?
10" ger:

Since we are to find the greatest value of m, we eliminate (E)—the greatest. Also, eliminate 5 because it is
repeated from the problem. Now, since we are looking for the largest number, start with the greatest
number remaining and work toward the smallest number. The first number that works will be the answer.

. P 1.2-3-4-5 120 3 . . -
To this end, let m = 3. Then = = = —. This is not an integer, so eliminate (C).

10™ 103 1000 25°
P 1-2-:3-4-5 120 6
Next, let m = 2. Then = = —— = — This still is not an integer, so eliminate (B). Hence,
10™ 10° 100 5 J ®)

by process of elimination, the answer is (A).

3. After being marked down 20 percent, a calculator sells for $10. The original selling price was

(A)  $20
(B) $125
C) $12
(D) $9
(E) $7

Twenty dollars is too large. The discount was only 20 percent—eliminate (A). Both (D) and (E) are
impossible since they are less than the selling price—eliminate. 12 is the eye-catcher: 20% of 10 is 2 and
10 + 2 = 12. This is too easy for a hard problem—eliminate. Thus, by process of elimination, the answer is

(B).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



180 GMAT Math Bible Wi M (Gwww, manfen. net)

4.  The distance between cities A and B is 120 miles. A car travels from A to B at 60 miles per hour and
returns from B to A along the same route at 40 miles per hour. What is the average speed for the

round trip?
(A) 48
(B) 50
(C) 52
(D) 56
(E) 58

We can eliminate 50 (the mere average of 40 and 60) since that would be too elementary. Now, the
average must be closer to 40 than to 60 because the car travels for a longer time at 40 mph. But 48 is the
only number given that is closer to 40 than to 60. The answer is (A).

. . Total Distance .
It’s instructive to also calculate the answer. Average Speed = ol Time Now, a car traveling

at 40 mph will cover 120 miles in 3 hours. And a car traveling at 60 mph will cover the same 120 miles in

2 hours. So the total traveling time is 5 hours. Hence, for the round trip, the average speed is
120 +120 _ 48

5

5. Ifwis 10 percent less than x, and y is 30 percent less than z, then wy is what percent less than xz?

(A 10%
(B) 20%
(C) 3%
(D)  40%
(E) 100%

We eliminate (A) since it repeats the number 10 from the problem. We can also eliminate choices (B), (D),
and (E) since they are derivable from elementary operations:

20=30-10
40=30+10
100 =10-10
This leaves choice (C) as the answer.
Let’s also solve this problem directly. The clause
w is 10 percent less than x
translates into
w = X —.10x
Simplifying yields
1) w =.9x
Next, the clause
y is 30 percent less than z
translates into
y=2z-.30z
Simplifying yields
2) y=.7z
Multiplying 1) and 2) gives
wy = (.9x)(.72) = 63xz = xz-.37xz

Hence, wy is 37 percent less than xz. The answer is (C).
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6. Inthe game of chess, the Knight can make any of
the moves displayed in the diagram to the right. If
a Knight is the only piece on the board, what is the
greatest number of spaces from which not all 8
moves are possible?

(A) 8

(B) 24
(C) 38
(D) 48
(E) 56

Since we are looking for the greatest number of spaces from which not all 8 moves are possible, we can
eliminate the greatest number, 56. Now, clearly not all 8 moves are possible from the outer squares, and
there are 28 outer squares—not 32. Also, not all 8 moves are possible from the next to outer squares, and
there are 20 of them—not 24. All 8 moves are possible from the remaining squares. Hence, the answer is
28 + 20 = 48. The answer is (D). Notice that 56, (32 + 24), is given as an answer-choice to catch those
who don’t add carefully.

7. How many different ways can 3 cubes be painted if each cube is painted one color and only the 3
colors red, blue, and green are available? (Order is not considered, for example, green, green, blue is
considered the same as green, blue, green.)

A 2
B) 3
) 9
(D) 10
(E) 27

Clearly, there are more than 3 color combinations possible. This eliminates (A) and (B). We can also
eliminate (C) and (E) because they are both multiples of 3, and that would be too ordinary, too easy, to be
the answer. Hence, by process of elimination, the answer is (D).

Let’s also solve this problem directly. The following list displays all 27 (=3-3-3) color
combinations possible (without restriction):

RRR BBB GGG

RRB BBR GGR

RRG BBG GGB

RBR BRB GRG If order is not considered, then there are 10 distinct color
RBB BRR GRR combinations in this list. You should count them.

RBG BRG GRB

RGR BGB GBG

RGB BGR GBR

RGG BGG GBB
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2
8.  What is the greatest prime factor of (24) -1?

(A 3
(B) 5
C) 11
(D) 17
(E) 19

2
(24) -1= (16)2 —-1=256-1=255. Since the question asks for the greatest prime factor, we eliminate

19, the greatest number. Now, we start with the next largest number and work our way up the list; the first
number that divides into 255 evenly will be the answer. Dividing 17 into 255 gives

17)255 =15

2
Hence, 17 is the largest prime factor of (24) —1. The answer is (D).

9.

Suppose five circles, each 4 inches in diameter, are cut from a rectangular strip of paper 12 inches
long. If the least amount of paper is to be wasted, what is the width of the paper strip?

(A) 5
(B) 4+24/3
() 8

(D) 4(1+ ﬁ)

(E) not enough information

Since this is a hard problem, we can eliminate (E), “not enough information.” And because it is too easily
derived, we can eliminate (C), (8 = 4 + 4). Further, we can eliminate (A), 5, because answer-choices (B)
and (D) form a more complicated set. At this stage we cannot apply any more elimination rules; so if we
could not solve the problem, we would guess either (B) or (D).

Let’s solve the problem directly. The drawing below shows the position of the circles so that the

paper width is a minimum.

Now, take three of the circles in isolation, and connect the centers of these circles to form a triangle:
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Since the triangle connects the centers of circles of diameter 4, the triangle is equilateral with sides of
length 4.

4 4
4
Drawing an altitude gives
4 4
h
2 2
Applying the Pythagorean Theorem to either right triangle gives h?+22 =42
Squaring yields h%+4=16
Subtracting 4 from both sides of this equation yields h2 =12
Taking the square root of both sides yields h=A12=+/4-3
Removing the perfect square 4 from the radical yields h=243
Summarizing gives
2
h
2

Adding to the height, h =2+/3, the distance above the triangle and the distance below the triangle to the
edges of the paper strip gives

width = (2+2)+2+/3=4+243

The answer is (B).
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10. Let C and K be constants. If x> + Kx +5 factors into (x + 1)(x + C), the value of K is

(A) 0
(B) 5
(C) 6
(D) 8

(E) notenough information

Since the number 5 is merely repeated from the problem, we eliminate (B). Further, since this is a hard
problem, we eliminate (E), “not enough information.”

Now, since 5 is prime, its only factors are 1 and 5. So the constant C in the expression (x + 1)x + C)
must be 5:

(x+ 1)(x+5)

Multiplying out this expression yields
(x+1)(x +5)= X% +5X + X +5
Combining like terms yields
(x +1)(x +5)= x% +6x +5

Hence, K = 6, and the answer is (C).
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Inequalities

Inequalities are manipulated algebraically the same way as equations with one exception:

)y Multiplying or dividing both sides of an inequality by a negative number reverses the
8 inequality. Thatis, if x >y and ¢ <0, then cx < ¢y.

Example: For which values of xis 4x + 3 > 6x—8 ?

As with equations, our goal is to isolate x on one side:

Subtracting 6x from both sides yields -2Xx+3>-8
Subtracting 3 from both sides yields -2x>-11
Dividing both sides by —2 and reversing the inequality yields x<11/2

Positive & Negative Numbers

A number greater than 0 is positive. On the number line, positive numbers are to the right of 0. A number
less than O is negative. On the number line, negative numbers are to the left of 0. Zero is the only number
that is neither positive nor negative; it divides the two sets of numbers. On the number line, numbers
increase to the right and decrease to the left.

The expression x > y means that x is greater thany. In other words, x is to the right of y on the number
line:

<4— smaller y X larger —§»>
||

O T O
T
54 3-2-10123 435

We usually have no trouble determining which of two numbers is larger when both are positive or one is
positive and the other negative (e.g., 5> 2 and 3.1 > -2). However, we sometimes hesitate when both
numbers are negative (e.g., —2 > —4.5). When in doubt, think of the number line: if one number is to the
right of the number, then it is larger. As the number line below illustrates, -2 is to the right of —4.5. Hence,
-2 is larger than -4.5.

<4— smaller larger —9»
I I e R A
—4.5 -2 0
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Miscellaneous Properties of Positive and Negative Numbers

The product (quotient) of positive numbers is positive.

The product (quotient) of a positive number and a negative number is negative.
The product (quotient) of an even number of negative numbers is positive.

The product (quotient) of an odd number of negative numbers is negative.

The sum of negative numbers is negative.

A number raised to an even exponent is greater than or equal to zero.

IS e S

Example: If xy”z <0, then which one of the following statements must also be true?

I. xz<0
1. z<0
. xyz<0

(A) None (B) lonly (C) Hlonly (D) land Il (E) Iland Il
Since a number raised to an even exponent is greater than or equal to zero, we know that y2 is positive (it

cannot be zero because the product xyzz would then be zero). Hence, we can divide both sides of the
inequality xyZZ <0 by yz :
xy’z 0
7 <7
y y
Simplifying yields xz<0

Therefore, 1 is true, which eliminates (A), (C), and (E). Now, the following illustrates that z<0 is not
necessarily true:

-1-22-3=-12<0

This eliminates (D). Hence, the answer is (B).

Absolute Value

The absolute value of a number is its distance on the number line from 0. Since distance is a positive
number, absolute value of a number is positive. Two vertical bars denote the absolute value of a number:

| x|. Forexample, |3|=3 and |-3|=3. This can be illustrated on the number line:

F3l=3 [3]=3

54 -3-2-1012 3 45

Students rarely struggle with the absolute value of numbers: if the number is negative, simply make it posi-
tive; and if it is already positive, leave it as is. For example, since —2.4 is negative, |— 24 | =2.4 and since
5.01 is positive | 5.01|=5.01.

Further, students rarely struggle with the absolute value of positive variables: if the variable is posi-
tive, simply drop the absolute value symbol. For example, if x > 0, then | X | =x.

However, negative variables can cause students much consternation. If x is negative, then |x | =-x.

This often confuses students because the absolute value is positive but the —x appears to be negative. It is
actually positive—it is the negative of a negative number, which is positive. To see this more clearly let
x = =k, where K is a positive number. Then x is a negative number. So | X | =-x=-(-k) =k. Since kis

positive so is —x. Another way to view this is |x | =-x=(-1) - x = (-1)(a negative number) = a positive
number.
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Example: If x =-|x|, then which one of the following statements could be true?

I. x=0
Il. x<0
1. x>0

(A) None (B) lonly (C) Hlonly (D) land Il (E) lland Il

Statement | could be true because —0]=—(+0) =—(0) = 0. Statement Il could be true because the right side

of the equation is always negative [—|X| = —(a positive number) = a negative number]. Now, if one side of

an equation is always negative, then the other side must always be negative, otherwise the opposite sides of
the equation would not be equal. Since Statement 111 is the opposite of Statement 11, it must be false. But

let’s show this explicitly: Suppose x were positive. Then |X|= X, and the equation X =—|X| becomes x =

—x. Dividing both sides of this equation by x yields 1 = —=1. This is contradiction. Hence, x cannot be
positive. The answer is (D).

Higher Order Inequalities

These inequalities have variables whose exponents are greater than 1. For example, x> +4<2 and
x> = 9>0. The number line is often helpful in solving these types of inequalities.

Example:  For which values of x is x* > —6x - 5?

First, replace the inequality symbol with an equal symbol: x?=-6x-5

Adding 6xand 5 to both sides yields x2+6x+5=0
Factoring yields (see General Trinomials in the chapter Factoring) (x+5)(x+1)=0
Setting each factor to 0 yields Xx+5=0andx+1=0
Or x=-5andx=-1

Now, the only numbers at which the expression can change sign are -5 and —1. So -5 and -1 divide the
number line into three intervals. Let’s set up a number line and choose test points in each interval:

Interval | Interval Il Interval 111
T N I N S T I N O O B B
T T 1T 1T 1 | I I I | 1T 1T T 11
5 ) -1(0)

When x = -6, x* > -6x - 5 becomes 36 > 31. This is true. Hence, all numbers in Interval | satisfy the
inequality. Thatis, x <-5. Whenx = -3, x% > -6x - 5 becomes 9 > 13. This is false. Hence, no numbers

in Interval 11 satisfy the inequality. When x =0, x* > -6x — 5 becomes 0 >-5. This is true. Hence, all
numbers in Interval 111 satisfy the inequality. That is, x >—1. The graph of the solution follows:

< O
[ |

R
-5

Note, if the original inequality had included the greater-than-or-equal symbol, =, the solution set would
have included both -5 and —1. On the graph, this would have been indicated by filling in the circles above
—5and -1. The open circles indicate that -5 and -1 are not part of the solution.
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Summary of steps for solving higher order inequalities:

Replace the inequality symbol with an equal symbol.

Move all terms to one side of the equation (usually the left side).

Factor the equation.

Set the factors equal to 0 to find zeros.

Choose test points on either side of the zeros.

If a test point satisfies the original inequality, then all numbers in that interval satisfy the inequality.
Slmllarly, if a test point does not satisfy the inequality, then no numbers in that interval satisfy the
inequality.

) O VAWM

Transitive Propert

[ Ifx<yandy<z thenx<z |

Example: If é> 1, which of the following must be true?
2 1 2 l 2
(A) 1<0 (B) §>2 © 1>0 (D) ?<1 (E) 0<0

Since é> 1 and 1 > 0, we know from the transitive property that é is positive. Hence, Q is positive.

Therefore, we can multiply both sides of é> 1 by Q without reversing the inequality:

1

Q-—>1-Q
0

Reducing yields 1>0

Multiplying both sides again by Q yields 0>0?

Using the transitive property to combine the last two inequalities yields 1>0°

The answer is (C).

Like Inequalities Can Be Added

[ Ifx<yandw<z thenx+w<y+z |
Example: If 2<x<5and 3 <y<5, which of the following best describes x—y ?

(A) -83<x-y<2
(B) -3<x-y<5b
(C) O<x-y<2
(D) 3<x-y<5b
(E) 2<x-y<5b

Multiplying both sides of 3 < y <5 by -1 yields -3 > -y > -5. Now, we usually write the smaller number
on the left side of the inequality. So -3 > —y > -5 becomes -5 < —y < -3. Add this inequality to the like
inequality 2 <x<5:

2<x<5
(+) -5<-y<-3
-3<x-y<2

The answer is (A).
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Problem Set I:

> Medium

1. Ifa=x+2y,andb=y+2x and 3x + 7y > 7x + 3y, then which one of the following is true?

M a>b
(Im a=b
(my a<b
(A) lonly
(B) Monly
(C) Hlonly

(D) land Il only
(E) Handlllonly

2. If x|+ x =4, then which one of the following is odd?

(A)  x+3x
(B) xX+3x+2
(C) x+4x

(D) X+4x+2
(E) X+4x+3

3. If5<x<10andy=x+5, whatis the greatest possible integer value of x +y ?

(A) 18
(B) 20
(C) 23
(D) 24
(E) 25

4. Ifx>2and x < 3, then which of the following is positive?
n x=2)(x-3)

(Im  @2-»(x-3)
M) 2-%GE-x)

(A) lonly
(B) Ilonly
(C) Hlonly

(D) land Il only
(E) land Il only

5. If a*+ 7a < 0, then which one of the following could be the value of a?

(A) 3
(B)
(©)
(D)
(E)

wnN - O
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> Hard

6.  Three workers A, B, and C are hired for 4 days. The daily wages of the three workers are as follows:

A's first day wage is $4.
Each day, his wage increases by 2 dollars.

B's first day wage is $3.
Each day, his wage increases by 2 dollars.

C's first day wage is $1.
Each day, his wage increases by the prime numbers 2, 3, and 5 in that order.

Which one of the following is true about the wages earned by A, B, and C in the first 4 days?
(A) A>B>C

(B) C>B>A
(C) A>C>B
(D) B>A>C

(EY C>A>B

» Very Hard

7. 1f 0 <x <1, then which one of the following is the maximum value of (x—1)? + x ?

(A) -2
(B) -1
€ 0
D) 1
B) 2
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Answers and Solutions to Problem Set |
>» Medium

1. We are given the inequality 3x + 7y > 7x + 3y. Subtracting 3x + 3y from both sides of the inequality
yields 4y > 4x, and dividing both sides of this inequality by 4 yields y > x.

Suppose Statement (1) a > b is true. Now, a > b if x+ 2y >y + 2x since we are given thata =x + 2y andb =
y + 2x. Subtracting x + y from both sides yields y > x, which we know is true. So, Statement (I)a > b is
true, and therefore Statement (I1) a = b and Statement (111) a < b are false. The answer is (A).

Note the strategy we used here: We assumed something to be true (a > b) and then reduced it to something
that we know is true (y >x). If all the steps are reversible (and they are here), then we have proven that our
assumption is in fact true. This is a common strategy in mathematics.

Method II:
Solve the given equations a=x + 2y and b = y + 2x for x and y and substitute the results in the given
inequality 3x+ 7y > 7x + 3y to derive a > b. Thus, I is true, and Il and I11 are false.

2. We are given that |x|+x = 4. If x is negative or zero, then |x| equals —x and |x|+ x equals —x + x = 0.

This conflicts with the given equation, so x is not negative nor equal to 0. Hence, x is positive and therefore
|x| equals x. Putting this in the given equation yields

x|+ x =4
X+Xx=4

2Xx=4
X=2

Now, select the answer-choice that results in an odd number when x = 2.

Choice (A): ¥ + 3x = 2% + 3(2) = 4 + 6 = 10, an even number. Reject.
Choice (B): ¥ +3x+2=2°+3(2) +2=4+ 6 + 2 = 12, an even number. Reject.
Choice (C): ¥ + 4x = 22+ 4(2) = 4 + 8 = 12, an even number. Reject.
Choice (D): X’ + 4x +2 =2+ 4(2) + 2 =4 + 8 + 2 = 14, an even number. Reject.
Choice (E): X + 4x + 3 =22+ 4(2) + 3 =4+ 8 + 3 = 15, an odd number. Accept.

The answer is (E).

3. Adding x to both sides of the equation y = x + 5 yields x + y =x + (x + 5), or X + y = 2x + 5. Hence, the
greatest possible value of x +y is the maximum possible value of 2x + 5. Now, let’s create this expression
out of the given inequality 5 < x < 10. Multiplying the inequality by 2 yields 10 < 2x < 20. Adding 5 to each
part of the inequality yields 10 + 5<2x +5<20 + 5, or 15 < 2 + 5 < 25. So, 2x + 5 is less than 25. The
greatest possible integer value of 2x + 5 is 24. Hence, the answer is (D).

4. Combining the given inequalities x > 2 and x < 3 yields 2 <x < 3. So, x lies between 2 and 3. Hence,
X — 2 is positive and x — 3 is negative. Hence, the product (x— 2)(x — 3) is negative. | is false.
2 —x is negative and x— 3 is negative. Hence, the product (x— 2)(x — 3) is positive. I1 is true.
2 —x is negative and 3 — x is positive. Hence, the product (2 — x)(3 — x) is negative. 11 is false.
Hence, the answer is (B), Il only is correct.
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5. Factoring out the common factor a on the left-hand side of the inequality a® + 7a < 0 yields
a(a + 7) < 0. The product of two numbers (here, a and a + 7) is negative when one is negative and the other
is positive. Hence, we have two cases:

l)a<0Oanda+7>0
2)a>0anda+7<0

Case 2) is impossible since if a is positive then a + 7 cannot be negative.

Case 1) is valid for all values of a between 0 and —7. Hence, a must be negative, so a could equal —-3. The
answer is (A).

> Hard

6. The payments to Worker A for the 4 days are the four integers 4, 6, 8, and 10. The sum of the payments
is4+6+8+10=28.

The payments to Worker B for the 4 days are the four integers 3, 5, 7, and 9. The sum of the payments is
3+5+7+9=24

The payments to Worker C for the 4 daysare 1,1 +2=3,3+ 3 =6, and 6 + 5 = 11. The sum of the
paymentsis1+3+6+11=21.

From the calculations, A > B > C. The answer is (A).

> Very Hard
7. Since 0 < x =< 1, we know that x is positive. Now, multiplying both sides of the inequality 0 < x <1 by x
yields

0<x®<x

X<X-x<0 by subtracting x from each side

X>-(x-x)=0 by multiplying each side by -1 and flipping the direction of

the inequalities
-(¥*-x)=0 neglecting the left side of the inequality

Next, lety equal (x— 1)* + x.

Expanding the expression for y yields ¥ = 2x + 1 +x=x*—x+ 1 =y.

Adding this equation to the inequality — (x> = x) = 0 yields X* = x + 1 — (x* = X) = y + 0. Simplifying yields
1=y. Hence, y is less than or equal to 1. Since y = 1 whenx = 1, the maximum value is 1. The answer is

(D).
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Fractions & Decimals

Fractions

A fraction consists of two parts: a numerator and a denominator.

numerator
denominator
If the numerator is smaller than the denominator, the fraction is called proper and is less than one. For
1 4 3 .
example: 25 and — are all proper fractions and therefore less than 1.
JT
If the numerator is larger than the denominator, the fraction is called improper and is greater than 1.

3 5 b1 . .
For example: > 7 and 3 are all improper fractions and therefore greater than 1.

An improper fraction can be converted into a mixed fraction by dividing its denominator into its
numerator. For example, since 2 divides into 7 three times with a remainder of 1, we get

7 1
—=3=
2 2
To convert a mixed fraction into an improper fraction, multiply the denominator and the integer and
. . 2 3-5+2 17
then add the numerator. Then, write the result over the denominator. For example, 5§ = 3 = 3

In a negative fraction, the negative symbol can be written on the top, in the middle, or on the bottom;
however, when a negative symbol appears on the bottom, it is usually moved to the top or the middle:

5 -5 5 . . . . . .
= = 3 =- 3 If both terms in the denominator of a fraction are negative, the negative symbol is often
1 1 -1
factored out and moved to the top or middle of the fraction: = =- or .
-x-2 -(x+2) X+2  X+2

To compare two fractions, cross-multiply. The larger number will be on the same side

'\:- N I as the larger fraction.

St::ategy

Example: Which of the following fractions is larger?
9 10
10 11
Cross-multiplying gives 9-11 versus 10 -10, which reduces to 99 versus 100. Now, 100 is greater than 99.
10 9
Hence, — is greater than —.
T 10
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Always reduce a fraction to its lowest terms.

xStrategy
2
Example: If x= -1, then 2x+—4x2+2 =
(x+1)
(A) O (B) 1 € 2 (D) 4 (E) 6

Factor out the 2 in the expression:
2(x* +2x+1)
(x+1)°
Factor the quadratic expressions:
2(x +1)(x +1)
(x+1)(x+1)

Finally, canceling the (x + 1)’s gives 2. The answer is (C).

To solve a fractional equation, multiply both sides by the LCD (lowest common
denominator) to clear fractions.

xStrategy
x+3 . .
Example: If T3 =y, what is the value of x in terms of y?
(A) 3-y (B) 3 © Jy+12 (O 8y-3 (E) 342
y -y
. . . . x+3
First, multiply both sides of the equation by x— 3: (x=3)—==(x-3)y
Cancel the (x— 3)'s on the left side of the equation: X+3=(x-3)y
Distribute the y: X+3=xy-3y
Subtract xy and 3 from both sides: X=Xxy=-3y-3
Factor out the x on the left side of the equation: X(1-y)=-3y-3
-3y-3
Finally, divide both sides of the equation by 1 —y: x= 1y
-y

Hence, the answer is (D).

il Complex Fractions: When dividing a fraction by a whole number (or vice versa), you must
W keep track of the main division bar:
Q

a _,.ct_a %_a 1 _a
/"% b "¢ b be
C
b
Example: TZ:
(A) 6 (B) 3 (C) 173 (D) 1/6 (E) 1/8
1 2 1 2-1 1
S R Y S N B
Solution: 3 3 3 ‘T‘E'E‘E' The answer is (D).
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1
Example: Ifzz0andyz=#1,then T=

r
yz y-z yz—z y-z
A 27 (8) = © = © 2= ® 5
U SRR SRR S S .
Solution: y_l_iy_l_ -1 =1 -1 -1 The answer is (D).
z 77 12 z

Jin) Multiplying fractions is routine: merely multiply the numerators and multiply the
_ c _ac 13 1.3 3
Q denominators: —-+-— =—. Forexample, — —=——=—,
b d b 2 4 24 8
ik . . . a ¢ _ad+tbc
Two fractions can be added quickly by cross-multiplying: —+— =
4 b d bd
Example: 1.3 =
2 4
(A) -5/4 (B) -2/3 (C) -1/4 (D) -1/2 (E) -2/3

1-4-2-3 4-6 -2 1 .
R _?-—Z.Hence,theanswerls(C).

- .13
Cross multiplying the expression 572 yields

1
Example:  Which of the following equals the average of x and ;?

x+2 X2 +1 x+1 2x2+1 x+1
A C E
(A) . (B) > (©) 2 (D) - (B) .
. x> +1
1 » x2+1 1 x2+1
The average of xand — is X- X - == . Thus, the answer is (B).
g x ° 2 2 X 2 2x ®)

& To add three or more fractions with different denominators, you need to form a common
5 denominator of all the fractions.

L 10101 .
For example, to add the fractions in the expression 3 + 2 + B we have to change the denominator of each

fraction into the common denominator 36 (note, 36 is a common denominator because 3, 4, and 18 all
divide into it evenly). This is done by multiply the top and bottom of each fraction by an appropriate
number (this does not change the value of the expression because any number divided by itself equals 1):

12,18 1) 12,0, 2 12v0r2 2
3\12) "4\9) "18\2) 36 36 36 36 36

You may remember from algebra that to find a common denominator of a set of fractions, you prime factor
the denominators and then select each factor the greatest number of times it occurs in any of the
factorizations. That is too cumbersome, however. A better way is to simply add the largest denominator to
itself until all the other denominators divide into it evenly. In the above example, we just add 18 to itself to
get the common denominator 36.
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7 To find a common denominator of a set of fractions, simply add the largest denominator to
5 itself until all the other denominators divide into it evenly.

the square root of a fraction makes it larger. (Caution: This is true only for proper fractions,

[k, Fractions often behave in unusual ways: Squaring a fraction makes it smaller, and taking
M that is, fractions between 0 and 1.)

2
Example: 1 = 1 and 1 is less than l. Also 1,1 -1 and 1 is greater than l.
3 9 9 3 4 2 2 4

i}y
You can cancel only over multiplication, not over addition or subtraction.
N

. . Ct+X . .
For example, the c’s in the expression — cannot be canceled. However, the c’s in the expression

X +C X +C X+1
can be canceled as follows: —— = % =x+1.
If a fraction’s denominator is a power of 10, it can be written in a special form called a decimal fraction.
Some common decimals are e 1 — 2 =.02, _3 .003. Notice that the number of decimal places
10 100 1000

corresponds to the number of zeros in the denominator of the fraction. Also, note that the value of the
decimal place decreases to the right of the decimal point:

tenths
hundredths
thousandths
ten-thousandths
1

This decimal can be written in expanded form as follows:

a4=Lt4 2, 3 4
10 100 1000 10000

Sometimes a zero is placed before the decimal point to prevent misreading the decimal as a whole
number. The zero has no affect on the value of the decimal. For example, .2 =0.2.

Fractions can be converted to decimals by dividing the denominator into the numerator. For example,
to convert g to a decimal, divide 8 into 5 (note, a decimal point and as many zeros as necessary are added
after the 5):

625

8)5.000
48
20
16
40
40
0
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The procedures for adding, subtracting, multiplying, and dividing decimals are the same as for whole

numbers, except for a few small adjustments.

» Adding and Subtracting Decimals: To add or subtract decimals, merely align the decimal points and
then add or subtract as you would with whole numbers.

1.369 12.45
+ 97 - 6.367
11.069 6.083

» Multiplying Decimals: Multiply decimals as you would with whole numbers. The answer will have as
many decimal places as the sum of the number of decimal places in the numbers being multiplied.

1.23 2 decimal places
x 2.4 1 decimal place
492
246
2.952 3 decimal places

» Dividing Decimals: Before dividing decimals, move the decimal point of the divisor all the way to the
right and move the decimal point of the dividend the same number of spaces to the right (adding zeros if

necessary). Then divide as you would with whole numbers.
2.5

24)6 = 24)60.0
48
120

120
0

1
Example: 3 of .1 percent equals:
(A) 2 (B) .2

- 1 .
Recall that percent means to divide by 100. So .1 percent equals 100 =.001. To convert 3 to a decimal,

(C) .02 (D) .002 () .0002

divide 5 into 1:
2
5)L0
10
0
In percent problems, “of” means multiplication. So multiplying .2 and .001 yields

.001
X .2
.0002

Hence, the answer is (E). Note, you may be surprised to learn that the GMAT would consider this to be a
hard problem.
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Example:  The decimal .1 is how many times greater than the decimal (. 001)°?

(A) 10
(B) 102
(C) 10°
(D) 10°
(E) 10"

. . . 1 . L . 1 - .
Converting .001 to a fraction gives 1000 " This fraction, in turn, can be written as TER or 1073, Cubing

e
this expression yields (.001)° = (10 3) =10". Now, dividing the larger number, .1, by the smaller
number, (.001)%, yields

1 107
(001)®* 10°°

=101 = 107 =10°

Hence, .1 is 10® times as large as (.001). The answer is (D).

Example: Letx=.99, y= 4.99,and z= ( 99)2. Then which of the following is true?

(A) x<z<y
(B) z<y<x
(C) z<x<y
(D) y<x<z
(B) y<z<x

. . . . 99 . 99 L .
Converting .99 into a fraction gives 00" Since 100 is between 0 and 1, squaring it will make it smaller

and taking its square root will make it larger. Hence, (.99)2 <.99<+/.99. The answer is (C). Note, this
property holds for all proper decimals (decimals between 0 and 1) just as it does for all proper fractions.

Problem Set J:

> Easy
1. 2x10'+3x10°+4x101+5x%x102=
(A) 11.15
(B) 20.131
(C) 2345
(D) 45.321
(E) 53.231
> Medium

2. Kate ate 1/3 of a cake, Fritz ate 1/2 of the remaining cake, and what was left was eaten by Emily. The
fraction of the cake eaten by Emily equals

(A) 15
(B) 1/3
(C©) 213
(D) 1/2
(E) 3/5
3.  3/8 of a number is what fraction of 2 times the number?
(A) 3/16
(B) 3/8
(© 12
(D) 4/6
(E) 3/4

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



Wi M CGwww, manfen. net) Fractions & Decimals

4, Ifais %ofﬂandb: %,then a.
31 32 31 b

(A)  900/992

(B) 30/32
(C) 30/31
(D) 31/32

(E)  992/900

5. Ifxisnotequaltoland y= Ll then which one of the following cannot be the value of y ?
X —_—

(A) 0
(B) 1
€ 2
(D) 3
(E) 4

X x-1
6.  Which one of the following does the expression PYCTY equal?

A 1

(B) 3/2

€ 2

(D) 5/2

E) 3
» Hard

7. There are 87 balls in a jar. Each ball is painted with at least one of two colors, red or green. It is
observed that 2/7 of the balls that have red color also have green color, while 3/7 of the balls that have
green color also have red color. What fraction of the balls in the jar have both red and green colors?

(A) 6/14
B) 2/7
(C) 6/35
(D) 6/29
(E) 6/42
> Very Hard

8. Inacountry, 60% of the male citizen and 70% of the female citizen are eligible to vote. 70% of male
citizens eligible to vote voted, and 60% of female citizens eligible to vote voted. What fraction of the
citizens voted during the election?

(A) 0.42
(B) 0.48
(C) 0.49
(D) 0.54
(E) 0.60
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Answers and Solutions to Problem Set J

» Easy

1 2x10'+3x10°+4x10"+5x10%=20+3+0.4+0.05=23.45.

The answer is (C).

> Medium

2. We are given that Kate ate 1/3 of the cake. So, the uneaten part of the cake is 1 — 1/3 = 2/3. Exactly 1/2
of this part is eaten by Fritz. Hence, 1 — 1/2 = 1/2 of this part is uneaten. The uneaten part of the complete

cake is now 1/2 x 2/3 = 1/3. This was eaten by Emily, and the answer is (B).

3. Let the number be x. Now, 3/8 of the number is 3x/8, and 2 times the number is 2x. Forming the
3

3
7X —
fraction yields 8 -8 31 = i The answer is (A).
2X 16

31 32 3132 32
b= 2.
31
Hence, a/b = E/E = 30,31 = ﬂ The answer is (D).

32 31 32 30 32

. . 1 . . .
5. Since the numerator of the fraction 1 does not contain a variable, it can never equal 0. Hence, the
X —
fraction can never equal 0. The answer is (A).
X 2x + 2x—1

6. Theterm 2**equals 2? and the term 2**1 equals 2* - 2. Hence, the given expression X

becomes

2X(1+ l)
— = by factoring out 2* from both numerator and denominator

= by canceling 2* from both numerator and denominator

The answer is (B).
> Hard

7. Let T be the total number of balls, R the number of balls having red color, G the number having green
color, and B the number having both colors.
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So, the number of balls having only red is R — B, the number having only green is G — B, and the number
having both is B. Now, the total number of ballsisT=(R-B)+ (G-B)+B=R+ G -B.

We are given that 2/7 of the balls having red color have green also. This implies that B = 2R/7. Also, we are
given that 3/7 of the green balls have red color. This implies that B = 3G/7. Solving for R and G in these
two equations yields R = 7B/2 and G = 7B/3. Substituting this into the equation T = R + G — B vyields
T =7B/2 + 7B/3 — B. Solving for B yields B = 6T/29. Hence, 6/29 of all the balls in the jar have both colors.
The answer is (D). Note that we did not use the information: “There are 87 balls.” Sometimes, not all
information in a problem is needed.

> Very Hard
8. Let the number of male and female citizens in the country be m and f, respectively.

Now, 60% of the male citizens are eligible to vote, and 60% of m is 60m/100. 70% of female citizens are
eligible to vote, and 70% of f is 70f/100.
We are given that 70% of male citizens eligible to vote voted:

70% of 60m/100 is 2 x 00M _ 70x60m _ ) 1oy

100 100 10,000

We are also given that 60% of female citizens eligible to vote voted:

60% of 70f/100 is 0 X 70T _ 80X 707 _ 0.42f

100 100 10,000
So, out of the total m + f citizens, the total number of voters who voted is
0.42m + 0.42f = 0.42(m + f)
Hence, the required fraction is
0.42(m+ f)
m+ f

=042

The answer is (A).
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Equations

When simplifying algebraic expressions, we perform operations within parentheses first and then exponents
and then multiplication and then division and then addition and lastly subtraction. This can be remembered
by the mnemonic:

PEMDAS
Please Excuse My Dear Aunt Sally

When solving equations, however, we apply the mnemonic in reverse order: SADMEP. Thisis often
expressed as follows: inverse operations in inverse order. The goal in solving an equation is to isolate the
variable on one side of the equal sign (usually the left side). This is done by identifying the main
operation—addition, multiplication, etc.—and then performing the opposite operation.

Example: Solve the following equation for x 2x+y=5

Solution: The main operation is addition (remember addition now comes before multiplication, SADMEP),
so subtracting y from both sides yields

2X+y-y=5-y
Simplifying yields 2X=5-y
The only operation remaining on the left side is multiplication. Undoing the multiplication by dividing
both sides by 2 yields

N
x

5-

<

g
7
<N

Canceling the 2 on the left side yields X

N ‘

Example: Solve the following equation for x 3x—4 =2(x—5)

Solution: Here x appears on both sides of the equal sign, so let’s move the x on the right side to the left side.
But the x is trapped inside the parentheses. To release it, distribute the 2;

3x—-4=2x-10
Now, subtracting 2xfrom both sides yields"
x—4=-10
Finally, adding 4 to both sides yields
X=-6

We often manipulate equations without thinking about what the equations actually say. The GMAT likes
to test this oversight. Equations are packed with information. Take for example the simple equation 3x + 2
=5. Since 5 is positive, the expression 3x + 2 must be positive aswell. An equation means that the terms
on either side of the equal sign are equal in every way. Hence, any property one side of an equation has the

* Note, students often mistakenly add 2x to both sides of this equation because of the minus symbol
between 2x and 10. But 2x is positive, so we subtract it. This can be seen more clearly by rewriting the
right side of the equation as—10 + 2x.
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other side will have as well. Following are some immediate deductions that can be made from simple

203

equations.
Equation Deduction
y—-x=1 y>X
2_ 2 y==x, or |y|=|x|. Thatis, xandy can differ only
y = insign.
y?=x? y=x
y:x2 y=0
%=1 y>0
lg =2 Both_x and y are positive or both x and y are
X negative.
X2 +y2 =0 y= Xx=0
y=4xand x>0 y > xandyis positive.
3y=4xandx<0 y < xandyisnegative.
y=+x+2 y=0andx= -2
y=2x yiseven
y=2x+1 yisodd
yx=0 y=0orx=0, or both

symbol. Onthe GMAT, however, you are often asked to solve for an entireterm, say, 3—y

[ir] In Algebra, you solve an equation for, say, y by isolating y on one side of the equality
M by isolating it on one side.

Example: If a+ 3ais4lessthanb + 3b, thena—b=

A) 4 B) -1 (©) 15 (D) 13 (B) 2
Trangdlating the sentence into an equation gives a+3a=b+3b-4
Combining like terms gives da=4b-4
Subtracting 4b from both sides gives da—-4b=-4
Finally, dividing by 4 gives a-b=-1

Hence, the answer is (B).

equation. For example, the three equationsx = y,y =z, X =z, can be written more

i) Sometimes on the GMAT, a system of 3 equations will be written as one long “triple’
M compactly asx=y=z

Example: If wz0and w=2x=+/2y, what isthe value of w —x in terms of y ?
4
Ay @ gy © 2 © Ly ©y

The equation w=2x = ﬁy stands for three equations: w=2Xx, 2x = ﬁy, and w= x/iy. From the last

\2

equation, we get W=x/§y;andfromthesecondequation,weget x=7y. Hence,

\2 gﬁy—%yzzﬁy_ﬁy=

2
W-X=42y—-—Yy=
2y 5 Y >

Ey . Hence, the answer is (B).
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adding or subtracting the equations—instead of solving for one of the variables and then

i) Often on the GMAT, you can solve a system of two equations in two unknowns by merely
M substituting it into the other equation.

Example: If pand g are positive, p2 + q2 =16, and p2 - q2 =8,thenq=
() 2 (B) 4 ©) 8 (D) 22 (E) 246

Subtract the second equation from the first: p’+q’=16
) p°-q°=8
2¢F =8
Dividing both sides of the equation by 2 gives q’=4
Finally, taking the square root of both sides gives g=+2

Hence, the answer is (A).

METHOD OF SUBSTITUTION (Four-Step Method)

Although on the GMAT you can usually solve a system of two equations in two unknowns by merely
adding or subtracting the equations, you still need to know a standard method for solving these types of
systems.
The four-step method will be illustrated with the following system:
2x+y=10
5x—-2y=7
1) Solve one of the equations for one of the variables:
Solving the top equation for y yieldsy = 10 — 2x.

2) Substitute the result from Step 1 into the other equation:
Substituting y = 10 — 2x into the bottom equation yields 5x — 2(10 — 2x) = 7.

3) Solvetheresulting equation:

5x—2(10-2¢) =7
bx—20+4x=7
x—-20=7
X =27
x=3
4) Substitute the result from Step 3 into the equation derived in Step 1:
Substituting x = 3intoy=10—2x yieldsy=10-2(3) =10-6=4.

Hence, the solution of the system of equationsisthe ordered pair (3, 4).
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Problem Set K:

> Easy

1

If 2x+1=3x+2,then5x+ 2=

(A) -5
(B) -3
© -1
(O)y ©
B 3

If 7x+3y=12and 3x+ 7y =8, thenx -y =

(A) 1
(B) 3
© 7
(D) 8
(B) 12

Which one of the following must equal p+ g, if x—y=pand2x+3y=q?

(A) x+y

(B) 3x-2y
(C©) 2x-3y
(D) 2x+3y
(BE) 3Xx+2y

> Medium

4.

If pisthe sum of g and r, then which one of the following must equal g —r ?

(A) p-r
(B) p+r
© p-2r
(D) p+2r
(B) 29-p

The sum of two numbers is 13, and their product is 30. Wha is the sum of the squares of the two
numbers?

(A) -229
(B) 109
(C) 139
(D) 109
(E) 229

If p+q=7and pg =12, then what is the value of i2+i2 ?

p* q
(A) 16
(B) 25/144
(C)  49/144
(D) 712
(E) 73/144
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7. If2x+3y=1land3x+2y=9,thenx+y=

(A) 4
B 7
() 8
D) 9
B 11
8. If (x+5) —(%+%) =5, thenx =
(A) -5
(B) 12
© 1
(D) 5
(B 10
2
9 1f2 _gza;3,a+3¢0,anda¢0,thena:
12a a+3
A) 1
B) 2
© 3
(D) 6
B 9

10. If 42.42 = k(14 + 7/50), then what is the value of k?

(A)
(B)
©
(D)
B)
11. If (a+2)(@a-3)(a+4)=0anda>0,thena=
(A)
(B)
(©
(D)
(B)

> Hard

abrwWwNBEF

GO wWNBE

12. A system of equationsis as shown below

X+1=6

X—m=5
X+p=4
Xx—q=3

What isthevalueof | + m+p+q?

(A)
(B)
(©
(D)
B

OO, WN
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Equations

13, If (x=2y)(x+ 2y) =5and (2x—y)(2x +y) = 35, then Xz - yj =
X"ty

(A) -85
(B) —4/5
() 0
(D) 45
(E) 75

I m _ n
m+n n+l |+m

(A) U3
(B) 12
© 1
(D) 2
(B 3

14. If

> Very Hard

15. Ifa, b,andcarenot equal toOor 1 andif & =b, b’ =c, and ¢ = a, then xyz=

(A) O
B) 1
QS 2
(D) a
(BE) abc
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Answer s and Solutionsto Problem Set K

> Easy

1. Subtracting 2x + 2 from both sides of the equation 2x + 1 = 3x + 2 yields -1 = x. Now, 5 + 2 =
5(-1) + 2=-5+2=-3. Theanswer is (B).

2. Weare given the two equations:
X+ 3y=12
3X+7y=8
Subtracting the bottom equation from the top equation yields
(7x+3y) —(3x+7y)=12-8
X+ 3y—3x-7y=4
Ix—4y=4
Ax-y)=4
x-y=1
The answer is (A).

3. Wearegiven the equations x—y = p and 2x + 3y = g. Adding the two equations yields

(x=y) +(X+3y)=p+q
X—y+2x+3y=p+q
X+2y=p+qaQ.

Hence, p + g = 3x + 2y. The answer is (E).

» Medium
4. Wearegiventhat p=q+r. Now, let's create the expression g —r by subtracting 2r from both sides of
this equation:

p—2r=q+r—-2r
or
p—2r=q-r
The answer is (C).

5. Let the two numbers be x andy. Since their sum is 13, x + y = 13. Since their product is 30, xy = 30.
Solving the equation xy = 30 for yyields y = 30/x. Plugging thisinto the equationx + y= 13 yields

x+ 30k =13

X + 30 = 13x by multiplying both sides of the equation by x
X¥—13x+30=0 by subtracting 13x from both sides of the equation
(x—3)(x—-10)=0

x=3orx=10

Now, if x =3, theny = 13 —x= 13—3 = 10. Hence, * + y* = 3% + 10 = 9 + 100 = 109. The answer is (D).

Method I1:
(X+Y)? =X+ y? + 2xy. Hence, ¥ + y* = (x + y)* — 2xy = 132 — 2(30) = 169 — 60 = 109.
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6. Solving theequation p + q= 7 for qyields q = 7 — p. Plugging this into the equation pg = 12 yields
p(7-p) =12
p—p =12
p’=7p+12=0

(P-3)(p—4)=0
p—3=0o0r p—4=0
p=3orp=4

If p=3,theng=7-p=7-3=4. Plugging these values into the expression i2+i2 yields
P~ q

1 1 _
?+F_
1 1
4+ =
9 16
)
144
Theresult is the same for the other solution p =4 (andthenq=7—-p =7 -4 = 3). The answer is (B).

Method 11:

2 2 2 2
i2+i2: @ :g):(p”” ‘22pq:(7) ‘3(12):49‘24:§.Theansmeris(5).
p° q peq (pg) 12 144 144

7. Adding the two equations 2x + 3y = 11 and 3x + 2y = 9 yields 5x + 5y = 20, orx + y = 20/5 = 4. The
answer is (A).

8. Wearegiven the equation
1

(X+5)+(%+E):5

(x+5)+(%x5):5

5x | _
(x+5) (m)—S
5x=5
x=1

The answer is (C). Note: If you solved the equation without getting a common denominator you may have
gotten -5 as a possible solution. But, -5 is not a solution. Why?”*

* Because -5 is not in the domain of the original equation since it causes the denominator to be 0. When
you solve an equation, you are only finding possible solutions. The “solutions” may not work when
plugged back into the equation.
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9. Thegivenequationis
a®-9_a-3

12a a+3

a®-9 a-3_

12a a+3

(a—3)(a+3)_a_3:
12a a+3
at+t3 1 .

(a- 3)(— - ) =0 by factoring out the common factor a — 3
12a a+3

(a_ 3)[@) =0

12a(a + 3)

0 by the formula a®>—b? = (a—b)(a + b)

(a- 3)((a+ 3)2 - 12a) =0 by multiplying both sides by 12a(a + 3)

(a—3)(a*+6a+9-12a)=0
(a=3)(a*-6a+9) =0
(a—3)(a*-2a3+9)=0

(a-3)(a-3y’=0 by the Perfect Square Trinomial formula
(a=3¢=0

a-3=0 by cube rooting both sides

a=3

Hence, the answer is (C).

10. Thegiven equationis

42.42 = k(14 + 7/50)
42.42 = k(14 + 14/100)
42.42 = k(14 + 0.14)
42.42 = K(14.14)
424211414 =K

3=k

The answer is (C).

11. Wearegiventhata>0and (a + 2)(a— 3)(a+ 4) = 0. Hence, the possible solutions are
a+2=0; a=-2, aisnot greater than 0, so reject.
a—3=0; a= 3, aisgreater than 0, so accept.
a+4=0; a=-4, aisnot greater than 0, so reject.

The answer is (C).
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> Hard
12. The given system of equationsis

3
oo
WA RO

X X X X
I+ | +

p
q
Subtracting the second equation from the first one yields

x+)=(x-m)=6-5
[+m=1 ()]

Subtracting the fourth equation from the third one yields

(x+p)—(x-q)=4-3
pt+tq=1 .. (2

Adding equations (1) and (2) yields

(I+m+(p+g=1+1=2
l+m+p+qg=2

The answer is (A).

13. We are given the two equations:

(x=2y)(x+2y)=5
(2x=y)(2x+y) =35

Applying the Difference of Squares formula, (a + b)(a— b) = a2 — b?, to the left-hand sides of each equation
yields

X~ (27 =5
(2 -y =35

Simplifying these two equations yields

¥ —4f =5
4@ -y =35

Subtracting the bottom equation from the top one yields
(-4 — (42 -y)=5-35
-3¢ -3y =-30
-3¢ +y?) =-30
X +y*=-30-3=10
Instead, adding the two equations yields
X —4y +4x° -y =5+35
5% —5y? = 40
X -y =40/5=8

Now, (¢ —y?)/(>¢ + y?) = 8/10 = 4/5. The answer is (D).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



212 GMAT Math Bible WAy M (www. manfen. net)

n n+l I+m
(m+n)k, m=(n+ 1)k, and n = (I + mk Summing the three equations yields

14. Thegiven equationis po = k. Forming the three equationsyields | =

[+ m+n=(m+n)k+(n+Dk+(l + mk
=K(m+n)+(n+1)+ (1 +m))
=km+n+n+l+1+m)
=k(2m+2n+ 2I)
2k(m+n+1)
1=2k by canceling m+ n + | from each side
2=k

The answer is (B).

> Very Hard
15. We are given three equations a* = b, b’ = ¢, and ¢ = a. From the first equation, we have b = a.

Substituting this in the second equation gives (a*)’ = ¢. We can replace a in this equation with ¢ (according
to the third equation ¢ = a):

y

] =

c¥=c! By multiplying the exponents and writing cas ¢
xyz=1 By equating the exponents of ¢ on both sides

The answer is (B).
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Averages

Problems involving averages are very common on the test. They can be classified into four major
categories as follows.

Wg Theaverage of N numbersistheir sum divided by N, that is, average:%.
Q

Examplel: What isthe average of x, 2x, and 6?

(A) x2
(B) 2x
©) X+2
6
(D) x+2
X+2
B 3

X+2x+6 _3x+6 _3x+2)

By the definition of an average, we get 3 3 3

=x+2. Hence, theanswer is (D).

Wﬂ Weighted average: The aver age between two sets of numbersis closer to the set with more
Q

numbers.

Example2: If on atest three people answered 90% of the questions correctly and two people answered
80% correctly, then the average for the group is not 85% but rather
3-90+2-80 _ 430 _ . . .
— 5 g5 86. Here, 90 has aweight of 3—it occurs 3 times. Whereas 80 hasa

weight of 2—it occurs 2 times. So the average is closer to 90 than to 80 as we have just
calculated.

[}
W Using an averageto find a number.
Q

Sometimes you will be asked to find a number by using a given average. An example will illustrate.

Example3: If the average of five numbersis -10, and the sum of three of the numbersis 16, then what
isthe average of the other two numbers?
(A) =33 (B) -1 (© 5 (D) 20 (E) 25

Let the five numbers bea, b, ¢, d, e. Then their average is M:-m. Now three of the

numbers have a sum of 16, say, a+ b + ¢ = 16. So substitute 16 for a + b + ¢ in the average above:

16+—d+e:_10. Solving thisequation for d+ egives d+ e=-66. Finally, dividing by 2 (to form the

average) gives % =-33. Hence, the answer is (A).
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W .
Average Speed = Total Dlsltance
§ Total Time

Although the formula for average speed is simple, few people solve these problems correctly because most
fail to find both the total distance and the total time.

Example4:  In traveling from city A to city B, John drove for 1 hour at 50 mph and for 3 hours at 60
mph. What was his average speed for the whole trip?

(A) 50
(B) 53%
(C) 55
(D) 56
(B) 57%

Thetotal distanceis 1-50+ 3-60=230. And thetotal timeis4 hours. Hence,

The answer is (E). Note, the answer is not the mere average of 50 and 60. Rather the average is closer to
60 because he traveled longer at 60 mph (3 hrs) than at 50 mph (1 hr).

> Easy
M(16) P(18) Q(20) R(21) S(25)

X-axis

Thefigureis not drawn to scale.

1. Which one of the following pointsin the figure is the median of the pointsM, P, Q, R, and S?

(A) M
(B) P
© Q
(O) R
B S

2.  Thelast digit of which one of the following results equals the last digit of the average of 3* and 5*?

(A) Thesum of 13 and 25
(B) Thesumof 3and 5

(C) Theaverageof 13 and 25
(D) Theaverageof 13 and 15
(E) Theaverageof 19 and 35

3. The monthly rainfall for the first eight months of 2008 in incheswas 2, 4, 4, 5, 7, 9, 10, 11. Which
one of the following equals the mean monthly rainfall for the 8 months and the median of the rainfall
for the 8 months, respectively?

(A) 656
(B) 675
(© 7.8
(D) 89
(E) 85,95
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> Medium

4.

A group of 30 employees of Cadre A has a mean age of 27. A different group of 70 employees of
Cadre B has a mean age of 23. What is the mean age of the employees of the two groups together?

(A) 23
(B) 242
(C) 25
(D) 268
(E) 27

The difference between two angles of a triangle is 24°. The average of the same two angles is 54°.
Which one of the following is the value of the greatest angle of the triangle?

(A) 45°
(B) 60°
(© e66°
(D) 72°
() 78°

The average length of al the sides of arectangle equals twice the width of the rectangle. If the area of
therectangleis 18, what isits perimeter?

(A) 66
(B) 86
(C) 24
(D) 32
(B) 48

In quadrilateral ABCD, £ A measures 20 degrees more than the average of the other three angles of
the quadrilateral. Then LA =

(A)  70°
(B) 85°
(C) 95°
(D) 105°
(E) 110°

The five numbers 1056, 1095, 1098, 1100, and 1126 are represented on a number line by the points A,
B, C, D, and E, respectively, as shown in the figure. Which one of the following points represents the
average of the five numbers?

(A) PointA
(B) PointB
(C) PointC
(D) PointD
(E) PointE
A(1056) B(1095 C(1098) D(1100) E(1126)

Which one of the following numbers can be removed from the set S= {0, 2, 4, 5, 9} without changing
the average of set S?

(A) ©
(B) 2
© 4
(D) 5
B 9
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» Hard
10. Inaset of three numbers, the average of first two numbersis 2, the average of the last two numbersis
3, and the average of thefirst and the last numbersis 4. What is the average of three numbers?
(A) 2
(B) 25
© 3
(D) 35
B 4
11. The arithmetic mean (average) of the numbers a andb is 5, and the geometric mean of the numbers a
andbis8. Thena?—10a=
(A) -64
(B) 76
(© 82
(D) 96
() 102
12.  In 2007, the arithmetic mean of the annual incomes of Jack and Jill was $3800. The arithmetic mean
of the annual incomes of Jill and Jess was $4800, and the arithmetic mean of the annual incomes of
Jess and Jack was $5800. What is the arithmetic mean of the incomes of the three?
(A)  $4000
(B) $4200
(C©) $4400
(D) $4800
(E) $5000
13. The average ages of the players on team A and team B are 20 and 30 years, respectively. The average
age of the players on the teams together is 26. If the total number of players on the two teams is 100,
then which one of the following is the number of players on team A?
(A) 20
(B) 40
(© 50
(D) 60
(E) 80
> Very Hard
14. 40% of the employees in a factory are workers. All the remaining employees are executives. The

annual income of each worker is $390. The annual income of each executive is $420. What is the
average annual income of all the employees in the factory together?

(A) 390
(B) 405
(C) 408
(D) 415
(E) 420
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Answer s and Solutionsto Problem Set L

> Easy

1. The definition of median is “When a set of numbers is arranged in order of size, the median is the
middle number. If a set contains an even number of elements, then the median is the average of the two
middle elements.”

From the number line M = 16, P = 18, Q = 20, R= 21, and S= 25. The numbers arranged in order are 16,
18, 20, 21, and 25. The median is 20. Since Q = 20, the answer is (C).

2. 32 equals 9 and 52 equals 25, and the average of the two is (9 + 25)/2 = 34/2 = 17, which ends with 7.
Hence, select the answer-choice the result of which ends with 7.

Choice (A): The sum of 13 and 25 is 38, which does not end with 7. Reject.

Choice (B): The sum of 3 and 5?is 3 + 25 = 28, which does not end with 7. Reject.

Choice (C): The average of 13 and 25 is (13 + 25)/2 = 19, which does not end with 7. Reject.
Choice (D): The average of 13 and 15is (13 + 15)/2 = 14, which does not end with 7. Reject.

Choice (E): The average of 19 and 35 = (19 + 35)/2 = 54/2 = 27, which ends with 7. Accept the
choice.

The answer is (E).
3. The mean rainfall for the 8 monthsis the sum of the eight rainfall measurements divided by 8:
(2+4+4+5+7+9+10+11)/8=6.5
When a set of numbers is arranged in order of size, the median is the middle number. If a set contains an
even number of elements, then the median is the average of the two middle elements. The average of 5 and
7 is 6, which is the median of the set.
Hence, the answer is (A).
» Medium
4. Cadre A has 30 employees whose mean age is 27. Hence, the sum of their agesis 30 x 27 = 810. Cadre
B has 70 employees whose mean age is 23. Hence, the sum of their agesis 23 x 70 = 1610. Now, the total
sum of the ages of the 100 (= 30 + 70) employeesis 810 + 1610 = 2420. Hence, the average age is
The sum of the ages divided by the number of employees =
2420/100 =
24.2

The answer is (B).
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5. Let a and b be the two angles in the question, with a > b. We are given that the difference between the
anglesis 24°, so a— b = 24. Since the average of the two anglesis 54°, we have (a + b)/2 = 54. Solving for
b inthefirst equation yields b = a — 24, and substituting this into the second equation yields

a+(a—24)
2

2a-24 —54

2
2a—24=54x2
2a—24 =108
2a=108 + 24
2a=132
a==66

Also,b=a-24=66—-24=42.

Now, let ¢ be the third angle of the triangle. Since the sum of the anglesin the triangle is 180°,a+ b+ c =
180. Plugging the previous results into the equation yields 66 + 42 + ¢ = 180. Solving for ¢ yields ¢ = 72.
Hence, the greatest of the three angles a, b and cis ¢, which equals 72°. The answer is (D).

6. The perimeter of arectangle is twice the sum of its length and width. Hence, if | and w are length and
width, respectively, of the given rectangle, then the perimeter of the rectangle is 2(1 + w). Also, the average
side length of the rectangle is 1/4 times the sum. So, the average side length is 2(1 + w)/4 =1/2 + w/2.

Now, we are given that the average equal s twice the width. Hence, we have |/2 + w/2 = 2w. Multiplying the
equation by 2 yields| + w = 4w and solving for | yields| = 3w.

Now, the area of the rectangle equalslength x width =1 x w = 18 (given). Plugging 3w for | in the equation
yields 3w x w = 18. Dividing the equation by 3 yields w? = 6, and square rooting both sides yieldsw = v6.
Finally, the perimeter equals 2(1 + w) = 2(3w + w) = 8w = 8v6 . The answer is (B).

7. Setting the angle sum of the quadrilateral to 360° yields£A + /B + £C + £ D = 360. Subtracting £ZA
from both sidesyields 2B + 2C + D = 360 — £A. Forming the average of the three angles 2B, 2C, and
£ D yields (4B + £C + £ D)/3 and this equals (360 — £A)/3, since we know that ZB + 2C + 4D =
360 — £A. Now, we are given that ZA measures 20 degrees more than the average of the other three angles.
Hence, £ A = (360 — £A)/3 + 20. Solving the equation for £Ayields Z A = 105. The answer is (D).

8. The average of the five numbers 56, 95, 98, 100, and 126 is

56+ 95+ 98+100+126 _
3 =
475 _
= -
95

Hence, the average of the five numbers 1056 (= 1000 + 56), 1095 (= 1000 + 95), 1098 (= 1000 + 98),
1100 (= 1000 + 100), and 1126 (= 1000 + 126) must be 1000 + 95 = 1095. The point that represents the
number on the number lineis point B. Hence, the answer is (B).

9. The average of the elements in the original set Sis(0 + 2 + 4 + 5 + 9)/5 = 20/5 = 4. If we remove an

element that equals the average, then the average of the new set will remain unchanged. The new set after
removing 4is{0, 2, 5, 9}. The average of the elementsis (0 + 2 + 5+ 9)/4 = 16/4 = 4. The answer is (C).
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> Hard
10. Let the three numbers be x, y, and z. We are given that
X+y _,
2
u =3
2

E:4
2

Summing the three equations yields
Xty y+z x+z
2 2 2

=2+3+4

X+y+z=9
The average of the three numbersis (x+y + 2)/3 = 9/3 = 3. The answer is (C).

11. The arithmetic mean of the numbersa andb is 5. Hence, we have (a + b)/2 =5, or a+ b =10.

The geometric mean of the numbersa and b is 8. Hence, we have vab =8, or ab=82=64. Hence, b =
64/a.
Substituting this into the equation a + b = 10 yields

a+64/a=10
a?+ 64 =10a
a’—10a=-64

The answer is (A).
12. Let a, b, and c be the annual incomes of Jack, Jill, and Jess, respectively. Now, we are given that

The arithmetic mean of the annual incomes of Jack and Jill was $3800. Hence, (a + b)/2 = 3800.
Multiplying by 2 yieldsa + b = 2 x 3800 = 7600.

The arithmetic mean of the annual incomes of Jill and Jess was $4800. Hence, (b + c)/2 = 4800.
Multiplying by 2 yieldsb + ¢ = 2 x 4800 = 9600.

The arithmetic mean of the annual incomes of Jess and Jack was $5800. Hence, (c + a)/2 = 5800.
Multiplying by 2 yields c + a =2 x 5800 = 11,600.
Summing these three equations yields
(a+b)+(b+c)+(c+a)=7600+ 9600 + 11,600
2a + 2b + 2c = 28,800
a+b+c=14,400
The average of the incomes of the three equal's the sum of the incomes divided by 3:
(a+b+c)3=
14,400/3 =
4800
The answer is (D).
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13. Let the number of players on team A be a and the number of players on team B be b. Then the total
number of playersa + b equals 100 (given). Solving the equation for b yields b = 100 — a.

Since the average age of the players on team A is 20, the sum of the ages of the players on the team is 20a.
Similarly, since the average age of the players on team B is b, the sum of the ages of the players on the
team is 30b.
Now, the average age of the players on the two teams together is

(sum of the ages of players on the teams)/(total number of players on the teams) =

20a+30b _
100
20a+ 30(100- a
( ) = by replacing b with 100- a
100
20a+3000- 30a _
100
3000-10a
100
We are given that this average is 26. Hence, we have
3000-10a _ %6
100
3000 — 10a = 2600 multiplying both sides by 100
400 = 10a adding 10a — 2600 to both sides
a=400/10=40

The answer is (B).
> Very Hard
14. Let ebe the number of employees.

We are given that 40% of the employees are workers. Now, 40% of e is 40/100 x e = 0.4e. Hence, the
number of workersis 2e/5.

All the remaining employees are executives, so the number of executives equals

(The number of Employees) — (The number of Workers) =
e—2d5=
3e/5

The annua income of each worker is $390. Hence, the total annual income of all the workers together is
2e/5x 390 = 156e.

Also, the annual income of each executive is $420. Hence, the total income of all the executives together is
3e/5x 420 = 252e.

Hence, the total income of the employeesis 156e+ 252e = 408e.

The average income of all the employees together equals
(Thetotal income of al the employees) + (The number of employees) =
408ele=
408

The answer is (C).
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Ratio & Proportion

A ratio is simply a fraction. The following notations all express the ratio of x toy: x:y, x+y, or X,
y

Writing two numbers as a ratio provides a convenient way to compare their sizes. For example, since

3 <1, we know that 3islessthan . A ratio comparestwo numbers. Just asyou cannot compare apples
JT

and oranges, so to must the numbers you are comparing have the same units. For example, you cannot
form the ratio of 2 feet to 4 yards because the two numbers are expressed in different units—feet vs. yards.
It is quite common for the GMAT to ask for the ratio of two numbers with different units. Before you form
any ratio, make sure the two numbers are expressed in the same units.

Examplel: Whatistheratio of 2 feet to 4 yards?
(A)1:9 ®B)1:8 (C)1:7 (D)1:6 (E)1:5

The ratio cannot be formed until the numbers are expressed in the same units. Let’sturn the yards into feet.
Sincethere are 3feetinayard, 4 yards=4 x 3feet =12 feet. Forming theratio yields

2 feet :lorl:G
12 feet 6

The answer is (D).

Note, taking the reciprocal of afraction usually changesits size. For example, §;= % So order isimpor-

tantin aratio: 3:4 = 4: 3.

PROPORTION

A proportion is simply an equality between two ratios (fractions). For example, the ratio of x toy is equal
to theratio of 3 to 2 istranslated as

X_3
y 2
or in ratio notation,
x:y:3:2
Two variables are directly proportional if oneis aconstant multiple of the other:
y = kx

where k is a constant.

The above equation shows that as x increases (or decreases) so doesy. This simple concept has nhumerous
applications in mathematics. For example, in constant velocity problems, distance is directly proportional
totime: d = vt, where vis aconstant. Note, sometimes the word directly is suppressed.
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Example2: If theratio of y to xisequal to 3 and the sum of yand xis 80, what is the value of y?
(A) -10 @B) 2 (© 5 (D) 20 (E) 60
Trandating “ theratio of y to x isequal to 3" into an equation yields
Y-3
X
Trandating “ the sumof y and x is80” into an equation yields
y+x=80
Solving the first equation for y givesy = 3x. Substituting this into the second equation yields

3x+x=80
4x =80
x=20

Hence, y=3x =3-20=60. The answer is (E).

In many word problems, as one quantity increases (decreases), another quantity also increases (decreases).
This type of problem can be solved by setting up adirect proportion.

Example3: If Biff can shape 3 surfboards in 50 minutes, how many surfboards can he shapein 5 hours?
(A) 16 (B) 17 (C) 18 (D) 19 (E) 20

As time increases so does the number of shaped surfboards. Hence, we set up a direct proportion. First,
convert 5 hours into minutes: 5hours= 5x 60 minutes = 300 minutes. Next, let X be the number of

surfboards shaped in 5 hours. Finally, forming the proportion yields
3 X

50 300
3-300
=X

50
18 =x
The answer is (C).
Example4: Onamap, 1 inch represents 150 miles. What is the actual distance between two cities if
they are 3% inches apart on the map?

(A) 225 (B) 300 (C) 450 (D) 525 (E) 600

As the distance on the map increases so does the actual distance. Hence, we set up a direct proportion. Let
x be the actual distance between the cities. Forming the proportion yields

1in _ 3%'”

150 mi xmi

X:3%x150
X =525

The answer is (D).

Note, you need not worry about how you form the direct proportion so long as the order is the same on both

lin 150 mi
sides of the equal sign. The proportion in Example 4 could have been written as — = —. Inthis
3Lin xmi

case, the order is inches to inches and miles to miles. However, the following is not a direct proportion
lin X mi

150mi  3%/in
isinches to miles on the left side of the equal sign but miles to inches on the right side.

because the order is not the same on both sides of the equal sign: . Inthis case, the order
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If one quantity increases (or decreases) while another quantity decreases (or increases), the quantities are
said to be inversely proportional. The statement “y isinversely proportional to X' is written as

_k
Y=
where k is a constant.
Multiplying both sides of yzg by x yields
yx=k

Hence, in an inverse proportion, the product of the two quantities is constant. Therefore, instead of setting
ratios equal, we set products equal.

In many word problems, as one quantity increases (decreases), another quantity decreases (increases). This
type of problem can be solved by setting up a product of terms.

Example5: If 7 workers can assemble a car in 8 hours, how long would it take 12 workers to assemble
the same car?

(A) 3hrs (B) 3% hrs () 4%4hrs (D) shrs (E) 6Xhrs

As the number of workers increases, the amount time required to assemble the car decreases. Hence, we
set the products of the terms equal. Let x be the time it takes the 12 workers to assemble the car. Forming
the equation yields

7-8=12-x

56
— =X

12
4%:x

The answer is (C).

ratios equal. If one quantity increases (decreases) as another quantity decreases (increases), set produ
equal. 7
The concept of proportion can be generalized to three or more ratios. A, B, and C are in the ratio 3:4:5

A 3 A 3 B 4
means —=—, —=—,and —=—.

To summarize: if one quantity increases (decreases) as another quantity also increases (decreases), se%
ct

Example6:  In the figure to the right, the angles A, B, C of B
the triangle are in the ratio 5:12:13. What is
the measure of angle A?

A) 15

®) 27

© 30 A ¢
(D) 34

E) 40

Since the angle sum of atriangleis 180°, A+ B + C = 180. Forming two of the ratios yields
AS A_S
B 12 C 13

12
Solving the first equation for B yields B= = A
. . . 13
Solving the second equation for C yields C= = A

12 13 . .
Hence, 180 = A+B+C= A+E A+ EA = 6A. Therefore, 180 = 6A, or A =30. The answer is choice (C).
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Problem Set M
> Easy
1. At Stephen Stores, 3 pounds of cashews costs $8. What is cost in cents of a bag weighing 9 ounces?
(A) 30
(B) 60
(C) 90
(D) 120
(E) 150
> Medium
2. Inthefigure, what isthevalueof yif x:y=2:37
(A) 16
(B) 32
(C) 48
(D) 54
(E) 72
yO
« >
x° I
m
4
3. Inthefigure, ABCD is arectangle and points E, F, G and H are midpoints of its sides. What is the

ratio of the area of the shaded region to the area of the un-shaded region in the rectangle?

A) 1:1

B) 1:2

© 2:1

(D) 1:3

E 3:1
B
C

A certain recipe requires 3/2 cups of sugar and makes 2-dozen cookies. How many cups of sugar
would be required for the same recipe to make 30 cookies?

(A) 815
(B) 56
(C) 65
(D) 107
(E) 15/8
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5. Theratioof xtoyis3: 4, andtheratioof x+ 7toy+ 7is4: 5. What istheratio of x + 14 toy + 14?

(A) 3:4
B) 4:5
(C 5:6
(D) 5:7
() 6:7

6. Inazoo, theratio of the number of cheetahs to the number of pandasis 1 : 3 and was the same five
years ago. If the increase in the number of cheetahs in the zoo since then is 5, then what is the
increase in the number of pandas?

(A) 2
(B) 3
© 5
(D) 10
E) 15

7. If p, g, andr arethree different numbersandp:q:r=3:5:-8,thenwhat isthevalueof p+ q+r ?

(A) O

(B) 3/8

(C) 5/8

(D) 3/5

E 1
> Hard

8. InFigurel, y= /3% and z= 2x. What isthe ratiop: q:rinFigure2?

(A) 1:2:3
(B) +3:1:2
(C) 1:432:1
(D) 2:4/3:1
(B) 3:2:1
B
E
60°
30°
z r
X p
[ [
A y c D q F
Figure 1 Figure 2

Note: The figures are not drawn to scale.
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9.

10.

11.

12.

13.

In the figure, the ratio of the area of parallelogram ABCD to the area of rectangle AECF is5: 3. What
isthe area of the rectangle AECF ?

(A) 18
(B) 24
(C) 25
(D) 50
(E) 54
A E B
5
D F C
< ....................... 10 ........................ >

In aclass, 10% of the girls have blue eyes, and 20% of the boys have blue eyes. If the ratio of girlsto
boysinthe classis 3: 4, then what is the fraction of the students in the class having blue eyes?

(A) 170
(B) 1145
(C) 14/45
(D) 12/33
(E) 23/49

Kelvin takes 3 minutes to inspect a car, and John takes 4 minutes to inspect a car. If they both start
inspecting different cars at 8:30 AM, what would be the ratio of the number of cars inspected by
Kelvin and John by 8:54 AM of the same day?

(A) 1:3

B) 1:4

© 3:4

(D) 4:3

B 7:4

If x=a,y=2b,z=3c,andx:y:z=1:2:3,then Xryrz_

a+b+c

(A) 13

(B) 12

© 2

(D) 3

(B) 6

A precious stone was accidentally dropped and broke into 3 stones of equal weight. The value of this
type of stone is aways proportional to the square of its weight. The 3 broken stones together are
worth how much of the value of the original stone?

(A) 19
(B) U3
@€ 1
(D) 3
® 9
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14. In what proportion must rice at $0.8 per pound be mixed with rice at $0.9 per pound so that the
mixture costs $0.825 per pound?

A) 1:3
B) 1:2
© 1:1
(D) 2:1
(B 3:1

15. A gpirit and water solution is sold in a market. The cost per liter of the solution is directly
proportional to the part (fraction) of spirit (by volume) the solution has. A solution of 1 liter of spirit
and 1 liter of water costs 50 cents. How many cents does a solution of 1 liter of spirit and 2 liters of

water cost?
(A) 13
(B) 33
(C) 50
(D) 51
(B) 52

16. A perfect square is a number that becomes an integer when square rooting it. A, B, and C are three
positive integers. The ratio of the three numbersis1: 2 : 3, respectively. Which one of the following
expressions must be a perfect square?

(A) A+B+C

(B) A?2+B*+C?
(© A+B*+C3
(D) 3A%+B2%+C?
(E) 3A2+4B%+ 4C?

17. AABC and ADEF are right triangles. Each side of triangle ABC is twice the length of the

corresponding side of triangle DEF, - reaof ADEF _
The area of AABC

(A) 4

B) 2

© 1

(D) 12

(E) V4

> Very Hard

18. Two aloysA and B are composed of two basic elements. The ratios of the compositions of the two
basic elementsin the two alloysare5: 3and 1 : 2, respectively. A new alloy X is formed by mixing
thetwo alloys Aand B in theratio 4 : 3. What isthe ratio of the composition of the two basic el ements

inaloy X ?
(A) 1:1
B) 2:3
(© 5:2
(D) 4:3
(E) 7:9

19. Joseph bought two varieties of rice, costing 5 cents per ounce and 6 cents per ounce each, and mixed
them in some ratio. Then he sold the mixture at 7 cents per ounce, making a profit of 20 percent.
What was the ratio of the mixture?

(A) 1:10
(B) 1:5
© 2:7
(D) 3:8
(E) 5:7
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Answer s and Solutionsto Problem Set M

> Easy

1. This problem can be solved by setting up a proportion. Note that 1 pound has 16 ounces, so 3 pounds
has 48 (= 3 x 16) ounces. Now, the proportion, in centsto ounces, is

800 _ cents
48 9
or
800

cents=9-—— =150
48

The answer is (E).

> Medium

2. We know that the angle made by a line is 180°. Applying this to line m yields x + y + 90 = 180.
Subtracting 90 from both sides of this equation yieldsx +y = 90. We are also giventhat x : y =2 : 3.
Hence, x/y = 2/3. Multiplying this equation by y yields x = 2y/3. Plugging this into the equation x + y = 90
yields

2y/3+y=90
5y/3=90
5y =270
y="54

The answer is (D).

3. Joining the midpoints of the opposite sides of the rectangle ABCD yields the following figure:
A

B

D ' C
In the given figure, the bigger rectangle ABCD contains four small rectangles, each one divided by a
diagonal. Since diagonals cut a rectangle into two triangles of equal area, in each of the small rectangles,

the regions to either side (shaded and un-shaded) have equal area. Hence, even in the bigger rectangle, the
area of the shaded and un-shaded regions are equal, so the required ratiois 1 : 1. The answer is (A).

4. This problem can be solved by setting up a proportion between the number of cookies and the number of
cups of sugar required to make the corresponding number of cookies. Since there are 12 items in a dozen,
2-dozen cookies is 2 x 12 = 24 cookies. Since 3/2 cups are required to make the 24 cookies, we have the
proportion

24 cookies _ 30 cookies

3/2 cookies X cups
24x=30-3/2=45 by cross-multiplying
X = 45/24 = 15/8

The answer is (E).
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5. Forming the two ratios yields X =§ and X:; =%. Let’'s solve this system of equations by the
y y
substitution method. Multiplying the first equation by y yields x = 3y/4. Substituting this into the second
3y
— +7

equation yields 4 = i. Cross-multiplying yields
y+7 5

534+ 7)=4(y+7)
15y/4+35=4y+ 28
15y/4 —4y=28-35
-yl4=-7
y=28
andx=3y/4=(3+28)/4=3«7=21

X+14 ields
y+14
21+14 _
28+14

35

e

5

6

Plugging the values for x and yinto the requested ratio

The answer is (C).

6. Let k and X be the number of cheetahs and pandas five years ago. Let d and 3d be the corresponding
numbers now.

The increase in the number of cheetahsisd — k=5 (given).
Theincrease in the number of pandasis 3d — 3k = 3(d —k) = 3x 5=15. The answer is (E).

7. Wearegiventhatp:q:r=3:5:-8 Now, letp=3t,gq=5t,andr =-8t (suchthaap:q:r =
3:5:-8). Thenp+qg+r=3t+5t—-8t=0. Theanswer is(A).

> Hard

8. Angles B and £C in triangle ABC equal 60° and 90°, respectively. Since the sum of the anglesin a
triangleis 180°, the third angle of the triangle, £ A, must equal 180° — (60° + 90°) = 30°.

So, in the two triangles, ABC and EDF, we have A= £E =30° and £C = £F =90° (showing that at least
two corresponding angles are equal). So, the two triangles are similar. Hence, the ratios of the
corresponding sides in the two triangles are equal. Hence, we have

EF :DF: DE=AC:BC:AB
p:q:r=y:x:z after substitutions from the figure
=4Bx:x:2x=4/3:1:2 y:x/éxandz:2x,given

The answer is (B).
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9. The area of the parallelogram ABCD equals base x height = DC x AF = 10AF (from the figure, DC =
10).

The area of rectangle AECF equals length x width = FC x AF.

We are given that the ratio of the two areasis 5 : 3. Forming the ratio gives

10AF _5
FC-AF 3
10._5

FC 3

FC=10-2=6
5

From the figure, we have DC = DF + FC. Now, DC = 10 (from the figure) and FC = 6 (as we just
calculated). So, 10 = DF + 6. Solving this equation for DF yieldsDF = 4. SinceF is one of the angles in
the rectangle AECF, it is aright angle. Since ZAFC is right-angled, ZAFD must also measure 90°. So,
AAFD isright-angled, and The Pythagorean Theorem yields

AF? + DF? = AD?
AF? + 42 = 52

AF? =5 - 4=25-16=9
AF =3

Now, the area of the rectangle AECF equals FC x AF = 6 x 3= 18. The answer is (A).
10. Let the number of girls be x. Since the ratio of the girls to boys is 3 : 4, the number of boys equals
(4/3)x. Hence, the number of studentsin the class equalsx + 4x/3 = 7x/3. We are given that 10% of girls are

blue eyed, and 10% of x is 10/100 - x = x/10. Also, 20% of the boys are blue eyed, and 20% of 4x/3 is
(20/100)(4x/3) = 4x/15.

Hence, the total number of blue-eyed studentsis x/10 + 4x/15 = 11x/30.

11x

Hence, the required fraction is 3 _11-3_ E. The answer is (A).
7x  30-7 70
3

11. Kelvin takes 3 minutes to inspect a car, and John takes 4 minutes to inspect a car. Hence, after t
minutes, Kelvin inspects t/3 cars and John inspects t/4 cars. Hence, the ratio of the number of carsinspected
by themist/3:t/4=1/3:1/4=4: 3. Theanswer is (D).

12. We are given the equations x = a, y = 2b, z= 3cand the proportion x :y: z=1: 2: 3. Substituting the
first three equations in the last equation (ratio equation) yieldsa: 2b: 3c=1: 2 : 3. Forming the resultant
ratio yieldsa/l = 2b/2 = 3c/3. Simplifying the equation yieldsa = b = c¢. Thus, we have that both a and b
equal c. Hence, from the given equations, we havex =a = ¢, y=2b = 2¢, and z= 3c.

X+y+Z_
a+b+c
c+2c+3c _
c+c+c
6C

Now,

becausex=a,y=2c,z=3c,anda=b=c

Ko
2

The answer is (C).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W4 M (www. manfen. net) Ratio & Proportion 231

13. Let xbethe weight of the full stone. Then the weight of each of the three broken pieces of the stoneis
x/3.

Since we are given that the value of the stone is proportional to the square of the weight of the stone, we
have that if kx? is the value of the full stone, then the value of each small stone should be k(x/3)?, where k is
the proportionality constant. Hence, the value of the three pieces together is

CRERE

2 2 2
kX— + kX— + kX— =
9 9
2
3kX_ =
9
kX2
3
kX2
Hence, the value of the three broken piecesis kiz = % times the value of the original piece. The answer

is(B).
14. Let 1 pound of the rice of the first type ($0.8 per pound) be mixed with p pounds of the rice of the
second type ($0.9 per pound). Then the total cost of the 1 + p pounds of thericeis

($0.8 per pound x 1 pound) + ($0.9 per pound x p pounds) =

0.8+ 0.9p
Hence, the cost of the mixture per pound is

Cost _ 0.8+0.9p
Weight 1+p

If this equals $0.825 per pound (given), then we have the equation

08+0.9p _ 5 a5

1+p
0.8+0.9p=0.825(1 + p)
0.8 +0.9p=0.825 + 0.825p
0.9p-0.825p =0.825-0.8
900p — 825p =825-800
75p=25
p=25/75=1/3

Hence, the proportion of thetwo rice typesis 1 : 1/3, which also equals 3 : 1. Hence, the answer is (E).

15. Since the cost of each liter of the spirit water solution is directly proportionally to the part (fraction) of
spirit the solution has, the cost per liter can be expressed as kf, where f is the fraction (part of) of pure spirit
the solution has.

Now, each liter of the mliters of the solution containing n liters of the spirit (f = n/m) should cost kf =
k(n/m). The mliters cost m « k(n/m) = kn. Hence, the solution is only priced for the content of the spirit the
solution has (n here). Hence, the cost of the two samples given in the problem must be the same since both
have exactly 1 liter of spirit. Hence, the answer is (C), 50 cents.

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



232 GMAT Math Bible WAy M (www. manfen. net)

16. Forming the given ratio yields

A/1=B/2 =C/3 =k for some integer
A=k B=2k and C=3k

Choice (A): A+ B +C = k+ X + 3k =6k. Thisis a perfect square only when k is a product of 6 and a
perfect square number. For example, when k is 6 - 92, 6k = 62 - 9%, a perfect square. In all other cases
(suppose k = 2, then 8k = 12), it is not a perfect square. Hence, reject.

Choice (B): A% + B? + C?*= I€ + (2K)* + (3K’ = & + 4I¢ + 9K = 14I. Thisis surely not a perfect square. For
example, suppose k equals 2. Then 14k? = 56, which is not a perfect square. Hence, reject.

Choice (C): A®+ B®+ C3= IC + (2K)® + (3K)® = K& + 8K + 27k® = 36K’. Thisis a perfect square only when K
is perfect square. For example, suppose k = 2. Then 36k’ = 288, which is not a perfect square. Hence,
reject.

Choice (D): 3A% + B2 + C? = 3Kk? + (2K)* + (3K)? = 3K* + 41 + 9K* = 16k* = 4% = (4k)%. The square root of
(4K?is 4k and is an integer for any integer value of k. Hence, this expression must always result in a perfect
square. Choose (D).

Choice (E): 3A2 + 4B? + 4C? = 32 + 4(2K)* + 4(3K)* = 3k + 16k? + 36k? = 55K, Thisis surely not a perfect
square. Hence, reject.

The answer is (D).

17. We are given that each side of triangle ABC is twice the length of the corresponding side of triangle
DEF. Hence, each leg of triangle ABC must be twice the length of the corresponding leg in triangle DEF.
The formulafor the area of aright triangle is 1/2 « product of the measures of the two legs. Hence,

The areaof ADEF _
The areaof AABC

1 leg 1 of ADEF)(leg 2 of ADEF
2

~(1eg 1of AABC)(1eg 2 of AABC)

1 leg 1 of ADEF)(leg 2 of ADEF
2

1 2+ leg 1 of ADEF)(2¢ leg 2 of ADEF
2

N
|

The answer is (E).
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> Very Hard

18. The new alloy X is formed from the two aloys A and B in the ratio 4 : 3. Hence, 7 parts of the alloy
contains 4 parts of alloy A and 3 parts of aloy B. Let 7x ounces of aloy X contain 4x ounces of alloy A and
3x ounces of aloy B.

Now, aloy Aisformed of the two basic elements mentioned in the ratio 5 : 3. Hence, 4x ounces of the alloy

A contains i-4x = X ounces of first basic element and i-4x = % ounces of the second basic
5+3 2 5+3 2
element.

Also, alloy B isformed of the two basic elements mentioned in theratio 1 : 2. Hence, let the 3x ounces of
the alloy A contain ﬁ 3x = x ounces of the first basic element and 1T22 - 3x = 2x ounces of the second

basic element.

Then the total compositions of the two basic elements in the 7x ounces of alloy X would contain
5x/2 ounces (from A) + x ounces (from B) = 7x/2 ounces of first basic element, and 3/2 x (from A) + 2
(from B) = 7x/2 ounces of the second basic element. Hence, the composition of the two basic elements in
alloy Xis7x/2: 7x/2=1:1. The answer is (A).

19. Let 1: k be the ratio in which Joseph mixed the two types of rice. Then a sample of (1 + K) ounces of
the mixture should equal 1 ounce of rice of the first type, and k ounces of rice of the second type. Therice
of thefirst type costs 5 cents an ounce and that of the second type costs 6 cents an ounce. Hence, it cost him

(1 ounce x 5 cents per ounce) + (kounces x 6 cents per ounce) = 5 + 6k

Since he sold the mixture at 7 cents per ounce, he must have sold the net 1 + k ounces of the mixture at
7(1 +K).

Since he earned 20% profit doing this, 7(1 + k) must be 20% more than 5 + 6k. Hence, we have the
equation

7(1 + k) = (1 + 20/100)(5 + 6K)
7 + 7k = (120/100)(5 + 6K)

7+ 7k = (6/5)(5 + 6K)
7+7k=6/5-5+6/5- 6k

7+ 7k =6 + 36k5

1=k/5

k=5

Hence, therequired ratiois1: k=1:5. The answer is(B).
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Exponents & Roots

EXPONENTS

Exponents afford a convenient way of expressing long products of the same number. The expression b" is
called a power and it stands for b x b x bxL_xb, wherethere are n factorsof b. biscalled the base, and n

is called the exponent. By definition, h%=1.

There are six rules that govern the behavior of exponents:

Rulel: x®-x

b — Xa+

Rule 2: (Xa)b =x®

Rule 3:

Rule 4:

Rule5:

Rule6:

xy)*

a .

b

a

Example, 2°-2% =232 = 25 =32 Caution, x® +x° = x*°
2
Example, (2°) =2°2=2°=e4

Example, (2y)° = 2°-y® =8y

2 2
Example, (1) =X X

3) "F 9
26 6-3 3
Example,2—3:2 =2"=8
22 1 1 1
Bxample, 25 =257 =23 g
Example, 73 = 2—13 Caution, a negative exponent does not make

the number negative; it merely indicates that the base should be
1 1
reciprocated. For example, 372 Y or — 5

Problems involving these six rules are common on the test, and they are often listed as hard problems.
However, the process of solving these problems is quite mechanical: simply apply the six rules until they
can no longer be applied.

Example 1:

. a b ab :
First, applytherule(x) =X tothe expression

Next, apply therule x?- x° = x2*

5\2

XX

If x=0,

X

(A) x°

4

(B) x°

b

©) x’ D) x° (E) x°
X X5)2

7

X
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a
Finally, apply the rule :_b: X3P

11
X 11-4 7
-7 =X =X

The answer is (C).
Note: Typically, there are many ways of solving these types of problems. For this example, we could have

, x 1
begun with Rule 5, [

x4 x4—1 X3
a\° ab
Then apply Rule 2, (x) =x"
2
() _xe
X X8
a
Finally, apply the other version of Rule 5, X—b: X2
XlO 7
P
3-3-3-3
E le2z ———=
Xampie<  99-9-9
1\* 1)° 1 4 4
A) | B) |= = D) — E) =
®w(;) @z ©3 ®; 63
11-11 1111

o = === . Now, by the definition of a power,

Canceling the common factor 3 yields 3333’ 33373

1111 /1 -
_______ :(5) Hence, the answer is (A).

64
Example 3: 3—2 =

(A) 2* (B) 2%-3 (©) 6° (D) 2*-32 (F) 2%-3*
First, factor the top of the fraction:
(2:3)°
32

24.3
Next, apply therule (xy)* =x?-y®: 2
. Xa_ a-b . 4 2
Finally, apply the rule X—b—x : 2"-3

Hence, the answer is (D).
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The symbol {/p isread the nth root of b, where nis called theindex, bis called the base, and \/— iscalled
the radical. R/b denotes that number which raised to the nth power yields b. In other words, aisthe nth
root of b if a" =b. For example, +/9=3" because 3°=9,and 3-8 =2 because (-2)®=-8. Even
roots occur in pairs: both a positive root and a negative root. For example, 4/16 = 2 since 2% =16, and
4f16 =—2 since (-2)* =16. Odd roots occur alone and have the same sign asthe base: /=27 = -3 since

(—3)3 =-27. If given an even root, you are to assume it is the positive root. However, if you introduce
even roots by solving an equation, then you must consider both the positive and negative roots:

x> =9

Vx2 =149

X=%3

Square roots and cube roots can be simplified by removing perfect squares and perfect cubes, respectively.

For example,
VB=A4-2=+442=22

Radicals are often written with fractional exponents. The expression {/b can be written as bY". This can be
generalized asfollows:

b™" = (}b)" = {b™

Usually, the form (I{/B)m is better when cal culating because the part under the radical is smaller in this
case. For example, .Using theform §/b™ would be much harder in this case:

27%3 =]/272 =3/729 = 9. Most students know the value of }/27 , but few know the value of /729 .

If niseven, then
" =[x

For example, §/(~2)* =|-2=2. with odd roots, the absolute value symbol is not needed. For example,
?;/(-2)3 =38=-2.

To solve radical equations, just apply the rules of exponents to undo the radicals. For example, to solve the
radical equation x¥* = 4, we cube both sides to eliminate the cube root:

(xz/‘°’)3:43
x° =64

X=8

X=8

Even roots of negative numbers do not appear on the test. For example, you will not see expressions of the
form /-4 ; expressions of this type are called complex numbers.

* With square roots, the index is not written, /9 =/9.
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The following rules are useful for manipulating roots:

8fxy = ¥/xgly For example, 4/3x =+/3+/x .

nﬁZW For example, ézﬂzﬂ.
y Ry 8 %8 2

Caution: g/x+y =R/x +Rfy. Forexample, +/x+5=+/x+4/5. Also, /x®+y? = x+y. Thiscommon

mistake occurs because it is similar to the following valid property: (x+ y)2 =x+y (If x+ ycanbeneg-

ative, then it must be written with the absolute value symbol: |x + y|). Note, in the valid formula, it'sthe
whole term, x+y, that is squared, not the individual x andy.

To add two roots, both the index and the base must be the same. For example, 32 +4/2 cannot be added
because the indices are different, nor can /2 ++/3 be added because the bases are different. However,

3{/5 + %/5 = 2%/5 . Inthis case, the roots can be added because both the indices and bases are the same.
Sometimes radicals with different bases can actually be added once they have been ssimplified to look alike.

For example, /28 +/7 =4/4-7 +/7 =47 +/7 = 207 +/7 =37
Y ou need to know the approximations of the following roots: /2 ~1.4 J3=17 \J5=22

=4
3

Example4: Given the system , which of the following is NOT necessarily true?

-8

X

y
X . .

(A) y<O0 (B) x<5 (C) yisaninteger (D) x>y (E) ; is an integer

y* = -8 yieldsone cuberoot, y=-2. However, x*= 4 yieldstwo squareroots, x==+2. Now, if x=2,
then x> y; but if x=—-2, then x=y. Hence, choice (D) is not necessarily true. The answer is (D).

Example5: If x<0andyis5 more than the square of x, which one of the following expresses xin terms

of y?
(A) x=4y-5 (B) x=—)y-5 (C) x=4y+5 (D) x=4/y2-5 (E) x=—y?-5

Trangdlating the expression “ y is 5 more than the square of X" into an equation yields:
y= X2 +5
y-5= X2

1,/y-5=X

Since we are given that x < 0, we take the negative root, —,[y— 5= x. Theanswer is (B).
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RATIONALIZING

A fraction is not considered simplified until all the radicals have been removed from the denominator. If a
denominator contains a single term with a sguare root, it can be rationalized by multiplying both the
numerator and denominator by that square root. If the denominator contains square roots separated by a
plus or minus sign, then multiply both the numerator and denominator by the conjugate, which is formed by
merely changing the sign between the roots.

Example: Rationalize the fraction i

35

Multiply top and bottom of the fraction by +/5:

245 245 245

3425 35 15

2 A5 _
35 5
2
3-+5"
Multiply top and bottom of the fraction by the conjugate 3++/5:
2 3+45 _ 2(3+45) _ 23++5) _ 2(3++5) _3+45
3-4/5 3+4/5 32+3J§_3J§_(J§)2 9-5 4 2

Example: Rationalize the fraction

Problem Set N:
> Easy
1. If nequals10° + (2 x 10°) + 10°, then the number of zerosin the number nis
A) 2
(B) 3
c 4
(D) 5
B 6
x(xz)4
2. If xisnot equal to 0, =
(<)
(A) 8/9
B) 1
(C) 958
(D) 2
B x
> Medium

s
3. |ny:1andxisnotequaItoy,then(7X—y] =

) 7—12
|B) U7
© 1
D) 7
® 7

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W4 M (www. manfen. net)
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4. 1f x=10", y=10°, and ¥ = y?, then what is the value of z ?

(A) 05
(B) 0.66
(C) 15
(D) 2
(B 3

5. A perfect square is a positive integer which when square rooted resultsin an integer. If N=3*- 5%- 7,

then what is the biggest perfect square that is afactor of N ?
A =

(B) %

© @

(D) (9-57?

(B) (3-5-7)2

Ifp= % then which one of the following equals p — 47
(A) +3-2

(B) +3+2

© 2

D) -242++/6 -+/3-2

(E) -242++/6-43+2

> Hard

7. If p=216"% + 24325 + 25674, then which one of the following is an integer?
(A) p/19
(B) p/36
© p
(D) 19/p
(E) 36/p

8. Ifxa=4, aly=6,a*=9, andab’=-8,thenx +2y=
A) 2
(B) -5
(C) -10
(D) -13
() -15

AV6+42) 2443 _
V6-+2 2-43
(A) 1

B) 6-42

€ 6+42

D) 8
(E) 12

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html

239



240 GMAT Math Bible WAy M (www. manfen. net)

)

(ﬁ)ll
0. ————+——=
7)(
ﬁ
A A7
B) 7
© 7
(D) 71]]2
(E) 711
> Very Hard

11. Inwhich one of the following choices must p be greater than g?

(A) 0.9°=0.9°
(B) 0.9°=0.9
(C) 0.9°>0.9°
(D) P<9
(E) P>9
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Answer s and Solutionsto Problem Set N

> Easy

1. n=10°+ (2 x 10% + 1¢° = 100,000 + 2,000 + 1,000,000 = 1,102,000. Since the result has 4 zeroes, the
answer is (C).

2. Numerator: X(¥)*=x- x4 =x- x3=x"8=x",

Denominator: (3¢)°=x3"3 =
Hence,

The answer is (B).

> Medium

x
3| 7Y =

71 = sincexy =1

The answer is (B).
4. We are given that x = 10** and y= 10%’. Substituting these values in the given equation x* = y* yields

(101.4)2 = (100.7)3

101.42 - 100.7- 3

101.42 - 102.1

14z=21 since the bases are the same, the exponents must be equal
z=2114=3/2

The answer is (C).
5. We are given that N = 3* - 53 - 7. Writing N as a product of perfect squares yields (3* - 59 - 5- 7 =

(3?-5)%2:-5-7=(9:5)?-5- 7. The product of the remaining numbers 5 and 7 cannot be written as a perfect
square. Hence, (9 - 5)? isthe biggest perfect square factor of N. The answer is (D).
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6. Since none of the answers are fractions, let’s rationalize the given fraction by multiplying top and
bottom by the conjugate of the bottom of the fraction:

p=¥3-2 2-1
ﬁ+1 1/5—1
_ V32 +43(-0)+ (-2 +(-2)(-1)
() -
_6-4/3-2/2+2
- 2-1
=16-+/3-24/2+2
Now, p—4:(\/€ - \/C_S— Zﬁ +2)—-4= \/E - \/:_3— 2\/5 —2. The answer is (D).
> Hard

the conjugate of N2 +1is+/2-1

7. Simplifying the given equation yields

p=216"° + 2432° + 256
= (63)—313 + (35)—25 + (44)—114 because 216 = 63, 243 = 35, and 256 = 44
= G 4 3525) 4 gAY

- 6—1 + 3—2+ 4—1

Now,

Choice (A): p/19 = (19/36)/19 = 1/36, not an integer. Reject.

Choice (B): p/36 = (19/36)/36 = 19/36% not an integer. Reject.

Choice (C): p = 19/36, not an integer. Reject.

Choice (D): 19/p = 19/(19/36) = 19 - 36/19 = 36, an integer. Correct.

Choice (E): 36/p = 36/(19/36) = 36%19, not an integer. Reject.
The answer is (D).
8. Square rooting the given equation a® = 9 yields two solutions: a = 3 and a = -3. In the equation ab® = -8,
b? is positive since the square of any nonzero number is positive. Since ab? = -8 is a negative number, a
must be negative. Hence, keep only negative solutions for a. Thus, we get a = -3.
Substituting this value of ain the given equation x/a = 4 yields

X(-3)=4
x=-12

Substituting of a=-3 in the given equation a/y = 6 yields

-3ly=6
y=-3/6=-1/2

Hence, x + 2y =12 + 2(-1/2) = -13. The answer is (D).
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9. Let’'s rationalize both fractions by multiplying top and bottom of each fraction by the conjugate of its

denominator:

6442
6-2
(+

»

the conjugateis V6 +4/2

by the formula (a +b)(a-b) =a® - b®

_2+43 2443
- 2—\/5 2+\/§
_4+3+443

T 4-3

=7+4/3
4(‘/6""/5) 2+J§

Hence,

V6-2 2-43

the conjugate is 2+ NE

:(8+41/§)—(7+41/§) =8+44/3-7-4+4/3=1. The answer is (A).
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10. The numerator

(]
W since /7 = 7¥2

2x

72
1
72
7X

T

72

[

7X

ﬁ

Substituting this in the given expression yields

A canceling 7* from both numerator and denominator

1 -
72
11
72
The answer is (D).
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> Very Hard

11. Choice (A): 0.9° = 0.9 Equating exponents on both sides of the equation yields p = g. Hence, p is not
greater than g. Reject.

Choice (B): 0.9° = 0.9, Equating the exponents on both sides yields p = 29. This is not sufficient
information to determine whether p is greater than . For example, in case both p and q are negative, q > p.
In case both p and q are positive, p > g. Hence, reject the choice.

Casesfor choices (C), (D), and (E):

A. 0.9°>0.9° 0.81>0.729
B. 0.9"2< 09" 0.94<0.96
C. 092<093 11<137
D. 0.9%2>09"3 1.06 >1.04
E. 9°<9° 81< 729
F. 9¥2>9¥ 3>2.064
G. 9°>93 1/81> 1/729
H. 92<g™3 1/3<1/2.06
Summary: If a > &, then
x>yifa>1
and

x<yifO0<a<l1

Choice (C): 0.9°> 0.9%

Comparing the cases A and D against the inequality 0.9° > 0.99 we have that in A, p (= 2) islessthan q (=
3). Hence, reject the choice. In case of D, p (= —1/2) is greater than g (= -1/3).

Choice (D): 9* < 9%

Comparing the case E against the inequality 9P < 99, we have that in E, p (= 2) isless than g (= 3). Hence,
reject the choice.

Choice (E): 9° > 9%

The cases F and G match the inequality & > 9. In case of F, p (= 1/2) is greater than q (= 1/3) and also in
case G, p (=—2) isgreater than q (= —3). In either case, p is greater than g.

The answer is (E).
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Factoring

To factor an algebraic expression isto rewrite it as a product of two or more expressions, called factors. In
general, any expression on the GMAT that can be factored should be factored, and any expression that can
be unfactored (multiplied out) should be unfactored.

DISTRIBUTIVE RULE

The most basic type of factoring involves the distributive rule:

| ax+ay=ax+y) |

When this ruleis applied from left to right, it is called factoring. When the rule is applied from right to left,
it is called distributing.

For example, 3h + 3k = 3(h + k), and 5xy + 45x = 5xy + 9-5x = 5x(y + 9) . The distributive rule can be
generalized to any number of terms. For three terms, it looks likeax+ ay + az=a(x + y + 2). For example,
2X+4y +8=2x+2:2y +2-4=2(x+ 2y+4). For another example, X’y + xy° +y° = yz(x2 +xy+ y3) .

Example 1: Ifx—y:9,then(x—%)—(y—§):
(A) 4 B) 3 © o (D) 12 (E) 27
N _(y_ %)=
(X_s) (y 3)
y X o L
x—g—y+§: by distributing the negative sign
4 4 - .
3 X — 3 y= by combining the fractions
4 _ 4
§(X_ y)= by factoring out the common factor =
%(9): since x—y=9
12

The answer is (D).
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20_ 919
Example 2: T =
1
W 2°-2" () 5m © 2° (D) 2*° (B 2*°
220 _ 219 _ 219+1 _ 219 _
211 - 211 -
219 . 21 _ 219
—m = by therule x?- x° = x*
219(2-1 .
% = by the distributive property ax + ay = a(x +y)
219
8 X2 a-b
2 by therule X—b:x

The answer is (C).

DIFFERENCE OF SQUARES

One of the most important formulas on the GMAT isthe difference of squares:

x> -y = (x+y)x-v)

Caution: asum of squares, X2 + y2 , does not factor.

Example3:  If x# -2, then £ =32 -
xample 3: x# =2, then = ———==
(A) 2(x-2) (B) 2(x—4) (C) 8(x+2) (D) x—2 (E) x+4

In most algebraic expressions involving multiplication or division, you won't actually multiply or divide,
rather you will factor and cancel, asin this problem.

8x? -32 _
4x+8

8(x* - 4) o )
m = by the distributive property ax + ay = a(x +y)

8(x+2)(x-2) _

, 2 2_ ~
1+ 2) by the difference of squares x* - y* = (x +y)(x - y)

2(x—=2) by canceling common factors

The answer is (A).
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PERFECT SQUARE TRINOMIALS

Like the difference of squares formula, perfect square trinomial formulas are very common on the GMAT.

X2 +2xy +y? = (x +y)2

X2 = 2Xy +y? =(x—y)2

For example, X2 +6x + 9= x* + 2(3x) + 3% = (x + 3)>. Note, in a perfect square trinomial, the middle term
is twice the product of the square roots of the outer terms.

Example4: If r2 -2rs+s?=4 then (r-s)’ =

(A) -4 (B) 4 (C) 8 (D) 16 (E) 64
r?-2rs+s’=4
(r-9)?=4 by the formula X2 - 2xy + y? = (x - y)°
213 _ 43 . . .
[(r—s) ] =4 by cubing both sides of the equation
b
(r-9)°=64 by the rule (xa) =x®
The answer is (E).

x* +(a+b)x + ab=(x +a)(x+b)

The expression x* + (a+b)x + ab tells usthat we need two numbers whose product is the | ast term and

whose sum is the coefficient of the middle term. Consider the trinomial x°> +5x +6. Now, two factors of
6areland 6, but 1 +6=5. However, 2 and 3 are also factors of 6, and 2 + 3=5. Hence, X° +5X+6 =

(x+2)(x+3).
Example5:  Which of the following could be a solution of the equation x? -7x-18=07
(A) -1 (B) 0 (C) 2 (D) 7 (E) 9
Now, both 2 and -9 are factors of 18, and 2 + (-9) = —7. Hence, x* - 7x-18=(x+2)(x-9)=0. Setting

each factor equal to zero yieldsx + 2=0and x — 9 = 0. Solving these equations yieldsx = -2 and 9. The
answer is (E).

COMPLETE FACTORING

When factoring an expression, first check for a common factor, then check for a difference of squares, then
for a perfect square trinomial, and then for a general trinomial.

Example6:  Factor the expression 2x3 - 2x? -12x completely.

Solution: First check for a common factor: 2x is common to each term. Factoring 2x out of each term
yields 2x(x2 -X- 6) . Next, thereis no difference of squares, and x? —x-6 isnota perfect square trino-

mial since x does not equal twice the product of the square roots of x? and 6. Now, -3 and 2 are factors of
—6 whose sumis—1. Hence, 2x(x2 -X- 6) factorsinto 2x(x—3)(x + 2).
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Problem Set O:

> Easy

4x*-1 4x*-1_
2x+1 2x-1

=

If |x= =, then
2

(A) -2
(B) -1
(© o0
(D) 2
B 4

2. Ifb=a+candb=3,thenab+bc=

(A) 3
(B) 3
€ 33
D) 9
(E) 27

3 (m+m)2_(@)2:

A) O
(B) 5
(C) 125
(D) 25
(E) 50

> Medium

2 2 2 2
4 Ifa=49andb=59, then & 0~ _ a7 -b" _
a-b a+b

(A) 39/49
(B) 37/45
(C) 59
(D) 108
() 118

5. If x—3=10/x andx > 0, then what is the value of x ?

(A) -2
(B) -1
© 3
(O) 5
() 10

6. Ifx2—4x+3=0,thenwhat isthe value of (x —2)* ?

(A) -1
(B) 0
© 1
O) 3
B 4
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Answer s and Solutionsto Problem Set O

> Easy

1. Applying the Difference of Squares Formula a® - b” = (a +b)(a-b) to the given expression yields

4x%-1 4x%-1_

2x+1  2x-1

(2x+1)(2x-1) (2x+1)(2x-1) _
2x+1 - 2x-1 -

X—1—(X+1)=

-2

The answer is (A).

2. Factoring the common factor b from the expression ab + beyieldsb(a+c) =b- b[since a+c=b] =b?=
3?=9. Theanswer is (D).

3. (m+m)2_(@)2 -
(12.5+ 125+ 2412_.53412_.&3) _25=

125+ 12,5+ 2(12.5) = 25 =
25

The answer is (D).

> Medium
4. Applying the Difference of Squares Formula a® - b? = (a+b)(a-b) to the given expression yields

a’?-b?> a?-p? _

a-b a+b

(a+b)(a-b) ~ (a+b)(a-b) _
a-b a+b

at+b-(a-h)=
atb—a+b=
2b=

2(59) =

118

The answer is (E).

5. We have the equation x — 3 = 10/x. Multiplying the equation by x yields ¥ — 3x = 10. Subtracting 10
from both sides yields x* — 3x — 10 = 0. Factoring the equation yields (x — 5)(x + 2) = 0. The possible
solutions are 5 and —2. The only solution that also satisfies the given inequality x > 0isx = 5. The answer is
(D).

6. Adding 1 to both sides of the given equation x> — 4x + 3 = 0 yields ¥2 — 4x + 4 = 1. Expanding (x — 2F by

the Difference of Squares formula (a —b)? = a? — 2ab + b? yields}® — 4x + 22 = ¥ — 4x + 4 = 1. Hence,
(x—2)% =1, and the answer is (C).
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Algebraic Expressions

A mathematical expression that contains a variable is called an algebraic expression. Some examples of
1

algebraic expressions are X2, 3x — 2y, 27 y3 - ?). Two algebraic expressions are called like termsif both

the variable parts and the exponents are identical. That is, the only parts of the expressions that can differ

are the coefficients. For example, 5y° and gys areliketerms, asare x +y® and —7(x+y2). However,

x> and y3 are not liketerms, nor arex —yand 2 —.

ADDING & SUBTRACTING ALGEBRAIC EXPRESSIONS

Only like terms may be added or subtracted. To add or subtract like terms, merely add or subtract their
coefficients:

X2 +3x% = (1+3)x2 = 4x°

2vx - 5Vx = (2-9x =-3x
.5(x+%/) +.2(x+%) :(.5+.2)(x+%) :.7(x+%)

(3x° +7x2+ 2x+ 4) + (2x2 - 2x-6) =35 + (7+ 2)x® +(2-2)x +(4- 6) = 3x° +9x* - 2

Y ou may add or multiply algebraic expressionsin any order. Thisis called the commutative property:

[ x+y=y+x |

XV =
For example, =2x+ 5x = 5x + (-2X) = (5 —2)x = 3x and (X — Y)(-3) = (-J)(x —Y) = (-3)x— (-J)y = —=3x + 3y.

Caution: the commutative property does not apply to division or subtraction: 2=6+ 3= 3+ 6:% and

-1=2-3=3-2=1.

When adding or multiplying algebraic expressions, you may regroup the terms. This is called the
associative property:

L x+y+2=(x+y+z |
L_x(2=0yz |

Notice in these formulas that the variables have not been moved, only the way they are grouped has
changed: on the left side of the formulas the last two variables are grouped together, and on the right side of
the formulas the first two variables are grouped together.
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For example, (x —2X) + 5x= (X + [-2X]) + 5x= X + (-2X + 5X) = X + 3x = 4x
and
2(12x)=(2-12)x =24x

The associative property doesn't apply to division or subtraction: 4=8+2=8+(4+2)#(8+4)+2=2+2=1
and
-£6=-3-3=(-1-2)-32-1-(2-3)=-1-(-)=-1+1=0.

Notice in the first example that we changed the subtraction into negative addition: (x — 2x) = (X + [— 2]).
This allowed us to apply the associative property over addition.

PARENTHESES

When simplifying expressions with nested parentheses, work from the inner most parentheses out:
5X + (Y—(2x—3X)) = Bx + (y— (—X)) = 5x+ (y + X) = 6x+y

Sometimes when an expression involves several pairs of parentheses, one or more pairs are written as
brackets. This makes the expression easier to read:

(X =y +2(x=y)) =
x =y +2x=2y]) =
2(x—[2-¥) =
2X(X—2x+y) =
2X(x+y) =
—2X° +2xy

ORDER OF OPERATIONS: (PEMDAS

When simplifying algebraic expressions, perform operations within parentheses first and then exponents
and then multiplication and then division and then addition and lastly subtraction. This can be remembered
by the mnemonic:

PEMDAS
Please Excuse My Dear Aunt Sally

This mnemonic isn’t quite precise enough. Multiplication and division are actually tied in order of
operation, as is the pair addition and subtraction. When multiplication and division, or addition and
subtraction, appear at the same level in an expression, perform the operations from left to right. For
example, 6+2x 4=(6+2)x 4=3x 4=12. To emphasize this |eft-to-right order, we can use parentheses
in the mnemonic: PE(MD)(AS).

. 3[4 - —
Examplel: 2-(5-3%4+2+1])=

(A) 21 (B) 32 (C) 45 (D) 60 (E) 78
2-(5-3%4+2+1])
2-(5-3%2+1])

By performing the division within the innermost parentheses

2- (5 -3 [3]) = By performing the addition within the innermost parentheses
2-(5-27[3) = By performing the exponentiation
2-(5-81)= By performing the multiplication within the parentheses
—(-76) = By performing the subtraction within the parentheses
2+76= By multiplying the two negatives
78

The answer is (E).
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FOIL MULTIPLICATION

You may recall from algebra that when multiplying two expressions you use the FOIL method: First,
Outer, Inner, L ast:

I:o
(X +y)(X +Yy) = XX+ Xy +Xy +Yyy
| I—

I L

Simplifying the right side yields (x+y)(x+y)=x*+2xy+y?. For the product ( Xx— y)(x— y) we get
(x-y)(x-y)=x*-2xy +y?*. Thesetypes of products occur often, so it is worthwhile to memorize the

formulas. Nevertheless, you should still learn the FOIL method of multiplying because the formulas do not
apply in all cases.

Examples (FOIL):

(2-y)(x-y?) =2x- 2y* - xy+yy? =2x - 2y —xy+y?

X y) X Xy y Xy Xy

o <) e S

DIVISION OF ALGEBRAIC EXPRESSIONS
When dividing algebraic expressions, the following formulais useful:
Xy _ X, ¥
z z z
Thisformula generalizes to any number of terms.

Examples

2 2

X<+ X

y——+X:x2_1+l:x+X

X X X X X

2 3 2 3

X“+2y-x  X° 2y X o 2 _ 2 2

—)2/:—2+—y——:X22+—¥—X32:X0+—¥—X:1+—Z—X
X X X° X X X X

When there is more than a single variable in the denomination, we usually factor the expression and then
cancel, instead of using the above formula.

X2 —2x+1

x-1
(A) x+1 (B) x-1 (C) x+1 (D) x-1 (E) x—2
X2 -2x+1  (x=1)(x-1)

1 - 1 =x-1. Theanswer is (D).

Example 2:
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Problem Set P:

> Easy

2x*-72  2x*-18 _
X-6 X-3

1. If x#3andx=6, then

(A)
(B)
(©
(D)
E)

> Medium

PP OO0 W
N

(2x-1D(2x+11)
4

(A) O

(B) 4

(C) 16
(D) 455
(E) 90.75

N

—(x=1)(x+11) =

3. (1111.0°—999.0?) — (1111.5*— 999.59) =

(A) -112
(B) -1
© 1
(D) 111
(E) 888

2 2
9x —4_9x -4 ”

4. If |3x| = 2, what is the value of

3X+2 3X-2
(A) -9
B) 4
< o
(D) 4
® 9
5. if 4lol then XY -
X y 3 X+y
(A) 155
(B) 13
@€ 1
(D) 3
(B) 5
6. If x=2andy=-1, which one of the following expressions is greatest?
(A) x+y
(B) xy
(G —x+y
(D) x-y-1
B —x-y
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7. If bisonefourth of a, then what is the value of

(A)
(B)
©

(D)
E)

8.  If x=1ly, then which one of the following must X

(A)
(B)
©
D)

B

9. If 4/3-2x =1, thenwhat isthevalue of (3—2X) + (3—2x??

(A)
(B)
©
(D)
B
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AWNEFO

y

y

y

2

y

y

2

a+b

2

-7
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Answer s and Solutionsto Problem Set P
> Easy
1. Start by factoring 2 from the numerators of each fraction:
2x*-36) 2(x*-9)
X-6 x-3

Next, apply the Difference of Squares Formula a” - b” = (a+b)(a - b) to both fractionsin the expression:
2(x+6)(x-6) 2(x+3)(x-3) _
X-6 xX-3
Next, cancel the term x — 6 from the first fraction and x — 3 from the second fraction:
2(x+6) —2(x+3) =2x+12—-2x—6=6
Hence, the answer is (B).

» Medium
2. Applying the Difference of Squares formula (a + b)(a—b) = a® — b? to the given expressions yields
2 2 2
(ZX)T‘H—(XZ—W) = 4’(—'121—0@—121) = xz—% —x2+121= -% +121= 121-%: 90.75.

(You can guess the suitable choice here instead of calculating). The answer is (E).

3. 1111.5°-999.5° =

=(1111.5-999.5)(1111.5 + 999.5) by the formula, a?—b*= (a—b)(a + b)

= (1111 + 0.5— 999 — 0.5)(1111 + 0.5 + 999 + 0.5)

= (1111 —999)(1111 + 999 + 1)

= (1111 — 999)(1111 + 999) + (1111 — 999)

=11117—-999* + (1111 — 999) by the formula, (a—b)(a + b) = a®>-b?
Hence, (1111.07 — 999.09) — (1111.52 — 999.5) = (1111.0% — 999.09) — [11112 — 999? + (1111 — 999)] =
(1111.0°— 999.0%) — (11117 — 999%) — (1111 — 999) = — (1111 — 999) = —112. The answer is (A).

9x2—4_9x2—4
" 3x+2  3x-2

= (9x? - 4)(3 1+ 273 1 2) by factoring out the common term 9¥ — 4
X X —

(3x-2)-(3x+2)

) (3x+2)(3x-2)
)

Since [3x/= 2, (3x? = 4, and therefore9 X —4 = 0.

Hence, we can safely cancel 9% — 4 from numerator
and denominator.

The answer is (B).
S . . 1. 1 1 . L
5. Multiplying the given equation —+—=§ by xyyields y + x = xy/3, or x+ y= xy/3. Multiplying both
Xy
sides of the equation x + y = xy/3 by % yields X _ -3 Theanswer is(D).
X+y

X+y
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6. Choice(A):x+y=2+(-1) =1
Choice (B): xy = 2(-1) = -2.
Choice (C): x+y=-2+(-1) =-3.
Choice(D): x—y—-1=2—-(-1)-1=2.
Choice (E): x—y=-2—(-1) =-1.

The greatest result is Choice (D). The answer is (D).
7. We are given that b is 1/4 of a. Hence, we have the equation b = a/4. Multiplying both sides of this
equation by 4/b yields 4 = a/b. Now,

a+b:

=+

TR E EEEe

al &

+

+

+

e g% B

o |

N
+
1

=

[~ +
N

1l

m

The answer is (E).

8. X2+X+2
X
x2 x 2
AR
X X X

X+1+—
X

Now, substituting 1/yfor x yields
1 2
“+1+—=
K
1+1+ 2y =
y

1+y+2y?
y
The answer is (C).

9. We have +/3- 2x =1. Squaring both sides of the equation yields (3 — 2x) = 1. Squaring both sides of the
equation again yields (3 — 2x)? = 1. Hence, (3—2X) + (3—2x?=1+ 1 = 2. The answer is (C).
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Percents

Problems involving percent are common on the test. The word percent means “divided by one hundred.”
When you see the word “ percent,” or the symbol %, remember it means ﬁ For example,

25 percent

Vo

o5y — =L
*100 " 4
To convert adecimal into a percent, move the decimal point two places to the right. For example,
0.25=25%
0.023=2.3%
1.3=130%

Conversely, to convert a percent into a decimal, move the decimal point two places to the left. For
example,

47% = .47
3.4%=.034
175% =175

To convert a fraction into a percent, first change it into a decimal (by dividing the denominator [bottom]
into the numerator [top]) and then move the decimal point two placesto theright. For example,

g =0.875 =87.5%

Conversely, to convert a percent into a fraction, first change it into a decimal and then change the decimal
into afraction. For example,

80 4
80%=80=—===

Following are the most common fractional equivalents of percents:

33lop=1 2096 = &
3 3 5
66106 =2 40% =2
3°°3 5
2506 = 60% = 2
7 5

5006 = = 8006 =2
2 5
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[}
W Per cent problems often require you to transate a sentence into a mathematical equation.
Q

Example 1: What percent of 25is5?
(A) 10% (B) 20% (C) 30% (D) 35% (E) 40%

Trandate the sentence into a mathematical equation as follows:
What percent of 25 s

5
! vl b b
5

X ﬁ - 25 =

The answer is (B).

Example 2: 2is10% of what number
(A) 10 (B) 12 (© 20 (D) 24 (E) 32
Trand ate the sentence into a mathematical equation as follows:

2 is 10 % of what number

VR o l
1
2 = 10 ]E . X
_ 10
100
1
Z_EX
20=x

The answer is (C).

Example 3: What percent of ais3a ?
(A) 100% (B) 150% (C) 200% (D) 300% (E) 350%
Tranglate the sentence into a mathematical equation as follows:
What percent of a is 3a

y Vool
1

X 100 - a = 3a
X
100-a—3a
X . ,
100 - 3 (by canceling thea's)
x =300

The answer is (D).
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Example 4: If there are 15 boys and 25 girlsin a class, what percent of the classis boys?
(A) 10%
(B) 15%
(© 18%
(D) 25%
(E) 37.5%

The total number of studentsin the classis 15 + 25 = 40. Now, tranglate the main part of the sentence into
amathematical equation:

what percent of theclass is boys

A A

1
X g - 4 = 15
40
EX—15
Z =15
5°7
2X=75
x=375

The answer is (E).

(i) Often you will need to find the percent of increase (or decrease). To find it, calculate the
W increase (or decrease) and divideit by the original amount:
Q

Amount of change
Original amount

Per cent of change: x100%

Example5: The population of atown was 12,000 in 1980 and 16,000 in 1990. What was the percent
increase in the population of the town during this period?

1
() 3%
(B) 50%
(C) 75%
(D) 80%
(E) 120%

The population increased from 12,000 to 16,000. Hence, the change in population was 4,000. Now, trans-
late the main part of the sentence into a mathematical equation:

Amount of change

Original amount
4000

12000
1
3 x 100% = (by canceling 4000)

Percent of change: x100% =

x 100% =

1
335%

The answer is (A).
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Problem Set Q:

> Medium

1. Which one of the following must p —q equa if 60% of mequals p and 3/5 of mequalsq ?

(A) 0

(B) m11
(C) 2m11
(D) 3m/55
() 6m55

2. InJanuary, the value of a stock increased by 25%; and in February, it decreased by 20%. In March, it
increased by 50%; and in April, it decreased by 40%. If Jack invested $80 in the stock on January 1
and sold it at the end of April, what was the percentage change in the price of the stock?

(A) 0%
(B) 5%
() 10%
(D) 40%
(E) 50%

3. If bequals10% of a and c equals 20% of b, then which one of the following equals 30% of ¢ ?

(A) 0.0006% of a
(B) 0.006% of a
(C) 0.06% of a
(D) 0.6%of a

(BE) 6%ofa

4.  1f 500% of a equals 500b, thena =

(A)  b/100
(B) b0
© b

(D) 10b
(E) 100b

5. If a/l2is25% of 30 and ais c% of 50, then which one of the following isthe value of ¢ ?

(A) 5
(B) 10
(© 15
(D) 20
(E) 30
6. 8is4%of a, and 4is8% of b. c equals b/a. What isthe value of ¢ ?

(A) 132
(B) 14
© 1
(D) 4
(E) 32
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7. Theannua exports of the company NeuStar increased by 25% last year. This year, it increased by
20%. If the increase in the exports was 1 million dollars last year, then what is the increase (in million
dollars) thisyear?

(A)
(B)
(©
(D)
E)

0.75
0.8
1
12
125

8. Carlos & Co. generated revenue of $1,250 in 2006. This was 12.5% of its gross revenue. In 2007, the
gross revenue grew by $2,500. What is the percentage increase in the revenue in 2007?

(A)
(B)
(©
(D)
E)

12.5%
20%
25%
50%
66.3%

9. Inan acoustics class, 120 students are male and 100 students are female. 25% of the male students
and 20% of the female students are engineering students. 20% of the male engineering students and
25% of the female engineering students passed the final exam. What percentage of engineering

students passed the exam?
(A) 5%
(B) 10%
(©) 16%
(D) 22%
(BE) 25%
X+y _4 . :
10. If —== 3 and x# 0, then what percentage (to the nearest integer) of x+ 3yisx—3y?
(A) 20%
(B) 25%
(© 30%
(D) 35%
(BE) 40%
> Hard
11. Evans sold apples at 125% of what it cost him. What is the percentage of profit made by selling 100
apples?
(A) 0%
(B) 20%
© 25%
(D) 33.3%
(E) 50%

12.  Williams has x eggs. He sells 12 of them at a profit of 10 percent and the rest of the eggs at aloss of
10 percent. He made neither a profit nor aloss overall. Which one of the following equals x?

(A)
(B)
(©
(D)
B

10
12
13
14
24
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13. Thevalue of a share of stock was $30 on Sunday. The profile of the value in the following week was
as follows: The value appreciated by $1.2 on Monday. It appreciated by $3.1 on Tuesday. It
depreciated by $4 on Wednesday. It appreciated by $2 on Thursday and it depreciated by $0.2 on
Friday. On Friday, the stock market closed for the weekend. By what percentage did the value of the
shareincrease in the five days?

(A)  3.2%
(B) 4%
(C) 5.6%
D) %
(E) 10%

14. The percentage of integers from 1 through 100 whose squares end with the digit 1 is x%, and the
percentage of integers from 1 through 200 whose squares end with the digit 1 isy%. Which one of the
following istrue?

(A) x=y

(B) x=2%
(C) x=4y
(D) y=2x
(E) y=4x

15. The cost of painting awall increases by a fixed percentage each year. In 1970, the cost was $2,000;
and in 1979, it was $3,600. What was the cost of painting in 1988?

(A)  $1,111
(B) $2,111
(C) $3,600
(D) $6240
(E) $6480

16. The list price of a commodity is the price after a 20% discount on the retail price. The festival
discount price on the commodity is the price after a 30% discount on the list price. Customers
purchase commodities from stores at a festival discount price. What is the effective discount offered
by the stores on the commaodity onitsretail price?

(A) 20%
(B) 30%
(©) 44%
(D) 50%
(E) 56%
> Very Hard

17. Each year, funds A and B grow by a particular percentage based on the following policy of the
investment company:

1) The allowed percentages of growths on the two funds are 20% and 30%.
2) The growth percentages of the two funds are not the samein any year.
3) No fund will have the same percentage growth in any two consecutive years.

Baob invested equal amounts into funds A and B. In the first year, fund B grew by 30%. After 3 years,
how many times greater is the value of fund B than the value of the fund A?

(A) 1213
B) 1

(©) 1312
(D) 12
() 13
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18. Selling 12 candies at a price of $10 yields a loss of a%. Selling 12 candies at a price of $12 yields a
profit of a%. What isthe value of a?

(A) 11/1100
(B) 11/100
(C) 100/11
(D) 10

(E) 11
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Answer s and Solutionsto Problem Set Q
> Medium
1. 60% of m= (60/100)m= 3m/5 = p.

3/50f m=3m/5=q.
So, p = g, and thereforep—q=0.
The answer is (A).
2. At the end of January, the value of the stock is $80 + 25%($80) = $80 + $20 = $100.
At the end of February, the value of the stock is $100 — 20%($100) = $100 — $20 = $80.
At the end of March, the value of the stock is $80 + 50%($80) = $80 + $40 = $120.
At the end of April, the value of the stock is $120— 40%($120) = $120 — $48 = $72.
Now, the percentage changein priceis

changein price= 80-72_8 1

— - =—=—=10%
original price 80 80 10

The answer is (C).

3. b=10% of a = (10/100)a = 0.1a.

¢ = 20% of b = (20/100)b = 0.2b = (0.2)(0.1a)

Now, 30% of ¢ = (30/100)c = 0.3c = (0.3)(0.2)(0.1a) = 0.006a = 0.6%a.
The answer is (D).

4. We are given that 500% of a equals 500b. Since 500% of ais % a = 5a, we have 5a = 500b. Dividing
the equation by 5 yields a = 100b. The answer is (E).

5. We are given that a/2 is 25% of 30. Now, 25% of 30 is 1%—%- 30:§:1—25. Hence, %:1—25.

4
Multiplying this equation by 2 yields a = 15. We are also given that a is c% of 50. Now, ¢% of 50 is

%-50=%. Hence, we have a = ¢/2. Solving for cyieldsc=2a=2- 15 = 30. The answer is (E).

100

6. 4% of ais4a/100. Since this equals 8, we have 4a/100 = 8. Solving for ayieldsa = 8¢ 7 = 200.

Also, 8% of b equals 8b/100, and this equals 4. Hence, we have % =4. Solving for b yields b = 50. Now,
¢ = b/a=50/200 = 1/4. The answer is (B).

7. Let xbethe annual exports of the company before last year. It is given that the exports increased by

25% last year. Theincrease equals 1%%

Hence, % x =1 million dollars. Now, the net exports equals x + x/4 = 5x/4. This year, the exports increased

. x:%x. We are given that the increase equaled 1 million dollars.

by 20%. Hence, 20
100

million dollars. The answer is (C).

e (5x/4) = % X . Since we know %x =1, theincrease in exports this year equals 1
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8. We are given that Carlos & Co. generated revenue of $1,250 in 2006 and that this was 12.5% of the
gross revenue. Hence, if 1250 is 12.5% of the revenue, then 100% (gross revenue) is (100/12.5)(1250) =
10,000. Hence, the total revenue by end of 2007 is $10,000. In 2006, revenue grew by $2500. Thisis a
growth of (2500/10000) x 100 = 25%. The answer is (C).

9. There are 100 female students in the class, and 20% of them are Engineering students. Now, 20% of 100
equals 20/100 x 100 = 20. Hence, the number of female engineering students in the classis 20.

Now, 25% of the female engineering students passed the final exam: 25% of 20 = 25/100 x 20 = 5. Hence,
the number of femal e engineering students who passed is 5.

There are 120 male students in the class. And 25% of them are engineering students. Now, 25% of 120
equals 25/100 x 120 = 1/4 x 120 = 30. Hence, the number of male engineering studentsis 30.

Now, 20% of the male engineering students passed the final exam: 20% of 30 = 20/100 x 30 = 6. Hence,
the number of male engineering students who passed is 6.

Hence, the total number of Engineering students who passed is

(Female Engineering students who passed) + (Male Engineering students who passed) =
5+6=
11

The total number of Engineering studentsin theclassis

(Number of female engineering students) + (Number of male engineering students) =
30+20=
50

Hence, the percentage of engineering students who passed is

Total number of engineering students who passed
Total number of engineering students
11/50 x 100 =
22%

x100=

The answer is (D).

10. Dividing both the numerator and the denominator of the given equation Xty .- % by yyields
e 4 3 4
i— = 3 Cross-multiplying this equation yields Xy 3= X 4. Solving for x/y yields Xy = 7.
21 y y
y
Now, the percentage of x + 3y the expression x — 3y makes is x;_f;’y. 100. Dividing both the numerator
X+3y
and the denominator of the expression by y yields
e 7-3 4
Y +100=-1"2.100=—+100= 40%
X43 7+3 10
y

The answer is (E).
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>» Hard

11. Let the cost of each apple to Evans be x. Then the cost of 100 applesis 100x. Since he sold the apples
at 125% of the cost [each apple sold at 125% of x, which equals (125/100)x = 5x/4], the profit he made is

Selling price — Cost =
5x/4 —x=
x/4

The profit on 100 apples is 100(x/4) = 25x. Hence, percentage of profit equals (Profit/Cost)100 =
(25x/100x)100 = 25%. The answer is (C).

12. Let adollars be the cost of each egg to Williams. Hence, the net cost of the xeggsis axdollars.

Now, the selling price of the eggs when selling at a 10% profit is a(1 + 10/100) = 11a/10. Selling 12 eggs
now returns 12(11a/10) dollars.

The selling price of the eggs when selling at a 10% loss is a(1 — 10/100) = 9a/10. Selling the remaining
X — 12 eggs now returns (x— 12)(9a/10) dollars.

The net return equals 12(11a/10) + (x — 12)(9a/10) = a(0.9x + 2.4).

Since overall he made neither a profit nor a loss, the net returns equals the net cost. So, we have
a(0.9x + 2.4) = ax Dividing both sides by a yields 0.9x + 2.4 = x. Multiplying each side by 10 yields
9x + 24 = 10x. Subtracting 9x from both sides yields x = 24. Hence, the answer is (E).

13. Theinitia price of the shareis $30.

After the $1.2 appreciation on Monday, its pricewas 30 + 1.2 = $31.2.
After the $3.1 appreciation on Tuesday, its pricewas 31.2 + 3.1 = $34.3.
After the $4 depreciation on Wednesday, its price was 34.3 —4 = $30.3.
After the $2 appreciation on Thursday, its price was 30.3 + 2 = $32.3.
After the $0.2 depreciation on Friday, its price was 32.3 - 0.2 = $32.1.

The percentage increase in the price from the initial priceis

(32.1-30)/30 x 100 =
2.1/30 x 100 =
21/3x10=
21/3=7

The answer is (D).

14. The square of an integer ends with the digit 1 only if the integer itself either ends with the digit 1 or
with the digit 9. For example, 11° = 121 and 19 = 361. Now, there are ten integers ending with 1 from 1
through 100. The numbers are 1, 11, 21, ..., 91. Also, there are ten integers ending with 9 from 1 through
100. They are 9, 19, 29, ..., 99. Hence, the total number of integers from 1 through 100 whose squares end
with the digit 1 is 20. The number 20 is 20/100 x 100 = 20% of 100. Hence, x= 20.

Similarly, there are twenty integers (1, 11, 21... 191) ending with 1, and twenty integers (9, 19, 29, ...,
199) ending with 9. Hence, there are 20 + 20 = 40 integers ending with 1 or 9. Now, 40 is 40/200 x 100 =
20% of the total 200 integers from 1 through 200. So, y aso equals 20. Since x=, the answer is (A).

15. Since the cost of painting increases by a fixed percentage each year and it increased $3,600/$2,000 =

1.8 times in the 9-year period from 1970 to 1979, it must increase by the same number of times in the
period 1979 to 1988. Hence, the amount becomes 1.8 x $3,600 = $6480 by 1988. The answer is (E).
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16. Letr betheretail price. The list price is the price after a 20% discount on the retail price. Hence, it
equalsr(1—-20/100) =r(1-0.2) = 0.8r.

The festival discount price is the price after a 30% discount on the list price. Hence, the festival discount
price equals (list price)(1 —30/100) = (0.8r)(1 — 30/100) = (0.8r)(1 —0.3) = (0.8r)(0.7) = 0.56r.

Hence, the total discount offered is (Original Price — Price after discount)/Original Price x 100 =
(r —0.56r)/ r x 100 = 0.44 x 100 = 44%.

The answer is (C).
> Very Hard
17. Let theinvestment in each fund be x.

In the first year, fund B was given a growth of 30%. Hence, the increased value of the fund equals
(1 + 30/100)x = 1.3x.

According to clauses (1) and (2), fund A must have grown by 20% (the other allowed growth percentage
clause (1)). Hence, the increased value of the fund equals (1 + 20/100)x = 1.2x.

In the second year, according to clauses (1) and (3), the growth percentages of the two funds will swap
between the only alowed values 30% and 20% (clause (1)). Hence, fund A grows by 30% and fund B
grows by 20%. Hence, the increased value of fund A equals (1 + 30/100)(1.2x) = (1.3)(1.2)x, and the
increased value of the fund B equals (1 + 20/100)(1.3x) = (1.2)(1.3)x.

Again in the third year, according to clauses (1) and (3), the growth percents will again swap between the
only two allowed values 20% and 30% (clause (1)). Hence, fund A grows by 20% and fund B grows by
30%. So, the increased values of the fund A should equal (1 + 20/100)(1.3%)(1.2X) = (1.2)(1.3)(1.2)x and
the increased value of the fund B should equal (1 + 30/100)(1.2x)(1.3x) = (1.3)(1.2)(1.3)x. Hence, the value
of thefund B is M:E:E. The answer is (C).

(1.2)(1.3)(1.2)x 12 12

18. Letc bethe cost of each candy. Then the cost of 12 candiesis 12c. We are given that selling 12 candies

at $10 yields a loss of a%. The formula for the loss percentage is cost - selling price, 100. Hence,

cost
a= 126710 100, Let this be equation (1).
12c
We are also given that selling 12 candies at $12 yields a profit of a%. The formula for profit percent is
selling pn;e - ood 100. Hence, we have %- 100 = a%. Let this be equation (2).
co c

Equating equations (1) and (2), we have

12-12c 100 = 12c-10, 100
12c 12c

12-12c=12c-10 by canceling 12c and 100 from both sides

24c =22

c=22/24

From equation (1), we have
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_12c-10
12c

12-g—10

12.%
24

_ 11-10 <100
11
_100
11

+ 100

*100

The answer is (C).
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Graphs

Questions involving graphs are common on the test. Rarely do these questions involve any significant
calculating. Usually, the solution is merely a matter of interpreting the graph.
Questions 1-4 refer to the following graphs.

SALES AND EARNINGS OF CONSOLIDATED CONGLOMERATE

Saes Earnings
(in millions of dollars) (in millions of dollars)

100
90
80
70
60
50
40
30
20
10

85 86 87 88 89 90 85 86 87 88 89 90

Note: Figure drawn to scale.

1 During which year was the company’ s earnings 10 percent of its sales?
(A) 85 (B) 86 (C) 87 (D) 88 (E) 90

Reading from the graph, we see that in 1985 the company’s earnings were $8 million and its sales were $80
million. Thisgives

8_1_10
10 10 100

The answer is (A).

2. During the years 1986 through 1988, what were the average earnings per year?
(A) 6 million (B) 7.5 million (C) 9million (D) 10 million (E) 27 million
The graph yields the following information:;

Y ear Earnings
1986 $5 million
1987 $10 million
1988 $12 million
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Forming the average yields &;12 = 2—37 =9. Theanswer is(C).

3. Inwhich year did salesincrease by the greatest percentage over the previous year?
(A) 86 (B) 87 (C) 88 (D) 89 (E) 90

To find the percentage increase (or decrease), divide the numerical change by the original amount. This
yields

Year Per centage increase
86 708_080 = %: %1 =-12.5%
o 507—070 _ % :—72 0%
o6 805—050 :%:%:60%

o 908—080 _ % :% 1250

The largest number in the right-hand column, 60%, corresponds to the year 1988. The answer is (C).

4. If Consolidated Conglomerate’s earnings are less than or equal to 10 percent of sales during a year,
then the stockholders must take a dividend cut at the end of the year. In how many years did the
stockholders of Consolidated Conglomerate suffer adividend cut?

(A) None (B) One (C) Two (D) Three  (E) Four
Calculating 10 percent of the sales for each year yields

Y ear 10% of Sales (millions) Earnings (millions)
85 10x80=8 8
86 A0x70=7 5
87 10x50=5 10
88 10x80=8 12
89 10x90=9 11
90 .10 x 100=10 8

Comparing the right columns shows that earnings were 10 percent or less of salesin 1985, 1986, and 1990.
The answer is (D).
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Problem Set R:
A
Monthly
earningsin 1000 —
dollars
(00 T
400 — o o o
1 | 11 1 >
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan
A’sincome profile during the year 2007
A
1000 —.
Monthly
earningsin
dollars
400 —|
1 1 N IR R E B B >
Jan Feb Ma Apr May Jun Jul Aug Sep Oct Nov Dec Jan
B’sincome profile during the year 2007
> Medium

1.  Alaunched 3 products in the year 2007 and earns income from the sales of the products only. The top
graph shows his monthly earnings for the year. B's earnings consist of continuously growing salary,
growing by same amount each month as shown in the figure. Which one of the following equals the
total earnings of Aand Bin the year 20077

(A) 7500, 8100
(B) 7850, 8300

(C) 8150, 8400
(D) 8400, 8100
(E) 8400, 8700
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Questions 24 refer to the following graph.

The graph below shows historical exchange rates between the Indian Rupee (INR) and the US Dollar
(USD) between January 9 and February 8 of a particular year.

Indian Rupees (INR) to 1 US Dollar {USD)

> Easy
2. On which day shown on the graph did the value of the US dollar increase against the Rupee by the
greatest amount?
(A) Jan. 10
(B) Jan. 14
© Jan.21
(D) Jan.23
(E) Feb.4
> Medium

3. John had 100 dollars. The exchange rate converts the amount in US dollars to a number in Indian
Rupees by directly multiplying by the value of the exchange rate. By what amount did John’s $100
increase in terms of Indian Rupees from Jan. 9 to Feb. 8?

(A) 5
(B) 10
(© 15
(D) 25
(E) 50
> Hard
4.  On February 8, the dollar value was approximately what percent of the dollar value on January 9?
(A) 128
(B) 12.8
(C) 101.28
(D) 112.8
(E) 128
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Questions 5-7 refer to the following graphs.

Pupil/ Teacher Ratio Vs Percentage of High Schools, January 1998.

Total: 1000 High schools.

>27 <161617
0, 2901 %
27 7% D% 2% 19

25
11%

204 Total: 1100 High schools.

26 >27 <16 16

A% 6% 2% 3% 20 18
7%

19
14%

20
%

16%
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> Medium

5. By what percent did the number of schools with Pupil/Teacher ratio less than 16 increase in January
1999 over January 19987
(A) 2%
(B) 0%
© 2%
(D) 10%
(BE) 12%
> Hard
6. InJanuary 1998, what percent of high schools had a Pupil/Teacher ratio less than 23?
(A)  25%
B) 39%
(©) 50%
(D) 60%
(BE) 75%
> Hard

7.  If the areas of the sectors in the circle graphs are drawn in proportion to the percent shown, what is
the measure, in degrees, of the sector representing the number of high schools with Pupil/Teacher
ratio greater than 27 in 1999?

(A) 216
(B) 30
(C) 457
(D) 563
E) 72
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Questions 8-10 refer to the following graph.

Total Number of Software Problems (Bugs + Security Holes + Backdoors) fixed in Eigen's
Software Company : 1998 - 2004

10000
9000
8000
7000
6000
5000 ~
4000 —
3000 ~
2000 ~
1000

800

L
~
o

o)

O Backdoors
B Security Holes
2 Bugs

200

Problems

=

fsoy [0

1998 1999 2000 2001 2002 2003 2004

195

> Easy
8.  What was the number of security holes fixed in 2003?

(A) 1500
(B) 1700
(C) 4500
(D) 6000
(E) 6300

» Medium
9. For which year was the ratio of the Security holes to Bugs fixed by the software company the

greatest?

(A) 1998
(B) 1999
(C) 2000
(D) 2001
(E) 2002

> Medium
10. If the total number of software problems solved is a direct measure of the company’s capability, then
by approximately what percent did capability increase from 1999 to 2002?

(A)  10%
(B) 20%
(C) 30%
(D) 40%
(E) 50%
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Questions 11-15 refer to the following discussion.

The graphs below provide data on a common entrance examination conducted in different years.

2]
o
|

Number of Questions

a1
o
|

Number of Questions

=N W A
o O O O o
| | | |

CEE
2000

CEE CEE CEE CEE CEE CEE
2001 2002 2003 2004 2005 2006

Exam

o2}
o
|

Time Per Question (in seconds)

50 +

Question (in seconds)
8
|
LTI

The Average time Per

CEE
2000

CEE CEE CEE CEE CEE CEE
2001 2002 2003 2004 2005 2006

Exam

CEE Exam Difficulty Level

CEE 2006

CEE 2005

CEE 2004

CEE 2003

Exam

CEE 2002

CEE 2001

CEE 2000

0

|
|
|
1
2 4 6 8 10 12

‘D' level (Difficulty level)-out of 10. CEE 2000 is taken as base-

The most difficult of All Exams.
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> Easy
11. Inwhich year were the questions in the exam least difficult?
(A) 2000
(B) 2001
(C) 2002
(D) 2004
(E) 2006
>» Medium
12. By approximately what percent did the number of questions decrease from CEE 2000 to CEE 20067
A) 11
B) 22
© 27
(D) 33
(B 37
> Medium
13. Inwhich year were the test takers given the least time to answer all the questions?
(A) 2000
(B) 2001
(C) 2002
(D) 2004
(E) 2006
» Medium

14. If the Pressure Factor for the examineesin an exam is defined as Difficulty level divided by Average
Time (in minutes) given per question, then the Pressure Factor equals which one of the following in

CEE 20067
(A) 75
(B) 10
(C) 125
(D) 15
() 175
> Medium

15. If the Stress Factor for the examinees in an exam is defined as the product of the Difficulty level and
the Number of questions divided by the average time given per question, then the Stress Factor equals
which one of the following in the exam CEE 20057
(A) 2 per second
(B) 3 per second
(C) 4 per second
(D) 6 per second
(E) 9 persecond
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Questions 16-19 refer to the following graph.
The table below provides the complete semantics of a Common Entrance Test (CET) conducted in different years.

Overall
cutoff
Total Average Diflficgllty Area mark asa
. time per ev : per centage
Exam Area Questions Marks per | Duration question | 1= Easy mse of
question (in (in  |2=Average Cut-off | 1 aximum
minute) second) |3 = Difficult Scores mark for
thetop five
Institutes
Quantitative 55 1 3 9
CET -
1990 Verbal 55 1 120 44 3 16 55
Analytical 55 1 2 12
Quantitative 50 1 2 14
CET -
Analytical 50 1 1 20
Quantitative 50 1 3 11
CET -
1992 Verbal 50 1 120 48 1 18 65
Analytical 50 1 3 14
Quantitative 50 1 3 10
CET -
Analytical 50 1 2 15
Quantitative 37 1 3 8
CET -
1994 Verbal 50 1 150 & 1 18 68
Analytical 39 1 3 9

* The Difficulty Factor of the exam is the sum of the products of the number of questions of each type and
the corresponding difficulty level. The Stress Factor is the Difficulty Factor divided by the Average Time

Per Question.
» Medium
16. By approximately what percent did the number of questions decrease in CET 1994 over the previous
year?
(A) 16%
(B) 19%
(C) 3%
(D) 40%
(E) 50%
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> Medium
17. The Difficulty Factor is the greatest for which one of the following exams?

(A) CET 1990
(B) CET 1991
(C) CET 1992
(D) CET 1993
(E) CET 1994

» Medium
18. 'Which one of the following exams has been marked as having the highest Stress Factor?

(A) CET 1990
(B) CET 1991
(C) CET 1992
(D) CET 1993
(E) CET 1994

» Hard
19. Which one of the following statements can be inferred from the table?

() Asthe Stress Factor increased, the cut off marks of the top five universities decreased
(I Asthe Difficulty Factor of the exam decreased, the cut off marks of the top five universities

increased
(1) Asthe Difficulty Factor increased, the Stress Factor increased
(A) () only
(B) (1) only
(©) (1) only
(D) (1), and (1)
(B) (I),and(l)
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Questions 20-23 refer to the following table.

2007 Composition of Maryland Employment by Industry
(Annual Average by Place of Work).

Percent of Total

Industry Groups and Totals Number of Establishments Employment Employment
Federal Government 4,564 455,492 8.12%

State Government 849 1,121,712 19.99%
Local Government 345 96,972 1.73%

Total Government Sector 5,758 1,674,176 9.20%
Natural Resources and Mining 23,449 331,590 5.91%
Construction 749 6,836 0.30%
Manufacturing 19,335 188,420 3.36%
Service-Providing 14,283 136,334 2.43%
Utilities 121,238 1,041,777 31.04%
Wholesale Trade 2,320 9,711 0.17%

Retail Trade 11,342 94,997 1.69%
Transportation and Warehousing 18,593 299,648 5.34%
Information 3,998 65,765 1.17%
Financial Analysis 2,898 50,726 0.904082362
Professional and Business Services 14,828 344,565 6.14113352
Education and Health Services 36,384 347,821 6.19916475
Leisure and Hospitality 16,534 229,219 4.085337989
Other Services 13,733 87,309 1.556096024
Unclassified 1,802 1,878 0.03347133
Total Private Sector 301,486 3,936,596 70
Total Employment 307,244 5,610,772 100
> Easy
20. In 2007, how many industry groups consisted of more than 1 million employees?
(A) O
B 1
© 2
(©) 3
B 4
> Easy
21.  Which one of the following industry groups employs the maximum number of people?
(A) Utilities

(B) Information

(C) State Government

(D) Natura Resources and Mining
(B) Transportation and Warehousing
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» Hard
22.  Which one of the following industry groups employs more than 10 employees per establishment?

(A) Construction

(B) Manufacturing

(C) Wholesale Trade

(D) Retail Trade

(E) Transportation and Warehousing

> Hard
23.  Which one of the following isavalid inference?

()  The State Government can be inferred as employing the highest number of Employees per
Establishment only because the Percentage Employment it provides is the highest. The number
of Establishmentsis not important.

(I)  The State Government can be inferred as employing the highest number of Employees per
Establishment since it has the least nhumber of organizations and offers the highest
Employment.

(1)  The State Government can be inferred as employing the highest number of Employees per
Establishment since it has the least number of organizations and offers the highest Percentage
of Employment.

(A) lonly
(B) [l only
(©) Il only
(D) landll
(B) Handlll
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Answers and Solutionsto Problem Set R

A
Monthly
earningsin 1000 — ) ) A
dollars
(00 T
400 —
N | T I >
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan
A’sincome profile during the year 2007
A
1000 —.
Monthly
earningsin
dollars
400 —;
N — 1ttt 1 >
Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan
B’sincome profile during the year 2007
» Medium

1.  Alaunched 3 products in the year 2007 and earns income from the sales of the products only. The top
graph shows his monthly earnings for the year. B's earnings consist of continuously growing salary,
growing by same amount each month as shown in the figure. Which one of the following equals the
total earnings of Aand B in the year 20077

(A) 7500, 8100
(B) 7850, 8300

(C) 8150, 8400
(D) 8400, 8100
(E) 8400, 8700

From the figure, the monthly income of A for the first four months is $400. Hence, the net earnings in the
4 monthsis 4 x 400 = 1600 dollars.

From the figure, the monthly income of A for the second four months is $700. Hence, the net earnings in
the 4 monthsis 4 x 700 = 2800 dollars.

From the figure, the monthly income of A for the last four months is $1000. Hence, the net earnings in the
4 monthsis 4 x 1000 = 4000 dollars.

Hence, the total incomein the year is 1600 + 2800 + 4000 = 8400 dollars.

The monthly income of B grew regularly from 400 in January to 950 in December. Hence, the net income
is400 + 450 + 500 + 550 + 600 + 650 + 700 + 750 + 800 + 850 + 900 + 950 = 8100.

Hence, the answer is (D).
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Questions 24 refer to the following graph.

The graph below shows historical exchange rates between the Indian Rupee (INR) and the US Dollar
(USD) between January 10 and February 8 of a particular year.

> E
2.

Indian Rupees (INR) to 1 US Dollar {(USD)

asy

On which day shown on the graph did the value of the US dollar increase against the Rupee by the
greatest amount?

(A) Jan.10

(B) Jan. 14

© Jn21

(D)  Jan. 23

(E) Feb.4

Here, the scale of the x-axis is uniform. Hence, growth is greatest when the curve is steepest. The growth
curve of the US dollar against the Indian Rupee is the steepest (increased by a bit more than six horizontal
lines on the graph) on January 21. Hence, the answer is (C). On February 5th, the growth is the next
greatest, growing by abit less than 6 horizontal lines.

> Medium

3.

John had 100 dollars. The exchange rate converts the amount in US dollars to a number in Indian
Rupees by directly multiplying by the value of the exchange rate. By what amount did John’s $100
increase in terms of Indian Rupees from Jan. 9 to Feb. 8?

(A) 5

(B) 10
© 15
(D) 25
(E) 50

One dollar converted to 39.1 Rupees on Jan. 9. Hence, 100 dollars converts to 39.15 x 100 = 3915 Indian
Rupees. On February 8, it converted to 39.65 Rupees. Hence, on that day, 100 dollars converted to 39.65 x
100 = 3965 Rupees. Theincrease in terms of Indian Rupees is 3965 — 3915 = 50. The answer is (E).

> Hard
4.  On February 8, the dollar value was approximately what percent of the dollar value on January 9?
(A) 1.28
(B) 12.8
(C) 101.28
(D) 112.8
(E) 128

On January 9, the dollar value was 39.15 Rupees, and on February 8 the dollar value was 39.65 Rupees.
Hence, the dollar value on February 8th was 39.65/39.15 x 100 = (39.15 + 0.5)/39.15 x 100 =
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100 + 0.5/39.15 x 100 = (100 + 1.28) = 101.28 percent of the value on January 9th. Hence, the answer is
©).

Questions 5-7 refer to the following graphs.

Pupil/ Teacher Ratio V's Percentage of High Schools, January 1998.

Total: 1000 High schoals.

>27  <161617
27 % 2%1%,

3% 19
5%

5%

26
9%

20
%

21

25 9%

11%

22
10%

16% 23
13%

Pupil/ Teacher Ratio Vs Percentage of High Schools, January 1999.

Total: 1100 High schools.

>27 <16 16
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> Medium
5. By what percent did the number of schools with Pupil/Teacher ratio less than 16 increase in January
1999 over January 19987
(A) 2%
(B) 0%
© 2%
(D) 10%
(BE) 12%
In January 1998, the Pupil/Teacher ratio is less than 16 in 2% of the schools. The number of schools in
1998 is 1000. Hence, 2% of 1000 is 2/100 x 1000 = 20. So, 20 schools have pupil/Teacher ratio less than
16.
In January 1999, the pupil/Teacher ratio is less than 16 in 2% of schools again. The number of schoolsin

1999 is 1100. Hence, 2% of 1100 is 2/100 x 1100 = 22. In 1999, there are 22 schools with the ratio less

than 16.

The percentage increase equals (22 — 20)/20 x 100 = 2/20 x 100 = 10%. The answer is (D).

> Hard

6. InJanuary 1998, what percent of high schools had a Pupil/Teacher ratio less than 23?

(A)
(B)
(©
(D)
B

25%
39%
50%
60%
75%

The number of schools having aratio lessthan 23 is

The number of schools having the Pupil/Teacher ratio less than 16
+ The number of schools having the Pupil/Teacher ratio equal to 16
+ The number of schools having the Pupil/Teacher ratio equal to 17
+ The number of schools having the Pupil/Teacher ratio equal to 18
+ The number of schools having the Pupil/Teacher ratio equal to 19
+ The number of schools having the Pupil/Teacher ratio equal to 20
+ The number of schools having the Pupil/Teacher ratio equal to 21
+ The number of schools having the Pupil/Teacher ratio equal to 22
=2% + 1% + 2% + 3% + 5% + 7% + 9% + 10%

=39%

The answer is (B).

Method I1:

The number of schools having the ratio less than 23 equals

100%

— (The number of schools having the Pupil Teacher ratio greater than 27

+ The number of schools having the Pupil/Teacher ratio equal to 27
+ The number of schools having the Pupil/Teacher ratio equal to 26
+ The number of schools having the Pupil/Teacher ratio equal to 25
+ The number of schools having the Pupil/Teacher ratio equal to 24
+ The number of schools having the Pupil/Teacher ratio equal to 23

)
=100 - (7% + 5% + 9% + 11% + 16% + 13%) = 100 — 61% = 39%.

The answer is (B).
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7.  If the areas of the sectors in the circle graphs are drawn in proportion to the percent shown, what is
the measure, in degrees, of the sector representing the number of high schools with Pupil/Teacher
ratio greater than 27 in 1999?

(A) 216
(B) 30
(C) 457
(D) 563
E) 72

From the chart, in 1999, 6% of schools have a Pupil/Teacher ratio greater than 27. Hence, the fraction of
the angle that the sector makes in the complete angle of the circle also equals 6% = 6/100. Since the
complete angleis 360°, the part of the angle equals 6/100 x 360 = 21.6°. The answer is (A).

Questions 8-10 refer to the following graph.

Total Number of Software Problems (Bugs + Security Holes + Backdoors) fixed in Eigen's
Software Company : 1998 - 2004

10000
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8000 000
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1000 3500 1300 1600 a0 ps00 (50

800 —
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1700 O Backdoors

B Security Holes
@ Bugs

Problems
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> Easy
8.  What was the number of security holes fixed in 2003?

(A) 1500
(8) 1700
(C) 4500
(D) 6000
(E) 6300

From the graph, the number of security holes fixed in 2003 is 4500. The answer is (C).
> Medium

9. For which year was the ratio of the Security holes to Bugs fixed by the software company the
greatest?

(A) 1998
(B) 1999
(C) 2000
(D) 2001
(E) 2002

Let’'s calculate the ratio and find the year in which the ratio is the greatest:

Choice (A): Year 1998. The number of security holes to bugs fixed is 5000/1500 = 10/3 = 3.33.
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Choice (B): Year 1999. The number of security holes to bugs fixed is 4500/1000 = 9/2 = 4.5 > Choice (A).
Reject choice (A).

Choice (C): Year 2000. The number of security holes to bugs fixed is 5000/1300 = 50/13 = 3.86 < Choice
(B). Reject choice (C).

Choice (D): Year 2001. The number of security holes to bugs fixed is 4700/1600 = 47/16 = 2.9375 <
Choice (B). Reject choice (D).

Choice (E): Year 2002. The number of security holes to bugs fixed is 5600/1300 = 56/13 = 4.3 < Choice
(B). Reject choice (E).

Theratio is greatest in the year 1999. Hence, the answer is (B).
> Medium

10. If the total number of software problems solved is a direct measure of the company’s capability, then
by approximately what percent did capability increase from 1999 to 20027

(A)  10%
(B) 20%
() 30%
(D) 40%
(E) 50%

In 1999, the total number of software problems solved by Eigen's Software Company is Bugs + Security
holes + Backdoors = 1000 + 4500 + 1700 = 7200.

In 2002, the total number of software problems solved by Eigen's Software Company is Bugs + Security
holes + Backdoors = 1300 + 5600 + 1800 = 8700.

Hence, the percent increase in the number in the period is %xmo: 20.88%. The nearest

answer is (B).
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Questions 11-15 refer to the following discussion.
The graphs below provide data on a common entrance examination conducted in different years.
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‘D' level (Difficulty level)-out of 10. CEE 2000 is taken as base-
The most difficult of All Exams.
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> Easy
11. Which year had the second most difficult exam?
(A) 2000
(B) 2001
(©) 2002
(D) 2004
(E) 2006

Refer to the graph CEE Exam Difficulty Level. The graph starts at O for each exam and ends at 10 for the
most difficult exam, CEE 2000. So, the difficulty actually increases with ‘D-level’ value. The second
highest value corresponds to the Exam CEE 2001. The answer is (B).

» Medium
12. By approximately what percent did the number of questions decrease from CEE 2000 to CEE 20067
(A) 11
(B) 22
© 27
(D) 33
() 37
From the graph, the number of questions in CEE 2000 is 55. The number in CEE 2006 is 40. Hence, the
percent drop is 55-40 x100= % x100= 1—'“1 x100=27.27. Since the nearest choice is (C), the answer is
©.
» Medium
13. Inwhich year were the test takers given the least time to answer all the questions?
(A) 2000
(B) 2001
(C) 2002
(D) 2004
(E) 2006

The time given can be evaluated as (Number of Questions) x (Time Per Question).

Both the number of questions and the time given per question are the least in 2006. Hence, their product
should be minimum in that year.

Hence, the total time given isthe least in 2006. The answer is (E).
> Medium

14. If the Pressure Factor for the examinees in an exam is defined as Difficulty level divided by Average
Time (in minutes) given per question, then the Pressure Factor equals which one of the following in

CEE 20067?
(A) 75
(B) 10
(C) 125
(D) 15
(E) 175

The Pressure Factor in 2006 equals Difficulty level divided by Average Time given per question = 5/40
seconds or 5/(2/3 minutes) = 15/2 per minute. The answer is (A).
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» Medium
15. If the Stress Factor for the examinees in an exam is defined as the product of the Difficulty level and

the Number of questions divided by the average time given per question, then the Stress Factor equals
which one of the following in the exam CEE 2005?

(A) 2 per second
(B) 3 per second
(C) 4 per second
(D) 6 per second
(BE) 9 per second
The Stress Factor equals
(The Difficulty level) x (Number of questions/Time given per question) =

42 _
) 42 seconds per question -

6 per second

The answer is (D).
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Questions 16-19 refer to the following graph.

The table below provides the complete semantics of a Common Entrance Test (CET) conducted in different

years.
Overall
cutoff
Total Average | Difficulty Area mark asa
. time per level : per centags
Exam Area Questions Marks_per Duration question | 1=Easy wise of
question (in (in  |2=Average Cut-off | 1 aximum
minute) | ocond) |3 = Difficult| S | mark for
thetop five
Institutes
Quantitative 55 1 3 9
CET -
1990 Verbal 55 1 120 44 3 16 55
Analytical 55 1 2 12
Quantitative 50 1 2 14
CET -
1991 Verbal 50 1 120 48 1 19 65
Analytical 50 1 1 20
Quantitative 50 1 3 11
CET -
Analytical 50 1 3 14
Quantitative 50 1 3 10
CET -
1993 Verbal 50 1 120 48 1 18 60
Analytical 50 1 2 15
Quantitative 37 1 3 8
CET -
150 71 68
1994 Verbal 50 1 1 18
Analytical 39 1 3 9

*The Difficulty Factor of the exam is the sum of the products of the number of questions of each type and
the corresponding difficulty level. The Stress Factor is the Difficulty Factor divided by the Average Time
Per Question.
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> Medium
16. By approximately what percent did the number of questions decrease in CET 1994 over the previous
year?
(A) 16%
B) 19%
© 3%
(D) 40%
(E) 50%

CET 1993 asks 50 quantitative, 50 verbal, and 50 Analytical.
The total is50 + 50 + 50 = 150.
CET 1994 asks 37 quantitative, 50 verbal, and 39 Analytical.
Thetotal is37 + 50 + 39 = 126.

The decrease percent is 150-126 . 100=-2% x100=16%.
150 150

The answer is (A).

» Medium
17. The Difficulty Factor isthe greatest for which one of the following exams?

(A) CET 1990
(B) CET 1991
(C) CET 1992
(D) CET 1993
(E) CET 1994

The Difficulty Factor of the exam is the sum of the products of the number of questions of each type and
the corresponding difficulty level.

Let’'s calculate the Difficulty Factor for each exam and pick the answer-choice that has greatest value:
Choice (A): In CET 1990, the Difficulty Factor is (3 x 55+ 3 x 55 + 2 x 55) = 165 + 165 + 110 = 440.

Choice (B): In CET 1991, the Difficulty Factor is (2 x 50 + 1 x 50 + 1 x 50) = 100 + 50 + 50 = 200 <
Choice (A). Reject the current choice.

Choice (C): In CET 1992, the Difficulty Factor is (3 x50 + 1 x 50 + 3 x 50) = 350 < Choice (A). Reject the
current choice.

Choice (D): In CET 1993, the Difficulty Factor is(3 x 50 + 1 x 50 + 2 x 50) = 300 < Choice (A). Regject the
current choice.

Choice (E): In CET 1994, the Difficulty Factor is (3 x 37+ 1x 50 + 3 x 39) = 111 + 50 + 117 =
278 < Choice (A). Reject the current choice.

The answer is (A).
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> Medium
18. Which one of the following exams has been marked as having the highest Stress Factor?

(A) CET 1990
(B) CET 1991
(C) CET 1992
(D) CET 1993
(E) CET 1994

The Difficulty Factor of the exam is the sum of the products of the number of questions of each type and
the corresponding difficulty level.

Then
The Stress Factor = the Difficulty Factor divided by the average time per question.
Let’'s calculate the Stress Factor for each answer-choice and choose the one that has the highest value:

Choice (A): In CET 1990,
The Difficulty Factor is (3 x 55+ 3 x 55 + 2 x 55) = 165 + 165 + 110 = 440
The Stress Factor is 440/44 = 10.

Choice (B): In CET 1991,
Difficulty Factor is (2 x 50 + 1 x 50 + 1 x 50) = 100 + 50 + 50 = 200.
The Stress Factor is 200/48 < Choice (A). Reject.

Choice (C): In CET 1992,
Difficulty Factor is (3 x 50 + 1 x 50 + 3 x 50) = 350.
The Stress Factor is 350/48 < Choice (A). Reject.

Choice (D): In CET 1993,
Difficulty Factor is (3 x 50 + 1 x 50 + 2 x 50) = 300.
The Stress Factor is 300/48 < Choice (A). Reject.

Choice (E): In CET 1994,
Difficulty Factor is(3x 37+ 1 x50 + 3x 39) =111 + 50 + 117 = 278.
The Stress Factor is 278/71 < Choice (A). Reject.

Hence, the answer is (A).

> Hard
19. Which one of the following statements can be inferred from the table?

() Asthe Stress Factor increased, the cut off marks of the top five universities decreased
(1) Asthe Difficulty Factor of the exam decreased, the cut off marks of the top five universities

increased
(1) Asthe Difficulty Factor increased, the Stress Factor increased
(A) (1) only
(B) (1) only
(C) (1) only
(D) (1), and (I1)
(E) (1), and (I11)

Theincreasing order of the Difficulty Factor is
CET 1991 (200) < CET 1994 (278) < CET 1993 (300) < CET 1992 (350) < CET 1990 (440).

The increasing order of the Stress Factor is
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CET 1994 (278/71 = 3.92) < CET 1991 (200/48 = 4.16) < CET 1993(300/48 = 6.25) < CET 1992(350/48 =
7.29) < CET 1990 (440/44 = 10).

The decreasing order of the cut off marksis

CET 1994 (68) > CET 1991 (65) > CET 1993 (60) > CET 1992 (58) > CET 1990 (55).

The decreasing order of the cut off marks matches the increasing order of the Stress Factor.

The decreasing order of the cut off marks does not match the increasing order of the Difficulty Factor.

As the Difficulty Factor increased, the Stress Factor did not increase. Hence, 111 is false. The answer is (A),
only I istrue.
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Questions 20-23 refer to the following table.

2007 Composition of Maryland Employment by Industry
(Annual Average by Place of Work).

Percent of Total

Industry Groups and Totals Number of Establishments Employment Employment
Federal Government 4,564 455,492 8.12%

State Government 849 1,121,712 19.99%
Local Government 345 96,972 1.73%

Total Government Sector 5,758 1,674,176 9.20%
Natural Resources and Mining 23,449 331,590 5.91%
Construction 749 6,836 0.30%
Manufacturing 19,335 188,420 3.36%
Service-Providing 14,283 136,334 2.43%
Utilities 121,238 1,041,777 31.04%
Wholesale Trade 2,320 9,711 0.17%

Retail Trade 11,342 94,997 1.69%
Transportation and Warehousing 18,593 299,648 5.34%
Information 3,998 65,765 1.17%
Financial Analysis 2,898 50,726 0.904082362
Professional and Business Services 14,828 344,565 6.14113352
Education and Health Services 36,384 347,821 6.19916475
Leisure and Hospitality 16,534 229,219 4.085337989
Other Services 13,733 87,309 1.556096024
Unclassified 1,802 1,878 0.03347133
Total Private Sector 301,486 3,936,596 70
Total Employment 307,244 5,610,772 100
> Easy
20. In 2007, how many industry groups consisted of more than 1 million employees?
(A) ©
B) 1
© 2
(D) 3
B 4

From the chart, the employment is greater than 1 million in the industry groups State Government and
Utilities. Hence, the answer is 2, which isin choice (C).

> Easy
21. Which one of the following industry groups employs the maximum number of people?
(A) Utilities

(B) Information

(C) State Government

(D) Natural Resources and Mining
(E) Transportation and Warehousing

From the table, the State Government employs the maximum number. The number is 1,121,712. The
answer is (C).
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» Hard
22.  Which one of the following industry groups employs more than 10 employees per establishment?

(A) Construction

(B) Manufacturing

(C) Wholesale Trade

(D) Retail Trade

(E) Transportation and Warehousing

The correct choice is the industry that employs more than 10 employees per establishment in an average.
Hence, the industry with the criterion: The Number of Establishments - 10 < the Number of Employees
would be the correct choice.

Choice (A): Construction.

The number of establishments = 749.

The Number of Establishments x 10 = 7490.

The number of Employees = 6,836.

Here, The Number of Establishments x 10 is not less than The number of Employees.
Reject the choice.

Choice (B): Manufacturing.

The number of Establishments = 19,335.

The Number of Establishments x 10 = 193,350.

The number of Employees = 188,420.

Here, The Number of Establishments x 10 is not less than The number of Employees.
Reject the choice.

Choice (C): Wholesale Trade.

The number of Establishments = 2,320.

The Number of Establishments x 10 = 23,200.

The number of Employees = 9,711.

Here, The Number of Establishments x 10 is not less than The number of Employees.
Reject the choice.

Choice (D): Retail Trading.

The number of Establishments = 11,342

The Number of Establishments x 10 = 113,420.

The number of Employees = 94,997.

Here, The Number of Establishments x 10 is not less than The number of Employees.
Reject the choice.

Choice (E): Transportation and Warehousing.

The number of Establishments = 18,593.

The Number of Establishments x 10 =.185,930.

The number of Employees = 299,648.

Here, The Number of Establishments x 10 is less than The number of Employees.
Accept.

The answer is (E).
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> Hard

23.  Which one of the following isavalid inference?

0

(i

1

(A)
(B)
(©
(D)
B

The State Government can be inferred as employing the highest number of Employees per
Establishment only because the Percentage Employment it provides is the highest. The number
of Establishmentsis not important.

The State Government can be inferred as employing the highest number of Employees per
Establishment since it has the least number of organizations and offers the highest
Employment.

The State Government can be inferred as employing the highest number of Employees per
Establishment since it has the least number of organizations and offers the highest Percentage
of Employment.

| only
Il only
[l only
land Il
Iland Il

The Employment per establishment is given as The Number of Employees/The Number of Establishments.
The ratio is greatest when the numerator has the greatest positive value, and the denominator has the
smallest positive value. Hence, |1 istrue.

The highest employment can also be directly understood by the highest percentage employment. Hence,
just as Statement Il is true because of the highest employment, Statement 111 is also true because of the
highest percentage employment.

Hence, Il and 111 are correct and the answer is (E).
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Word Problems

TRANSLATING WORDS INTO MATHEMATICAL SYMBOLS

Before we begin solving word problems, we need to be very comfortable with translating words into
mathematical symbols. Following isapartia list of words and their mathematical equivalents.

Concept Symbol Words Example Trandation
equality = s 2plus2is4 2+2=4
equals xminus5 equals 2 x—-5=2
isthesameas multiplying xby 2 isthesame asdividingxby 7 2x=x/7
addition + sum the sum of y and it is 20 y+m=20
plus x plusyequals 5 X+y=5
add how many marbles must John add to collection Xx+P=13
P so that he has 13 marbles
increase anumber isincreased by 10% X + 10%x
more the perimeter of the squareis3 morethanthearee P=3+A
subtraction —  minus X minusy X—y
difference the difference of x and yis 8 [x-y|=8
subtracted X subtracted fromy y—x"
less than the circumference is 5 less than the area C=A-5
multiplication X Or* times the acceleration is 5 times the vel ocity a=>5v
product the product of two consecutive integers X(x + 1)
of Xis125% of y X = 125%y
division +  quotient the quotient of x andy is 9 X+y=9
divided if x isdivided by y, theresult is4 X+y=4

Although exact steps for solving word problems cannot be given, the following guidelines will help:

(1) First, choose a variable to stand for the least unknown quantity, and then try to write the other
unknown quantitiesin terms of that variable.

For example, suppose we are given that Sue’s age is 5 years less than twice Jane's and
the sum of their ages is 16. Then Jane's age would be the least unknown, and we let
x =Jane'sage. Expressing Sue's agein terms of x gives Sue'sage=2x—5.

(2)  Second, write an equation that involves the expressionsin Step 1. Most (though not all) word
problems pivot on the fact that two quantities in the problem are equal. Deciding which two
quantities should be set equal is usually the hardest part in solving a word problem since it can
reguire considerable ingenuity to discover which expressions are equal.

For the example above, we would get (2x—5) + x= 16.

(3)  Third, solve the equation in Step 2 and interpret the result.

For the example above, we would get by adding the X's: 3x—-5=16
Then adding 5 to both sides gives 3x =21
Finally, dividing by 3 gives xX=7

Hence, Janeis 7 yearsold and Sueis 2x-5=2-7-5=9 yearsold.

* Notice that with “minus’ and “difference” the terms are subtracted in the same order as they are written,
from left to right (x minusy —> x —y). However, with “subtracted” and “less than,” the order of
subtraction is reversed (x subtracted from y —>y — x). Many students translate “subtracted from” in the
wrong order.
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MOTION PROBLEMS

Virtually, al motion problems involve the formula Distance = Rate x Time, or

D=RxT

Overtake: Inthistype of problem, one person catches up with or overtakes another person. The key to
these problems is that at the moment one person overtakes the other they have traveled the same distance.

Example: Scott starts jogging from point X to point Y. A half-hour later his friend Garrett who jogs 1
mile per hour slower than twice Scott’s rate starts from the same point and follows the same
path. If Garrett overtakes Scott in 2 hours, how many miles will Garrett have covered?

1 1 2

A2z ® 3 ©4 @6 (B 63

Following Guideline 1, we let r = Scott's rate. Then 2r — 1 = Garrett's rate. Turning to Guideline 2, we
look for two quantities that are equal to each other. When Garrett overtakes Scott, they will have traveled
the same distance. Now, from the formula D= Rx T, Scott'sdistanceis D=r x 25

and Garrett’sdistanceis D= (2r-1)2=4r-2

. . . 1
Setting these expressions equal to each other gives  4r-2=rx 25
. . . . 4
Solving thisequation for r gives  r :E

4 1
Hence, Garrett will have traveled D = 4r - 2 :4(5’) -2 :3§ miles. The answer is(B).

Opposite Directions: Inthistype of problem, two people start at the same point and travel in opposite

directions. The key to these problems is that the total distance traveled is the sum of the individual
distances traveled.

Example: Two people start jogging at the same point and time but in opposite directions. If the rate of
one jogger is 2 mph faster than the other and after 3 hours they are 30 miles apart, what is
the rate of the faster jogger?

(A) 3 (B) 4 © 5 (D) 6 |7

Let r be the rate of the slower jogger. Then the rate of the faster jogger isr + 2. Since they are jogging for
3 hours, the distance traveled by the slower jogger is D = rt = 3r, and the distance traveled by the faster
jogger is 3(r + 2). Sincethey are 30 miles apart, adding the distances traveled gives

r+3(r+2)=30

3r+3r+6=30
6r +6=230
6r =24
r=4

Hence, the rate of the faster jogger isr + 2=4+ 2 =6. The answer is (D).
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Round Trip: The key to these problems is that the distance going is the same as the distance returning.

Example: A cyclist travels 20 miles at a speed of 15 miles per hour. If he returns along the same path
and the entire trip takes 2 hours, at what speed did he return?

(A) 15 mph (B) 20 mph (C) 22 mph (D) 30 mph (E) 34 mph

Solving the formulaD =R x T for T yields T :%. For the first half of thetrip, thisyields T -20_4

15 3
. S . 2
hours. Since the entire trip takes 2 hours, the return trip takes 2—% hours, or 3 hours. Now, the return

D_20 3
trip is also 20 miles, so solving the formula D= Rx T for Ryields R—?—7:20'E=30. The answer
3

is (D).

Compass Headings: Inthistype of problem, typically two people are traveling in perpendicul ar
directions. The key to these problems is often the Pythagorean Theorem.

Example: At 1 PM, Ship A leaves port heading due west at x miles per hour. Two hours later, Ship B
is 100 miles due south of the same port and heading due north at y miles per hour. At
5PM, how far apart are the ships?

(A)  (4%)%+(100+2y)*
(B) x+y
(C) X2 + y2

D) +(4x)*+(2y)?
(B)  (4x)%+(100-2y)*

Since Ship A istraveling at x miles per hour, its distance traveled at 5 PM is D = rt = 4x. The distance
traveled by ShipBisD=rt = 2y This can be represented by the following diagram:

Port

100 - 2y

< Distance traveled by Ship B
2 between 3 PM and 5 PM.

Applying the Pythagorean Theorem yields s?= 4x lOO 2y) Taking the square root of this

equation gives s:\/(4x) +(100—2y) . The answer is (E).
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Circular Mation: Inthistype of problem, the key is often the arc length formula S= R6, where Sisthe
arc length (or distance traveled), Risthe radius of the circle, and 6 isthe angle.

Example:  The figure to the right shows the path of a car
moving around a circular racetrack. How many o
miles does the car travel in going from point A to 60 1/2 mile
point B ?
(A) 7/6 (B) /3 (C) = (D) 30 (E) 60 \q

A B

When calculating distance, degree measure must be converted to radian measure. To convert degree

measure to radian measure, multiply by the conversion factor % Multiplying 60° by L yields

180
60 % = % Now, the length of arc traveled by the car in moving from point A to point Bis S Plugging
1
thisinformation into the formulaS= RO yields S= > % = % The answer is (A).
Example: If awheel is spinning at 1200 revolutions per minute, how many revolutions will it make in
t seconds?
(A) 2t (B) 10t (C) 20t (D) 48t (E) 72t

Since the question asks for the number of revolutions in t seconds, we need to find the number of
revolutions per second and multiply that number by t. Since the wheel is spinning at 1200 revolutions per
1200 revolutions

= 20rev/sec, i
60 seconds /sec. Hence, in t seconds,

minute and there are 60 seconds in a minute, we get

the wheel will make 20t revolutions. The answer is (C).

WORK PROBLEMS

The formulafor work problemsisWork = Rate x Time, or W= Rx T. The amount of work done is usually
1
1 unit. Hence, the formulabecomes1 =R x T. Solving thisfor R gives R= T

Example: If Johnny can mow the lawn in 30 minutes and with the help of his brother, Bobby, they can
mow the lawn 20 minutes, how long would it take Bobby working alone to mow the lawn?

(A) 1/2 hour (B) 3/4 hour (C) 1hour (D) 3/2hours (E) 2hours
Letr = 1/t be Bobby’srate. Now, the rate at which they work together is merely the sum of their rates:
Total Rate = Johnny's Rate + Bobby' s Rate
1

1
—_
20 30
R
20 30
30-20

IR~ ~ ]

w
o
N
o

1 1

60 t
t=60
Hence, working alone, Bobby can do thejob in 1 hour. The answer is(C).
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Example: A tank isbeing drained at a constant rate. If it takes 3 hoursto drain g of its capacity, how
much longer will it take to drain the tank completely?
(A) 12 hour (B) 3/4 hour (C) 1 hour (D) 3/12hours  (E) 2hours

Since 6/7 of the tank’s capacity was drained in 3 hours, the formula W = R x T becomes g: Rx 3.

Solving for R gives R = 2/7. Now, since 6/7 of the work has been completed, 1/7 of the work remains.
. o Lo . 1 2 . .

Plugging this information into the formula W = Rx T gives 7 = 7 T. Solvingfor T gives T=1/2. The

answer is (A).

MIXTURE PROBLEMS

The key to these problemsis that the combined total of the concentrations in the two parts must be the same
as the whole mixture.

Example: How many ounces of a solution that is 30 percent salt must be added to a 50-ounce solution
that is 10 percent salt so that the resulting solution is 20 percent salt?

(A) 20 (B) 30 (C) 40 (D) 50 (E) 60

Let x be the ounces of the 30 percent solution. Then 30%x is the amount of salt in that solution. The fina
solution will be 50 + x ounces, and its concentration of salt will be 20%(50 + x). The original amount of
salt in the solution is 10%-50. Now, the concentration of salt in the original solution plus the concentra-
tion of salt in the added solution must equal the concentration of salt in the resulting solution:

10%- 50+ 30%x = 2094(50+ X)

Multiply this equation by 100 to clear the percent symbol and then solving for x yieldsx = 50. The answer
is(D).

COIN PROBLEMS

The key to these problems is to keep the quantity of coins distinct from the value of the coins. An example
will illustrate.

Example: Laura has 20 coins consisting of quarters and dimes. If she has atotal of $3.05, how many
dimes does she have?

(A) 3 B) 7 (C) 10 (D) 13 (E) 16

Let D stand for the number of dimes, and let Q stand for the number of quarters. Since the total number of
coinsin 20, we get D + Q = 20, or Q = 20— D. Now, each dime isworth 10¢, so the value of the dimesis
10D. Similarly, the value of the quarters is 25Q = 25(20 —D). Summarizing this information in a table

yields
Dimes Quarters Total
Number D 20-D 20
Value 10D 25(20-D) 305

Notice that the total value entry in the table was converted from $3.05 to 305¢. Adding up the value of the
dimes and the quarters yields the following eguation:
10D + 25(20 - D) = 305
10D + 500 — 25D = 305
—-15D =-195
D=13

Hence, there are 13 dimes, and the answer is (D).
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AGE PROBLEMS

Typically, in these problems, we start by letting x be a person’s current age and then the person's age a
years ago will be x —a and the person's age a yearsin future will be x+ a. An example will illustrate.

Example: John is 20 years older than Steve. In 10 years, Steve's age will be half that of John's. What

is Steve's age?
(A) 2

(B) 8

(© 10

(D) 20

(BE) 25

Steve's age is the most unknown quantity. So we let x = Steve's age and thenx + 20 is John's age. Ten
years from now, Steve and John's ages will be x + 10 and x + 30, respectively. Summarizing this
information in atable yields

Age now Agein 10 years
Steve X x+10
John X+20 x+30

Since "in 10 years, Steve's age will be half that of John's," we get

%(x+30) =x+10

x+30=2(x + 10)
Xx+30=2x+20
x=10

Hence, Steveis 10 years old, and the answer is (C).

INTEREST PROBLEMS

These problems are based on the formula
INTEREST = AMOUNT x TIME x RATE

Often, the key to these problems is that the interest earned from one account plus the interest earned from
another account equals the total interest earned:
Total Interest = (Interest from first account) + (Interest from second account)

An example will illustrate.

Example: A total of $1200 is deposited in two savings accounts for one year, part at 5% and the
remainder at 7%. If $72 was earned in interest, how much was deposited at 5%7?
(A) 410
(B) 520
(C) 600
(D) 650
(E) 760

Let x be the amount deposited at 5%. Then 1200 —x is the amount deposited at 7%. The interest on these
investmentsis .05x and .07(1200 —x). Sincethetotal interest is $72, we get

.05x +.07(1200 —x) = 72
.05x + 84 —.07x=72
—-02x+ 84 =72
—-02x=-12
X =600

The answer is (C).
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Problem Set S
> Easy
1. Acyclisttravelsat 12 miles per hour. How many minutes will it take him to travel 24 miles?
(A) 1
(B) 2
(© 30
(D) 60
(E) 120
> Medium

2. Point M islocated 8 miles East of point P. If pointP islocated 6 miles North of another point A, then
how far is point A from point M ?

(A) 4
(B) 5
© 6
(D) 7
() 10

3. A wheat bag weighs 5 pounds and 12 ounces. How much does the bag weigh in pounds?

(A) 514
(B) 512
(C) 534
(D) 614
(E) 634

4.  One ton has 2000 pounds, and one pound has 16 ounces. How many packets containing wheat
weighing 16 pounds and 4 ounces each would totally fill a gunny bag of capacity 13 tons?

(A) 1600

(B) 1700

(C) 2350

(D) 2500

(E) 8000
>» Hard

5. Anold man distributed al the gold coins he had to his two sons into two different numbers such that
the difference between the squares of the two numbers is 36 times the difference between the two
numbers. How many coins did the old man have?

(A) 24
(B) 26
(C) 30
(D) 36
(E) 40

6.  Patrick purchased 80 pencils and sold them at aloss equal to the selling price of 20 pencils. The cost
of 80 pencilsis how many times the selling price of 80 pencils?

(A) 075
(B) 08
© 1
(D) 12
(E) 125
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A man walks at arate of 10 mph. After every ten miles, he rests for 6 minutes. How much time does
he take to walk 50 miles?

(A) 300
(B) 318
(©) 322
(D) 324
(E) 330

A project has three test cases. Three teams are formed to study the three different test cases. Jamesis
assigned to all three teams. Except for James, each researcher is assigned to exactly one team. If each
team has exactly 6 members, then what is the exact number of researchers required?

(A) 10
(B) 12
(C) 14
D) 15
(E) 16

The combined salaries of three brothers is $90,000. Mr. Big earns twice what Mr. Small earns, and
Mr. Middle earns 1 1/2 times what Mr. Small earns. What is the smallest salary of the three brothers?

(A) 20,000
(B) 22,000
(C) 25,000
(D) 30,000
(E) 40,000

The next two guestions refer to the discussion below:

Mike and Fritz ran a 30-mile Marathon. Mike ran 10 miles at 10 miles per hour and then ran at 5 miles per
hour for the remaining 20 miles. Fritz ran the first one-third (by time) of the run at 10 miles per hour and
the remaining two-thirds of the run at 5 miles per hour.

10.

11

12.

How much time in hours did Mike take to complete the Marathon?

(A) 3
(B) 35
() 4
(D) 45
B 5

How much time in hours did Fritz take to compl ete the Marathon?

(A) 3
(B) 35
) 4
(D) 45
B 5

When the price of orangesis lowered by 40%, 4 more oranges can be purchased for $12 than can be
purchased for the original price. How many oranges can be purchased for 24 dollars at the original
price?

(A) 8
(B) 12
(C) 16
(D) 20
(E) 24
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13.  John has $42. He purchased fifty mangoes and thirty oranges with the whole amount. He then chose
to return six mangoes for nine oranges as both quantities are equally priced. What is the price of each

Mango?
(A) 04
(B) 045
(C) 05
(D) 0.55
(E) 06

14. In amarket, a dozen eggs cost as much as a pound of rice, and a half-liter of kerosene costs as much
as 8 eggs. If the cost of each pound of rice is $0.33, then how many cents does a liter of kerosene
cost? [One dollar has 100 cents.]

(A) 033
(B) 0.44
(C) 055
(D) 44
(E) 55

15. Mr. Smith's average annual income in each of the years 1966 and 1967 is x dollars. His average
annual income in each of the years 1968, 1969, and 1970 is y dollars. What is his average annual
income in the five continuous years 1966 through 1970?

(A)  2x/5+3y/5
(B) X2+yI2
(C)  5(x+y)

(D) 5x/2+5y/2
(E) 3x/5+ 25

16. Hose A canfill atank in 5 minutes, and Hose B can fill the same tank in 6 minutes. How many tanks
would Hose B fill in the time Hose A fills 6 tanks?

(A) 3
(B) 4
S 5
(D) 55
B 6
> Very Hard

17. How many coins of 0.5 dollars each and 0.7 dollars each together make exactly 4.6 dollars?

(A) 1,6
(B) 27
(C) 35
(D) 4,3
() 53

18. A piece of string 35 inches long is cut into three smaller pieces along the length of the string. The
length of the longest piece is three times the length of the shortest piece. Which one of the following
could equal the length of the medium-size piece?

(A) 5
® 7
(C) 10
(D) 16
(E) 20
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19. Katrina has a wheat business. She purchases wheat from a local wholesaler at a particular cost per
pound. The price of the wheat at her stores is $3 per pound. Her faulty spring balance reads 0.9
pounds for a pound. Also, in the festival season, she gives a 10% discount on the wheat. She found
that she made neither a profit nor aloss in the festival season. At what price did Katrina purchase the

wheat from the wholesaler?
(A) 243

(B) 25

© 27

(D) 3

(E) 33

20. A car traveled 65% of the way from Town A to Town B at an average speed of 65 mph. The car
traveled at an average speed of v mph for the remaining part of the trip. The average speed for the
entire trip was 50 mph. What isvin mph?

(A) 65
(B) 50
(©) 45
(D) 40
(E) 35
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Answer s and Solutionsto Problem Set S

> Easy

1. Since the answer isin minutes, we must convert the cyclist's speed (12 miles per hour) into miles per
minute. Since there are 60 minutesin an hour, his speed is 12/60 = 1/5 miles per minute.

Remember that Distance = Rate x Time. Hence,

24 = 1><t
5

Solving for t yieldst = 5 x 24 = 120. The answer is (E). [If you forgot to convert hours to minutes, you may
have mistakenly answered (B).]

> Medium

2. First, place point A arbitrarily. Then locate point P 6 miles North of point A, and then locate a new point
8 miles East of P. Name the new point M. The figure looks like this:

p 8 miles M N
A
6 miles W « » E
v
A S

Since the angle between the standard directions East and North is 90°, the three points A, P and M form a
right triangle with right angle at P. So, AM is the hypotenuse. By The Pythagorean Theorem, the
hypotenuse equals the square root of the sum of squares of the other two sides. Hence,

AM = AP2 + PM 2 = /6% +82 =/36+ 64 =+/100 = 10. The answer is (E).

3. There are 16 ounces in a pound. Hence, each ounce equals 1/16 pounds. Now, 12 ounces equals
12 x 1/16 = 3/4 pounds. Hence, 5 pounds + 12 ounces equals 5 3/4 pounds. The answer is (C).

4. One ton has 2000 pounds. The capacity of the gunny bag is 13 tons. Hence, its capacity in pounds would
equal 13 x 2000 pounds.

One pound has 16 ounces. We are given the capacity of each packet is 16 pounds and 4 ounces. Converting
it into pounds yields 16 pounds + 4/16 ounces = 16 1/4 pounds = (16 x 4 + 1)/4 = 65/4 pounds.

Hence, the number of packets required to fill the gunny bag equals

(Capacity of the gunny bag) + (Capacity of the each packet) =
13 x 2000 pounds + (65/4) pounds =
13 x 2000 x 4/65 =
2000 x 4/5 =
1600

The answer is (A).
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> Hard

5. Let x andy be the number of gold coins the two sons received. Since we are given that the difference
between the squares of the two numbers is 36 times the difference between the two numbers, we have the

equation
X —y?=36(x—Y)
(X=y)(x+y) =36(x—Y) by the Difference of Squares formulaa? —b* = (a—b)(a + b)
X+y=36 by canceling (x —y) from both sides

Hence, the total number of gold coins the old man had is x + y which equals 36. The answer is (D).

6. Let c be the cost of each pencil and s be the selling price of each pencil. Then the loss incurred by
Patrick on each pencil is ¢ — s. The net loss on 80 pencils is 80(c —s). Since we are given that the loss
incurred on the 80 pencils equaled the selling price of 20 pencils (The selling price of 20 pencilsis 20s), we
have the equation:

80(c—s) = 20s
80c —80s=20s
80c = 100s
(80/100)c=s
The cost of 80 pencilsis 80c.

The selling price of 80 pencilsis 80s = 80(80/100)c = 64c. Hence, the cost of 80 pencilsis 80c/64c= 5/4 =
1.25 timesthe selling price. The answer is (E).

7. Remember that Time = Distance + Speed. Hence, the time taken by the man to walk 10 milesis 10
miles/10 mph =1 hour.

Since the man walks 50 miles in five installments of 10 miles each, each installment should take him 1
hour. Hence, the total time for which he walked equals5- 1 hr =5 hr =5+ 60 = 300 mins.

Since he takes a break after each installment (until reaching the 50 mile point; one after 10 miles; one after
20 miles; one after 30 miles; final one after 40 miles. The 50" mileis his destination.), he takes four breaks;
and since each break lasts 6 minutes, the net time spent in the breaksis4 - 6 mins =24 mins.
Hence, the total time taken to reach the destination is 300 + 24 = 324 mins. The answer is (D).
8. Since James is common to all three teams, he occupies one of six positions in each team. Since any
member but James is with exactly one team, 5 different researchers are required for each team. Hence, apart
from James, the number of researchers required is 5 - 3 = 15. Including James, there are 15 + 1 = 16
researchers. The answer is (E).
9. Let sbethe salary of Mr. Small. Since Mr. Big earns twice what Mr. Small earns, the salary of Mr. Big
is 2s; and since Mr. Middle earns 1 1/2 times what Mr. Small earns, the salary of Mr. Middle equals
(1 1/2)s = 35/2. Since s < 3s/2 and s< 2s, Mr. Small earns the smallest salary. Summing the salaries to
90,000 (given) yields

2s+ 3s/2 + s=90,000

9¢/2 = 90,000

s$=90,000 - 2/9 = 20,000

The answer is (A).
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10. Mikeran 10 miles at 10 miles per hour (Time = Distance/Rate = 10 miles/10 miles per hour = 1 hour).
Heran at 5 miles per hour for the remaining 20 miles (Time = Distance/Rate = 20 miles/5 miles per hour =
4 hrs). The net length of the Marathon track is 30 miles, and the total time taken to cover the track is 5
hours. Hence, the answer is (E).

11. Suppose Fritz took t hours to complete the 30-mile Marathon. Then as given, Fritz ran at 10 miles per
hour for t/3 hours and 5 miles per hour for the remaining 2t/3 hours. Now, by formula, Distance =
Rate - Time, the net distance covered would be (10 miles per hour) - t/3 + (5 miles per hour) - 2t/3 =
(10/3 + 10/3)t = 30 miles. Solving the equation for t yieldst = 90/20 = 4.5 hours. The answer is (D).

12. Let the original price of each orange be x dollars. Remember that Quantity = Amount + Rate. Hence,
we can purchase 12/x oranges for 12 dollars. After a 40% drop in price, the new price isx(1 — 40/100) =
0.6x dollars per orange. Hence, we should be able to purchase 12/(0.6x) = 20/x oranges for the same 12
dollars. The excess number of oranges we get (for $12) from the lower priceis 20/x — 12/x = (1/x)(20 — 12)
= (1/X)(8) = 8/x = 4 (given). Solving the equation 8/x = 4 for x yields x = 2. Hence, the number of oranges
that can be purchased for 24 dollars at original price x is 24/2 = 12. The answer is (B).

13. Since 6 mangoes are returnable for 9 oranges, if each mango costs m and each orange costs n, then
6m = 9n, or 2m = 3n. Solving for n yields, n = 2m/3. Now, since 50 mangoes and 30 oranges together cost
42 dollars,

50m+ 30n =42
50m + 30(2m/3) = 42
m(50 + 30- 2/3) = 42
m(50 + 20) = 42
70m=42
m=42/70=6/10=0.6

The answer is (E).

14. One pound of rice costs 0.33 dollars. A dozen eggs cost as much as one pound of rice, and a dozen has
12 items. Hence, 12 eggs cost 0.33 dollars.

Now, since half aliter of kerosene costs as much as 8 eggs, one liter must cost 2 times the cost of 8 eggs,
which equals the cost of 16 eggs.

Now, suppose 16 eggs cost x dollars. We know that 12 eggs cost 0.33 dollars. So, forming the proportion
yields

0.33 dollars _X dollars

12 eggs 16 eggs

X=16x@=4><@=4x0.11
12 3

= 0.44 dollars = 0.44 (100 cents) since one dollar has 100 cents
=44 cents

The answer is (D).
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15. Since Mr. Smith's average annual income in each of the two years 1966 and 1967 is x dollars, his total
income in the two yearsis2 - x = 2x.

Since Mr. Smith's average annual income in each of the next three years 1968 through 1970 is y dollars, his
total income in the threeyearsis 3 -y = 3y.

Hence, the net income in the five continuous yearsis 2x + 3y.

Hence, the average income in the five yearsis

(the net income) + 5 =
(2x+ 3y)/5=
2x/5 + 3y/5

The answer is (A).

16. Hose A takes 5 minutes to fill one tank. To fill 6 tanks, it takes 6 - 5 = 30 minutes. Hose B takes 6
minutes to fill one tank. Hence, in the 30 minutes, it would fill 30/6 = 5 tanks. The answer is (C).

> Very Hard

17. Let mcoinsof 0.5 dollars each andn coins of 0.7 dollars each add up to 4.6 dollars. Then, we have the
equation 0.5m+ 0.7n = 4.6. Multiplying both sides by 10 to eliminate the decimals yields 5m + 7n = 46.
Since m is a positive integer, 5m is positive integer; and since n is a positive integer, 7n is a positive
integer. Let p=5mandqg=7n. So, pisamultiple of 5and qisamultiple of 7 and p + g = 46. Subtracting q
from both sides yields p = 46 — q [(a positive multiple of 5) equals 46 — (a positive multiple of 7)]. Let's
seek such solution for p and g:

If =7, p=46-7 =39, not amultiple of 5. Rgject.
If g=14, p=46-14 = 32, not amultiple of 5. Reject.

If q=21, p=46—-21 =25, amultiple of 5. Acceptable. So,n=¢g/7=3and m=p/5=5.
The following checks are not actually required since we already have an acceptable solution.
If =28, p=46-28=18, not amultiple of 5. Regject.

If q=35, p=46-35=11, not amultiple of 5. Regject.
If q=42, p=46—-42 =4, not amultiple of 5. Reject.

If q=49,p=46-49=-3, not positive. Rgject.
The answer is (E).
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18. Thestring is cut into three aong its length. Let | be the length of the smallest piece. Then the length of
the longest piece is 3l, and the total length of the three pieces is 35 inches. The length of the longest and
shortest pieces together is | + 31 = 4l. Hence, the length of the third piece (medium-size piece) must be
35 — 4. Arranging the lengths of the three pieces in increasing order of length yields the following

inequality:

| <35-4l <3l

5l <35<7l By adding 4l to each part of the inequality

5l<35and 35<7I By separating into two inequalities

[<7and5<| By dividing the first inequality by 5 and the second
inequality by 7

5<I<7 Combining the two inequalities

20<4l <28 Multiplying each part by 4

-20> -4 >-28 Multiplying the inequalities by —1 and flipping the
directions of the inequalities

35-20>35-41 >35-28 Adding 35 to each part

15>35-4>7

15 > The length of the medium-size piece > 7
The only choiceinthisrangeis (C).

19. The cost of wheat at Katrina's store is $3 per pound. After the 10% discount (festival season discount)
the cost of the wheat would be, by the known formula the original price (1 — discount percent/100) =
3(1 —10/100) = 3(90/100) = 2.7 dollars per pound.

Since her faulty balance was reading 0.9 pounds for a pound, she was unknowingly selling 1 pound in the
name of 0.9 pounds This is equivalent to selling 1/0.9 = 10/9 pounds in the name of one pound. Hence,
Katrinawas trying to sell the wheat at 2.7 dollars per pound, but effectively she was selling the wheat at 2.7
dollars per (10/9 pounds) = 2.7 x 9/10 = 2.43 dollars a pound. Since she earned neither a profit nor aloss,
she must have purchased the wheat at this same cost from the wholesaler. Hence, the answer is (A).

20. Let d be the distance between the towns A and B. 65% of this distance (= 65% of d = 65/100 x d =
0.65d) was traveled at 65 mph and the remaining 100 — 65 = 35% of the distance was traveled at v mph.
Now, Remember that Time = Distance + Rate. Hence, the time taken by the car for the first 65% distance is
0.65d/65 = d/100, and the time taken by the car for the last 35% distance is 0.35d/v. Hence, the total time
taken is d/100 + 0.35d/v = d(1/100 + 0.35/V).

Total Distance Traveled

Now, remember that Average Speed = .
Total Time Taken

Hence, the average speed of the journey is . Equating this to the given value for the average

(1 0.35)
d-——+—
100 v
speed yields

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



314 GMAT Math Bible WAy M (www. manfen. net)

v=2x50x0.35=100x 0.35=35

The answer is (E).
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Seqguences & Series

SEQUENCES

A sequenceis an ordered list of numbers. The following is a sequence of odd numbers:
1,357,...

A term of a sequence is identified by its position in the sequence. In the above sequence, 1 isthe first term,
3 isthe second term, etc. The ellipsis symbol (. . .) indicates that the sequence continues forever.

Examplel: Insequence S, the 3rd term is 4, the 2nd term is three times the 1st, and the 3rd term is four
timesthe 2nd. What isthe 1st term in sequence S?

(A) O (B) 13 © 1 (D) 372 (E) 4
We know “the 3rd term of Sis 4,” and that “ the 3rd term is four times the 2nd.” This is equivalent to
1
saying the 2nd term is 1/4 the 3rd term: 2 4 =1. Further, weknow “the 2nd termisthreetimesthe 1st.”

1 1 1
Thisis equivalent to saying the 1st termis 3 the 2nd term: 3 1= 3 Hence, the first term of the sequence
isfully determined:

!114

Wik

The answer is (B).

Example2: Except for the first two numbers, every number in the sequence -1, 3, =3, . . . is the product
of the two immediately preceding numbers. How many numbers of this sequence are odd?

(A) one (B) two (C) three (D) four (E) more than four

Since “every number in the sequence —1, 3, =3, . . . is the product of the two immediately preceding
numbers,” the forth term of the sequenceis—9 = 3(-3). Thefirst 6 terms of this sequence are

-1,3,-3,-9,27,-243, . ..
At least six numbersin this sequence are odd: —1, 3, =3, -9, 27, —243. The answer is (E).

Arithmetic Progressions

An arithmetic progression is a sequence in which the difference between any two consecutive terms is the
same. Thisisthe same as saying: each term exceeds the previous term by a fixed amount. For example,
0, 6, 12, 18, . . . is an arithmetic progression in which the common difference is 6. The sequence
8,4,0,4,...isarithmetic with acommon difference of —4.
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Example3: The seventh number in a sequence of numbers is 31 and each number after the first number
in the sequence is 4 less than the number immediately preceding it. What is the fourth num-
ber in the sequence?

(A) 15
(B) 19
(C) 35
(D) 43
() 51

Since each number “ in the sequence is 4 less than the number immediately preceding it,” the sixth termis
31 + 4 = 35; the fifth number in the sequence is 35 + 4 = 39; and the fourth number in the sequence is
39+ 4 =43. Theanswer is (D). Following isthe sequence written out:

55, 51, 47, 43, 39, 35, 31, 27, 23, 19, 15, 11, . ..

Advanced concepts: (Sequence Formulas)

Students with strong backgrounds in mathematics may prefer to solve sequence problems by using
formulas. Note, none of the formulasin this section are necessary to answer questions about sequences on

the GMAT.
Since each term of an arithmetic progression “ exceeds the previous term by a fixed amount,” we get
the following:
first term a+0d where a isthefirst term and d is the common difference
second term a+1d
third term a+2d
fourth term a+3d
nth term a+(n-1d This formula generates the nth term

The sum of thefirst n terms of an arithmetic sequenceis

g[2a+(n—1)d]

Geometric Progressions

A geometric progression is a sequence in which the ratio of any two consecutive terms is the same. Thus,
each term is generated by multiplying the preceding term by a fixed number. For example, -3, 6, —12, 24, .
. . isageometric progression in which the common ratio is—2. The sequence 32, 16, 8, 4, . . . isgeometric
with common ratio 1/2.

Example4: What isthe sixth term of the sequence 90, —30, 10, -10/3, ... ?

(A) U3
(B) 0
(C) —10/27
(D) -3
(E) —100/3

1

) . . .1 _ .10 10
Since the common ratio between any two consecutive terms is — 3 thefifth termis Y = (— 5) -(— 3) .

. . .10 1\ (10 .
Hence, the sixth number in the sequenceis - > = (_E) . (5) . Theanswer is (C).
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Advanced concepts. (Sequence Formulas)

Note, none of the formulasin this section are necessary to answer questions about sequences on the test.

Since each term of a geometric progression “ is generated by multiplying the preceding term by a fixed
number,” we get the following:

first term a

second term art wherer isthe common ratio

third term ar?

fourth term ar®

nth term a,= ar"t This formula generates the nth term

The sum of thefirst n terms of an geometric sequenceis

1-r

A seriesis simply the sum of the terms of a sequence. The following is a series of even numbers formed
from the sequence 2, 4, 6,8, . . .:

2+4+6+8+- .

A term of a seriesis identified by its position in the series. In the above series, 2 is the first term, 4 isthe
second term, etc. Theellipsis symbol (. . .) indicates that the series continues forever.

Example5: The sum of the squares of the first n positive integers 1%+22+3%2+K+n?is
n(n+1)(2n+1)

. What is the sum of the squares of the first 9 positive integers?
(A) 90 (B) 125 (C) 200 (D) 285 (E) 682

We are given aformula for the sum of the squares of the first n positive integers. Plugging n = 9 into this
formulayields

n(n+1)(2n+1) _ 9(9+1)(2-9+1) _ 9(10)(19)
6 6

=285

The answer is (D).

Example6: For all integers x > 1, (x) =2x+(2x-1) +(2x - 2)+K+2+1. What isthe value of
(3)-(2)?
(A) 60 (B) 116 (C) 210 (D) 263 (E) 478
(3)=2(3)+(2-3-1)+(2-3-2)+(2-3-3) +(2-3-4) +(2:3-5) =6+5+4+3+2+1=21

(2)=2()+(2-2-1)+(2:2-2) +(2-2-3) =4+3+2+1=10

Hence, (3)-(2) =21-10 = 210, and the answer is (C).
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Problem Set T:
» Medium
1. A sequence of numbersa,, a,, a,, ..., a, isgenerated by the rulea,,; = 2a,. If a, —a; = 96, then what is
thevalue of a, ?
(A) 48
(B) 96
(C) 98
(D) 192
(E) 198
2. Thenth term of the sequence a,, &,, a,, ..., a, isdefined as a, = —(a, _,). Thefirst term a, equals —1.
What isthe value of a; ?
(A) =2
B) -1
© o
(D) 1
E) 2
3. The sum of the first n terms of an arithmetic series whose nth term is n can be calculated by the
formula n(n + 1)/2. Which one of the following equals the sum of the first eight terms in a series
whose nth termis 2n ?
(A) 24
(B) 48
(C) 56
(D) 72
(E) 96
4.  The sum of the first n terms of a seriesis 31, and the sum of the firstn — 1 terms of the seriesis 20.
What is the value of nth term in the series?
A) 9
B) 11
(©) 20
(D) 31
(E) 51
5. Inthe sequence a,, the nth term is defined as (a,_, — 1)% If a, = 4, then what isthe value of a, ?
(A) 2
B) 3
© 4
(D) 5
E 9
» Hard
6. A sequence of numbersis represented asa,, a,, as, ..., &, Each number in the sequence (except the

first and the last) is the mean of the two adjacent numbers in the sequence. If a, = 1 and a5 = 3, what
isthevalue of a5 ?

(A) 12
| 1
() 312
(D) 2
(E) 502
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7. A series hasthree numbersa, ar, and ar?. In the series, the first term is twice the second term. What is
the ratio of the sum of the first two terms to the sum of the last two termsin the series?

A) 1:1
(B) 1:2
(C) 1:4
D) 2:1
E) 4:1

8.  The sequence of numbers a, ar, ar?, and ar® are in geometric progression. The sum of the first four
terms in the series is 5 times the sum of first two terms and r # —1. How many times larger is the
fourth term than the second term?

(A)
(B)
(©
(D)
E)

9. Inthesequence a,, the nth term is defined as (a,,_, — 1)% If a; = 64, then what is the value of a,?

(A)
(B)
©
(D)
E)

oA NERE

OCUuhrwWN
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Answers and Solutionsto Problem Set T
> Medium

1. Putting n=6inthegivenrule a,,, = 2a, yidds &, , = 2a,, Or a, = 2a,. Sincewe are given that a, — ag =
96, we have 2a; —a; = 96, or a; = 96. Hence, a, = 2a; = 2 - 96 = 192. The answer is (D).

2. Therulefor the sequence a, isa, =—(a,_,). Puttingn =2 and 3in the ruleyields

a=—a,_ )=—a=—-1)=1 (giventhata, =-1)
=—a;_) =8, =-1

Similarly, we get that each even numbered term (when n is even) equals 1 and each odd numbered term
(when nisodd) equals—1. Sincea; is an odd humbered term, it equals—1. The answer is (B).
3. The sum of thefirst n terms of an arithmetic series whose nth term isnisn(n + 1)/2. Hence, we have
1+2+3+...+n=n(n+1)/2
Multiplying each side by 2 yields
2+4+6+..+2n=2n(n+1)/2=n(n+ 1)
Hence, the sum to 8 terms equals n(n + 1) = 8(8 + 1) = 8(9) = 72. The answer is (D).

4. (The sum of thefirst n terms of a series) = (The sum of thefirst n — 1 terms) + (The nth term).

Substituting the given valuesin the equation yields 31 = 20 + nth term. Hence, the nth term is 31 — 20 = 11.
The answer is (B).

5. Replacing nwith 2 in the given formulaa, = (a,_, — 1 yields a, = (a,_, — 1 = (a, — 1)>. We are given
that a, = 4. Putting thisin the formula a, = (a, — 1)? yields a, = (4 — 1)> = 32= 9. The answer is (E).

» Hard
6. Since each number in the sequence (except the first and the last) is the mean of the adjacent two
numbers in the sequence, we have

a,=(a +ay)/2
8= (8 +ay)/2
a, = (ag + as)/2
Substituting the given values a, = 1 and a; = 3 yields
a=(1+ay/2
a3 = (a +a,)/2
a,=(a;+3)/2

Substituting the top and the bottom equations into the middle one yields

a,= ata,
2
1+a3+a3+3
a, = 2 5 2
1+$+%+§
a3=2 222 2
+
a= 2t _1, 8
2 2

Subtracting a,/2 from both sidesyields a,/2 = 1, or a; = 2. The answer is (D).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W4 M (www. manfen. net) Sequences & Series 321

7. Since “the first term in the series is twice the second term,” we have a = 2(ar). Canceling a from both
sides of the equation yields 1 = 2r. Hence, r = 1/2.

Hence, the three numbers a, ar, and ar? become a, a(1/2), and a(1/2y, or a, a/2, and a/4.

The sum of first two termsisa + a/2 and the sum of the last two terms is a/2 + a/4. Forming their ratio
yields

)
+
N | ©

The answer is (D).

8. In the given progression, the sum of first two terms is a + ar, and the sum of first four terms is
a+ ar + ar? + ar®. Since “the sum of the first four terms in the series is 5 times the sum of the first two
terms,” we have

a+ar+ar’+ar*=5@+ar)
a+ar+ar’+ar’®

=5 by dividing both sidesby a + ar
a+ar

(a+ar)+r’(a+ar) _

a+ar
(a+ar)(1+r2)
— = 1=5 by factoring out the common term a + ar

a+ar
1+r2=5 by canceling a + ar from both numerator and
denominator

r2=5-1=4.

Now, the fourth term is ar¥/ar = r? = 4 times the second term. Hence, the answer is (C).

9. Replacing nwith 3intheformulaa, = (a,_, — 1)? yields a; = (a;_, — 1)* = (a, — 1)*. We are given that a,
= 64. Putting thisin the formulaa; = (a, — 1)? yields

64 = (a,— 1)
a2_1=i8
a,=-70or9

Since, we know that a, is the result of the square of number [a, = (g, — 1)?], it cannot be negative. Hence,
pick the positive value 9 for a,. The answer is (E).
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Counting

Counting may have been one of humankind’s first thought processes; nevertheless, counting can be
deceptively hard. In part, because we often forget some of the principles of counting, but also because
counting can be inherently difficult.

number in one group plus the number in the other group minus the number common to

[ir] When counting elements that are in overlapping sets, the total humber will equal the
M both groups. Venn diagramsare very helpful with these problems.

Examplel: If in acertain school 20 students are taking math and 10 are taking history and 7 are taking
both, how many students are taking either math or history?

(A) 20 (B) 22 (C) 23 (D) 25 (E) 29

History Math

Solution: 9

Both History and Math

By the principle stated above, we add 10 and 20 and then subtract 7 from the result. Thus, there are
(10 + 20) — 7 = 23 students. The answer is (C).

1]
W The number of integer s between two integers inclusive is one mor e than their difference.
Q

Example2:  How many integers are there between 49 and 101, inclusive?

(A) 50 (B) 51 (C) 52 (D) 53 (E) 54
By the principle stated above, the number of integers between 49 and 101 inclusive is (101 — 49) + 1 = 53.
The answer is (D). To see this more clearly, choose smaller numbers, say, 9 and 11. The difference

between 9 and 11 is 2. But there are three numbers between them inclusive—9, 10, and 11—one more than
their difference.

followed by a second event which occurs k times, then the first event follows the second

(i) Fundamental Principle of Counting: If an event occurs m times, and each of the m eventsis
M event m-k times.

The following diagram illustrates the fundamental principle of counting for an event that occurs 3 times
with each occurrence being followed by a second event that occurs 2 timesfor atotal of 3-2=6 events:
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¢ Event One: 3 times

Total number of events:
° m-k=3-2=6

Event TWo: 2 timesfor each
occurrence of Event One

Example3: A drum contains 3 to 5 jars each of which contains 30 to 40 marbles. If 10 percent of the
marbles are flawed, what is the greatest possible number of flawed marblesin the drum?
(A) 51 (B) 40 (© 30 (D) 20 (E) 12

Thereis at most 5 jars each of which contains at most 40 marbles; so by the fundamental counting princi-

ple, thereisat most 5-40 = 200 marblesin the drum. Since 10 percent of the marbles are flawed, thereis
at most 20 = 10% - 200 flawed marbles. The answer is (D).

MISCELLANEOUS COUNTING PROBLEMS

Example4: In alegidative body of 200 people, the number of Democrats is 50 less than 4 times the
number of Republicans. If one fifth of the legislators are neither Republican nor Democrat,
how many of the legislators are Republicans?

(A) 42 (B) 50 © 7 (D) 95 (E) 124

Let D be the number of Democrats and let R be the number of Republicans. "One fifth of the legislators are

neither Republican nor Democrat," so there are % 200 = 40 legislators who are neither Republican nor

Democrat. Hence, there are 200 — 40 = 160 Democrats and Republicans, or D + R = 160. Translating the
clause "the number of Democrats is 50 less than 4 times the number of Republicans' into an equation yields
D =4R—-50. Plugging thisinto the equation D + R =160 yields
4R-50+ R=160
5R-50=160
5R=210
R=42

The answer is (A).

Example5:  Speed bumps are being placed at 20 foot intervals along a road 1015 feet long. If the first
speed bump is placed at one end of the road, how many speed bumps are needed?
(A) 49 (B) 50 (© 51 (D) 52 (E) 53
Since the road is 1015 feet long and the speed bumps are 20 feet apart, there are %(1)5 =50.75, or 50 full
sections in the road. If we ignore the first speed bump and associate the speed bump at the end of each

section with that section, then there are 50 speed bumps (one for each of the fifty full sections). Counting
the first speed bump gives atotal of 51 speed bumps. The answer is (C).

A set isacollection of objects, and the objects are called elements of the set. Y ou may be asked to form the
union of two sets, which contains all the objects from either set. You may also be asked to form the
intersection of two sets, which contains only the objects that are in both sets. For example, if
Set A={1, 2,5} and Set B = {5, 10, 21}, then the union of sets A and B would be {1, 2, 5, 10, 21} and the
intersection would be { 5}.
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Problem Set U:
» Medium
1.  In azoo, each pigeon has 2 legs, and each rabbit has 4 legs. The head count of the two species
together is 12, and the leg count is 32. How many pigeons and how many rabbits are there in the zoo?
(A) 4,8
(B) 6,6
(C) 6,8
(D) 8,4
(E) 8,6
» Hard
2. Injar A, 60% of the marbles are red and the rest are green. 40% of the red marbles are moved to an
empty jar B. 60% of the green marbles are moved to an empty jar C. The marblesin both B and C are
now moved to another empty jar D. What fraction of the marblesin jar A were moved to jar D?
(A) 012
(B) 024
(C) 036
(D) 048
(E) 06
3. For how many positive integers nisit true that the sum of 13/n, 18/n, and 29/nis an integer?
(A) 6
(B) 60
(C) Greatest common factor of 13, 18, and 29
(D) Least common multiple of 13, 18, and 29
(E) 12
4.  For how many integers n between 5 and 20, inclusive, isthe sum of 3n, 9n, and 11n greater than 200?
(A) 4
(B) 8
© 12
(D) 16
(E) 20
5. Anaisagirl and has the same number of brothers as sisters. Andrew is a boy and has twice as many

sisters as brothers. Ana and Andrew are the children of Emma. How many children does Emma have?

(A) 2
(B) 3
© 5
Oy 7
B 8
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6. A trainer on aProject Planning Module conducts batches of soft skill training for different companies.
The trainer sets the batch size (the number of participants) of any batch such that he can make groups
of equal numbers without leaving out any of the participants. For a particular batch he decides that he
should be able to make teams of 3 participants each, teams of 5 participants each, and teams of 6
participants each, successfully without leaving out anyone in the batch. Which one of the following
best describes the batch size (number of participants) that he chooses for the program?

(A) Exactly 30 participants.

(B) Atleast 30 participants.

(C) Lessthan 30 participants.

(D) Morethan 30 participants.

(E) Participantsin groups of 30 or its multiples.

7. Inamulti-voting system, voters can vote for more than one candidate. Two candidates A and B are
contesting the election. 100 voters voted for A. Fifty out of 250 voters voted for both candidates. If
each voter voted for at least one of the two candidates, then how many candidates voted only for B?

(A) 50
(B) 100
(C) 150
(D) 200
(E) 250

8. There are 750 male and female participants in a meeting. Half the female participants and one-quarter
of the male participants are Democrats. One-third of all the participants are Democrats. How many of

the Democrats are female?
(A) 75
(B) 100
(©) 125
(D) 175
(E) 225
> Very Hard

9. A survey of n people in the town of Eros found that 50% of them preferred Brand A. Another survey
of 100 people in the town of Angie found that 60% preferred Brand A. In total, 55% of all the people
surveyed together preferred Brand A. What is the total number of people surveyed?

(A) 50

(B) 100
(©) 150
(D) 200
(E) 250
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Answer s and Solutionsto Problem Set U
> Medium

1. Let the number of pigeons be p and the number of rabbits ber. Since the head count together is 12,

p+r=12 (N}
Since each pigeon has 2 legs and each rabbit has 4 legs, the total leg count is

2p+4r=32 (2
Dividing equation (2) by 2 yields p + 2r = 16. Subtracting this equation from equation (1) yields

(p+r—-(p+2r)=12-16
p+r—p-2r=-+4
r=4

Substituting this into equation (1) yields p + 4 = 12, which reducesto p = 8.
Hence, the number of pigeonsis p = 8, and the number of rabbitsisr = 4. The answer is (D).

> Hard

2. Let | be the total number of marbles in the jar A. Then 60%j must be red (given), and the remaining
40%,j must be green (given). Now,

Number of marbles moved to empty jar B = 40% of the red marbles = 40%(60%j) = .40(.60j) = .24j.
Number of marbles moved to empty jar C = 60% of the green marbles = 60%(40%j) = .60(.40)) = .24j.

Since the marbles in the jars B and C are now moved to the jar D, jar D should have .24j + .24j = .48
marbles.

Hence, the fraction of the marbles that were moved to jar D is .48j/j = 0.48. The answer is (D).

3. Thesum of 13/n, 18/n, and 29/nis 13+18+29 @. Now, if 60/nisto be an integer, n must be afactor
n n

of 60. Since the factors of 60 are 1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, and 60, there are 12 possible values for
n. The answer is (E).

4. The sum of 3n, 9n, and 11nis 23n. Since thisisto be greater than 200, we get the inequality 23n > 200.
From this, we get n > 200/23 ~ 8.7. Since n is an integer, n > 8. Now, we are given that 5 < n < 20. Hence,
the values for n are 9 through 20, atotal of 12 numbers. The answer is (C).

5. Let the number of female children Emma has ben. Since Anna herself is one of them, shehasn -1
sisters. Hence, as given, she must have the same number (= n — 1) of brothers. Hence, the number of male
children Emmahasis n — 1. Since Andrew is one of them, Andrew has (n — 1) — 1 = n — 2 brothers. Now,
the number of sisters Andrew has (includes Anna) is n (= the number of female children). Since Andrew
has twice as many sisters as brothers, we have the equation n = 2(n — 2). Solving the equation for n yieldsn
= 4. Hence, Emma has 4 female children, and the number of male children she hasisn-1=4-1=3.
Hence, the total number of children Emmahasis4 + 3=7. The answer is (D).

6. The trainer wants to make teams of either 3 participants each or 5 participants each or 6 participants
each successfully without leaving out any one of the participants in the batch. Hence, the batch size must be
a multiple of all three numbers 3, 5, and 6. Hence, the batch size must be a multiple of the least common
multiple of 3, 5, and 6, which is 30. The answer is (E).
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7. There are three kinds of voters:

1) Voterswho voted for A only. Let the count of such voters be a.

2) Voterswho voted for B only. Let the count of such voters be b.

3) Voterswho voted for both A and B. The count of such votersis 50 (given).
Since the total number of votersis 250, we have

a+b+50=250
a+b=200 QD By subtracting 50 from both sides

Now, we have that 100 voters voted for A. Hence, we have
(Voterswho voted for A only) + (Voterswho voted for both A and B) = 100
Forming this as an equation yields

a+50=100
a=50

Substituting this in equation (1) yields 50 + b = 200. Solving for b yields b = 150.
The answer is (C).

8. Letm be the number of male participants and f be the number of female participants in the meeting. The
total number of participantsis given as 750. Hence, we have

m+f=750

Now, we have that half the female participants and one-quarter of the male participants are Democrats. Let
d equal the number of the Democrats. Then we have the equation

fl2+m4=d
Now, we have that one-third of the total participants are Democrats. Hence, we have the equation
d = 750/3 = 250

Solving the three equations yields the solution f = 250, m = 500, and d = 250. The number of female
democratic participants equals half the female participants equals 250/2 = 125. The answer is (C).
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> Very Hard
9. 50% of n people from Eros prefer brand A. 50% of nis50/100 x n = n/2.
60% of 100 people from Angie prefer brand A. 60% of 100 is 60/100 x 100 = 60.

Of thetotal n + 100 people surveyed, n/2 + 60 prefer brand A. Given that thisis 55%, we have

N 60
«100=55

n+100

Solving the equation yields

ALY,

x100="55
n+100

N 4 60=-> (n+100)
2 100

D y60=Lniss

2 20

0=11n/20 — n/2 + 55— 60 subtracting n/2 and 60 from both sides
0=n/20-5

5=n/20 adding 5 to both sides
n=20x5=100 multiplying both sides by 20

Hence, the total number of people surveyed isn + 100 = 100 + 100 = 200. The answer is (D).
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Probability & Statistics

PROBABILITY

We know what probability means, but what isits formal definition? Let’s use our intuition to define it. If
there is no chance that an event will occur, then its probability of occurring should be 0. On the other
extreme, if an event is certain to occur, then its probability of occurring should be 100%, or 1. Hence, our
probability should be a number between 0 and 1, inclusive. But what kind of number? Suppose your
favorite actor has a 1 in 3 chance of winning the Oscar for best actor. This can be measured by forming the
fraction 1/3. Hence, aprobability is afraction where the top is the number of ways an event can occur and
the bottom is the total number of possible events:

_ Number of ways an event can occur
Number of total possibleevents

Example: Flipping a coin

What' s the probability of getting heads when flipping a coin?

Thereisonly one way to get heads in a coin toss. Hence, the top of the probability fractionis 1. There are
two possible results: heads or tails. Forming the probability fraction gives 1/2.

Example: Tossing adie

What' s the probability of getting a3 when tossing adie?

A die (acube) has six faces, numbered 1 through 6. There isonly one way to get a 3. Hence, the top of the
fractionis 1. Thereare 6 possibleresults: 1, 2, 3, 4, 5, and 6. Forming the probability fraction gives 1/6.
Example: Drawing a card from a deck

What' s the probability of getting aking when drawing a card from a deck of cards?

A deck of cards has four kings, so there are 4 ways to get aking. Hence, the top of the fractionis4. There
are 52 total cards in adeck. Forming the probability fraction gives 4/52, which reduces to 1/13. Hence,
thereis 1 chance in 13 of getting aking.

Example: Drawing marbles from a bowl

What' s the probability of drawing a blue marble from a bowl containing 4 red marbles, 5 blue marbles, and
5 green marbles?

There are five ways of drawing a blue marble. Hence, the top of the fractionis 5. Thereare 14 (=4 + 5+ 5)
possible results. Forming the probability fraction gives 5/14.
Example: Drawing marbles from a bowl (second drawing)

What' s the probability of drawing a red marble from the same bowl, given that the first marble drawn was
blue and was not placed back in the bowl?

There are four ways of drawing ared marble. Hence, the top of the fraction is 4. Since the blue marble
from the first drawing was not replaced, there are only 4 blue marbles remaining. Hence, there are
13 (=4 + 4+ 5) possible results. Forming the probability fraction gives 4/13.

Consecutive Probabilities

What's the probability of getting heads twice in a row when flipping a coin twice? Previously we
calculated the probability for the first flip to be 1/2. Since the second flip is not affected by the first (these
are called mutually exclusive events), its probability isalso 1/2. Forming the product yields the probability

of two headsin arow: %xlz1

2 4
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What's the probability of drawing a blue marble and then a red marble from a bowl containing 4 red
marbles, 5 blue marbles, and 5 green marbles? (Assume that the marbles are not replaced after being
selected.) As calculated before, there is a 5/14 likelihood of selecting a blue marble first and a 4/13
likelihood of selecting a red marble second. Forming the product yields the probability of a red marble
immediately followed by a blue marble: ix 4_20_ E.

14 13 182 91

These two examples can be generalized into the following rule for cal culating consecutive probabilities:

[To calculate consecutive probabilities, multiply the individual probabilities. |

Thisrule appliesto two, three, or any number of consecutive probabilities.

Either-Or Probabilities

What' s the probability of getting either heads or tails when flipping a coin once? Since the only possible

outcomes are heads or tails, we expect the probability to be 100%, or 1: %+% =1. Notethat the events

heads and tails are mutually exclusive. That is, if heads occurs, then tails cannot (and vice versa).

Wheat's the probability of drawing a red marble or a green marble from a bowl containing 4 red marbles,
5 blue marbles, and 5 green marbles? There are 4 red marbles out of 14 total marbles. So the probability
of selecting ared marble is 4/14 = 2/7. Similarly, the probability of selecting a green marble is 5/14. So

the probability of selecting ared or green marble is %+% = % Note again that the events are mutually

exclusive. For instance, if a red marble is selected, then neither a blue marble nor a green marble is
selected.

These two examples can be generalized into the following rule for calculating either-or probabilities:

To calculate either-or probabilities, add the individual probabilities (only if the events are mutually]
exclusive).

The probabilities in the two immediately preceding examples can be calculated more naturally by adding
up the events that occur and then dividing by the total number of possible events. For the coin example, we
get 2 events (heads or tails) divided by the total number of possible events, 2 (heads and tails): 2/2=1. For
the marble example, we get 9 (= 4 + 5) ways the event can occur divided by 14 (= 4 + 5 + 5) possible
events: 9/14.

If it's more natural to calculate the either-or probabilities above by adding up the events that occur and then
dividing by the total number of possible events, why did we introduce a second way of calculating the
probabilities? Because in some cases, you may have to add the individual probabilities. For example, you
may be given the individual probabilities of two mutually exclusive events and be asked for the probability
that either could occur. Y ou now know to merely add their individual probabilities.

Geometric Probability

In this type of problem, you will be given two figures, with one inside the other. You'll then be asked what
is the probability that a randomly selected point will be in the smaller figure. These problems are solved
desired outcome

with the same principle we have been using: Probability = - .
possible outcomes

Example: In the figure to the right, the smaller square has
sides of length 2 and the larger square has sides of
length 4. If a point is chosen at random from the
large square, what is the probability that it will be
from the small square?

2
Applying the probability principle, we get Probability = area of the small square = 2—2 = 4 = 1 .
areaof thelargesquare 4< 16 4
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STATISTICS

Statistics is the study of the patterns and relationships of numbers and data. There are four main concepts
that may appear on the test:

Median

When a set of humbers is arranged in order of size, the median is the middle number. For example, the
median of the set {8, 9, 10, 11, 12} is 10 because it is the middle number. In this case, the median is also
the mean (average). But thisis usually not the case. For example, the median of the set {8, 9, 10, 11, 17}

is 10 because it is the middle number, but the mean is 11= 8+9+1%+11+17. If aset contains an even

number of elements, then the median is the average of the two middle elements. For example, the median

5+8
of theset {1, 5, 8, 20} is 6.5(= T)

Example: What is the median of 0, -2, 256 , 18, /2 ?
Arranging the numbers from smallest to largest (we could also arrange the numbers from the largest to
smallest; the answer would be the same), we get -2, 0, 72,18, 256. The median is the middle number,

V2.

Mode

The mode is the number or numbers that appear most frequently in a set. Note that this definition allows a
set of numbers to have more than one mode.

Example: What isthe modeof 3, 4,3,7,9,757
The number 3 isthe mode because it is the only number that islisted more than once.
Example: What isthe mode of 2, i, 2,9, m, 57

Both 2 and &t are modes because each occurs twice, which is the greatest number of occurrences for any
number in thelist.

Range

The range is the distance between the smallest and largest numbersin aset. To calculate the range, merely
subtract the smallest number from the largest number.

Example: What istherangeof 2, 8,1, -6, «t, /2 ?

The largest number in this set is 8, and the smallest number is—6. Hence, therangeis8 —(—6) =8+ 6=
14.

Standard Deviation

On the test, you are not expected to know the definition of standard deviation. However, you may be
presented with the definition of standard deviation and then be asked a question based on the definition. To
make sure we cover al possible bases, we'll briefly discuss this concept.

Standard deviation measures how far the numbers in a set vary from the set's mean. If the numbers
are scattered far from the set’s mean, then the standard deviation is large. If the numbers are bunched up
near the set’s mean, then the standard deviation is small.

Example: Which of the following sets has the larger standard deviation?

A={12 3, 4,5
B={1, 4, 15, 21, 27}

All the numbers in Set A are within 2 units of the mean, 3. All the numbers in Set B are greater than 5
units from the mean, 15. Hence, the standard deviation of Set B is greater.
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Problem Set V:

> Easy

1. Inajar, 2/5 of the marbles are red and 1/4 are green. 1/4 of the red balls and 1/5 of the green balls are
broken. If no other ballsin the jar are broken, then what is the probability that a ball randomly picked
from the jar is a broken one?

(A) 3/20
(B) 7/30
(C) 5/16
(D) 13
(E) 25

2. The minimum temperatures from Monday through Sunday in the first week of July in southern
Iceland are observed to be —2°C, 4°C, 4°C, 5°C, 7°C, 9°C, 10°C. What is the range of the

temperatures?
(A) -10°C
(B) -8°C
(C) 8cC
(D) 10°C
() 12°C

» Medium

3. What is the probability that a number randomly picked from the range 1 through 1000 is divisible by
both 7 and 10?
(A) 7/1000
(B) 1/100
(C) 7/500
(D) 7/100
() V10

4.  What is the probability that the product of two integers (not necessarily different integers) randomly
selected from the numbers 1 through 20, inclusive, is odd?

A) O

(B) V4
©) 12
(D) 23
(E) 34

5.  Two datasets S and R are defined as follows:

Dataset S 28, 30, 25, 28, 27
Dataset R: 22, 19, 15, 17, 21, 25

By how much is the median of data set Sgreater than the median of data set R?

(A) 5
(B) 6
© 7
(D) 8
B 9
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6. If xand yaretwo positive integers and x + y = 5, then what is the probability that x equals 1?

(A)
(B)
©
(D)
B

12
13
14
15
16

7. Thefollowing values represent the number of cars owned by the 20 families on Pearl Street.

1,1,2,3,2,5/4,3,2,4,5,2,6,2,1,2,4,2,1,1

What is the probability that afamily randomly selected from Pearl Street has at least 3 cars?

(A)
(B)
(©
(D)
E)

16
2/5
9/20
13/20
4/5

8. The following frequency distribution shows the number of cars owned by the 20 families on Pearl

Street.

The number of
families having x
X number of cars

OOk, WN -
NI NN

What is the probability that afamily randomly selected from the street has at least 4 cars?

/10
15
3/10
9/20
11/20

9. Set Sisthe set of all numbers from 1 through 100, inclusive. What is the probability that a number
randomly selected from the set is divisible by 3?

(A)
(B)
(©
(D)
E)

9
33/100
34/100
13
66/100

10. What isthe probability that the sum of two different numbers randomly picked (without replacement)
fromtheset S={1, 2, 3, 4} is5?

(A)
(B)
©
(D)
B

/5
3/16
va
13
172
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11.

12.

13.

14.

15.

The ratio of the number of red balls, to yellow balls, to green ballsinaurnis2: 3: 4. What is the
probability that aball chosen at random from the urnisared ball?

(A) 29
(B) 39
() 49
(D) 5/9
(E) 79

The frequency distribution for xis as given below. What is the range of f ?

X

|-I>J>U'||—‘|—h

0
1
2
3

(A)
(B)
(©
(D)
E)

In abox of 5 eggs, 2 are rotten. What is the probability that two eggs chosen at random from the box
arerotten?

gabhwkro

(A) 116
(B) 110
(©) 15
(D) 25
(E) 35

The table shows the distribution of ateam of 16 engineers by gender and level.

Junior Engineers | Senior Engineers | Lead Engineers
Male 3 4 2
Female 2 4 1

If one engineer is selected from the team, what is the probability that the engineer is a male senior
engineer?

(A) 732
(B) V4
(C) 7116
(D) 12
(E) 34

A prize of $200 is given to anyone who solves a hacker puzzle independently. The probability that
Tom will win the prize is 0.6, and the probability that John will win the prize is 0.7. What is the
probability that both will win the prize?

(A) 035
(B) 0.36
(C) 042
(D) 058
(E) 088

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W4 M (www. manfen. net) Probability & Statistics 335

16. If the probability that Mike will miss at least one of the ten jobs assigned to him is 0.55, then what is
the probability that he will do al ten jobs?

(A) 01
(B) 045
(C) 055
(D) 085
E 1

17. The probability that Tom will win the Booker prize is 0.5, and the probability that John will win the
Booker prize is 0.4. Thereis only one Booker prize to win. What is the probability that at |east one of
them wins the prize?

(A) 02
(B) 04
() 07
(D) 08
(E) 09

18. Thefollowing values represent the exact number of cars owned by the 20 families on Pearl Street.
1,1,2,3254,3,2,4,52,6,21,2,42,1,1
This can be expressed in frequency distribution format as follows:
The number of

families having x
X number of cars

O Ok W NP
P T W 9 ~NOG

What are the values of a and b, respectively?

(A) 1land1l

(B) 1land2

(©) 2and1l

(D) 2and2

(E) 2and3
> Hard

19. A meeting is attended by 750 professionals. 450 of the attendees are females. Half the female
attendees are less than thirty years old, and one-fourth of the male attendees are |ess than thirty years
old. If one of the attendees of the meeting is selected at random to receive a prize, what is the
probability that the person selected is less than thirty years old?

(A) 18
(B) 172
(C) 38
(D) 25
(E) 34
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20. Each Employee at a certain bank is either a clerk or an agent or both. Of every three agents, one is
also a clerk. Of every two clerks, one is also an agent. What is the probability that an employee
randomly selected from the bank is both an agent and a clerk?

(Aa) 12
(B) U3
(C) V4
(D) 15
(E) 25

21. Every one who passes the test will be awarded a degree. The probability that Tom passes the test is
0.3, and the probability that John passes the test is 0.4. The two events are independent of each other.
What is the probability that at least one of them gets the degree?

(A) 0.28
(B) 032
(C) 05

(D) 058
() 0.82

22. A national math examination has 4 statistics problems. The distribution of the number of students
who answered the questions correctly is shown in the chart. If 400 students took the exam and each
guestion was worth 25 points, then what is the average score of the students taking the exam?

Question  Number of students who

Number solved the question
1 200
2 304
3 350
4 250
(A) 1point

(B) 25 points
(C) 26 points
(D) 69 points
(E) 263.5points
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Answer s and Solutionsto Problem Set V

> Easy

1. Lettherebej ballsinthejar.

Asqgiven, 2j/5 arered and j/4 are green.

Also, 1/4 of thered balls are broken. 1/4 of 2j/5 = (1/4)(2j/5) = 2j/20.
Also, 1/5 of the green balls are broken. 1/5 of j/4 = (1/5)(j/4) = j/20.

So, the total number of balls broken is 2j/20 +j/20 = 3j/20. Hence, 3/20 of the balls in the jar are broken.
So, the probability of selecting abroken ball is 3/20. The answer is (A).

2. Therange is the greatest measurement minus the smallest measurement. The greatest of the seven
temperature measurements is 10°C, and the smallest is—2°C. Hence, the required rangeis 10 — (-2) = 12°C.
The answer is (E).

> Medium

3. Any number divisible by both 7 and 10 is a common multiple of 7 and 10. The least common multiple
of 7and 10 is 70. There are 14 numbers, (70, 140, 210, ..., 980), divisible by 70 from 1 through 1000, and
there are 1000 numbers from 1 through 1000. Hence, the required fraction is 14/1000 = 7/500. The answer
is(C).

4. The product of two integers is odd when both integers are themselves odd. Hence, the probability of the
product being odd equals the probability of both numbers being odd. Since there is one odd number in
every two numbers (there are 10 odd numbers in the 20 numbers 1 through 20, inclusive), the probability of
a number being odd is 1/2. The probability of both humbers being odd (mutually exclusive case) is
12 x 2 = 1/4. The answer is (B).

5. The definition of median is “When a set of numbers is arranged in order of size, the median is the
middle number. If a set contains an even number of elements, then the median is the average of the two
middle elements.”

Data set S (arranged in increasing order of size) is 25, 27, 28, 28, 30. The median of the set is the third
number 28.

Data set R (arranged in increasing order of size) is 15, 17, 19, 21, 22, 25. The median is the average of the
two middle numbers (the 3rd and 4th numbers): (19 + 21)/2 = 40/2 = 20.

The difference of 28 and 20 is 8. The answer is (B).

6. The possible positive integer solutions x and y of the equation x +y = 5 are {x, y} ={1, 4}, {2, 3},
{3, 2}, and {4, 1}. Each solution is equally probable. Exactly one of the 4 possible solutions has x equal to
1. Hence, the probability that x equals 1 is one in four ways, which equals 1/4. The answer is (C).

7. From the distribution given, the 4™, 6", 7", 8", 10", 11", 13", and 17" families, atotal of 8, have at least

3 cars. Hence, the probability of selecting afamily having at least 3 cars out of the available 20 familiesis
8/20, which reduces to 2/5. The answer is (B).
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8. From the distribution given, there are
4 families having exactly 4 cars
5 families having exactly 5 cars
2 families having exactly 6 cars

Hence, thereare 4 + 5 + 2 = 11 families with at least 4 cars. Hence, the probability of picking one such
family from the 20 familiesis 11/20. The answer is (E).

9. The count of the numbers 1 through 100, inclusive, is 100.

Now, let 3n represent a number divisible by 3, where nis an integer.

Since we have the numbers from 1 through 100, we have 1 < 3n < 100. Dividing the inequality by 3 yields
1/3 = n < 100/3. The possible values of n are the integer values between 1/3 (= 0.33) and 100/3 (= 33.33).
The possible numbers are 1 through 33, inclusive. The count of these numbersis 33.

Hence, the probability of randomly selecting a number divisible by 3 is 33/100. The answer is (B).

10. Thefirst selection can be done in 4 ways (by selecting any one of the numbers 1, 2, 3, and 4 of the set
S). Hence, there are 3 elements remaining in the set. The second number can be selected in 3 ways (by
selecting any one of the remaining 3 numbersin the set S). Hence, the total number of ways the selection
canbemadeis4 x 3=12.

The selections that result inthesum 5are 1 and 4, 4 and 1, 2 and 3, 3 and 2, atotal of 4 selections. So, 4 of
the 12 possible selections have a sum of 5. Hence, the probability is the fraction 4/12 = 1/3. The answer is

(D).

11. Let the number of red balls in the urn be 2, the number of yellow balls 3k, and the number of green
balls 4k, where k is a common factor of the three. Now, the total number of balls in the urn is
2k + 3k + 4k = 9k. Hence, the fraction of red balls from all the balls is 2k/9k = 2/9. This aso equals the
probability that a ball chosen at random from the urn isared ball. The answer is (A).

12. Therange of f isthe greatest value of f minus the smallest value of f: 5—1 = 4. The answer is (D).

13. Since 2 of the 5 eggs are rotten, the chance of selecting arotten egg the first time is 2/5. For the second
selection, there is only one rotten egg, out of the 4 remaining eggs. Hence, there is a 1/4 chance of selecting
arotten egg again.

Hence, the probability selecting 2 rotten eggsin arow is 2/5 x 1/4 = 1/10. The answer is (B).

14. From the distribution table, we know that the team has exactly 4 male senior engineers out of atotal of
16 engineers. Hence, the probability of selecting a male senior engineer is 4/16 = 1/4. The answer is (B).

15. Let P(A) = The probability of Tom solving the problem = 0.6, and let P(B) = The probability of John
solving the problem = 0.7. Now, since events A and B are independent (Tom’s performance is independent
of John’s performance and vice versa), we have
P(Aand B) =
P(A) x P(B) =
06x0.7=
0.42

The answer is (C).
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16. There are only two cases:

1) Mikewill missat least one of the ten jobs.
2)  Mikewill not missany of the ten jobs.

Hence, (The probability that Mike will miss at least one of the ten jobs) + (The probability that he will not
miss any job) = 1. Since the probability that Mike will miss at |east one of the ten jobsis 0.55, this equation
becomes

0.55 + (The probability that he will not missany job) = 1

(The probability that he will not missany job) = 1—0.55

(The probability that he will not miss any job) = 0.45
The answer is (B).
17. Probability of Tom winning the prize is 0.5. Hence, probability of Tom not winningis1—0.5=0.5.
Probability of John winning is 0.4. Hence, probability of John not winning is1— 0.4 = 0.6.
So, the probability of both Tom and John not winning equals
Probability of Tom not winning x Probability of John not winning =
05x06=
0.3

The probability of one of them (at least) winning + The probability of neither winning = 1 (because these
arethe only cases.)

Hence, The probability of one of them (at least) not winning = 1 — The probability of neither winning =
1-0.3=0.7.

The answer is (C).

18. In the frequency distribution table, the first column represents the number of cars and the second
column represents the number of families having the particular number of cars. Now, from the data given,
the number of families having exactly 3 cars is 2, and the number of families having exactly 5 carsis 2.
Hence, a=2and b = 2. The answer is (D).

> Hard

19. The number of attendees at the meeting is 750 of which 450 are female. Hence, the number of male
attendees is 750 — 450 = 300. Half of the female attendees are less than 30 years old. One half of 450 is
450/2 = 225. Also, one-fourth of the male attendees are less than 30 years old. One-fourth of 300 is 300/4 =
75.

Now, the total number of (male and female) attendees who are less than 30 years old is 225 + 75 = 300.
So, out of the total 750 attendees 300 attendees are less than 30 years old. Hence, the probability of

randomly selecting an attendee less than 30 years old (equals the fraction of all the attendees who are less
than 30 years old) is 300/750 = 2/5. The answer is (D).
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20. The employees of the bank can be categorized into three groups:

1) Employees who are only Clerks. Let cbe the count.
2) Employees who are only Agents. Let a be the count.
3) Employees who are both Clerks and Agents. Let x be the count.

Hence, the total number of employeesisc+a+ x.
Thetotal number of clerksisc + x.
Thetotal number of agentsisa + x.

We are given that of every three agents one is also a clerk. Hence, we have that one of every three agentsis
also aclerk (both agent and clerk). Forming the ratio yields % = % Solving for ayieldsa = 2x.
a+x

We are given that of every two clerks, oneis also an agent. Hence, we have that one of every two clerksis
also an agent (both clerk and agent). Forming the ratio yields c% :%. Solving for cyieldsc=x.
X

Now, the probability of selecting an employee who is both an agent and a clerk from the bank is
X X X _

cta+x X+2x+x 4x 4

The answer is (C).

21. The probability that Tom passesis 0.3. Hence, the probability that Tom does not passis1—0.3=0.7.
The probability that John passesis 0.4. Hence, the probability that John does not passis1—0.4 = 0.6.

At least one of them gets a degree in three cases:

1) Tom passes and John does not
2) John passes and Tom does not
3) Both Tom and John pass

Hence, the probability of at least one of them passing equals

(The probability of Tom passing and John not) +
(The probability of John passing and Tom not) +
(The probability of both passing)

(The probability of Tom passing and John not) =

(The probability of Tom passing) x (The probability of John not) =
0.3x0.6=

0.18

(The probability of John passing and Tom not) =

(The probability of John passing) x (The probability of Tom not) =
04x0.7=

0.28

(The probability of both passing) =

(The probability of Tom passing) x (The probability of John passing) =
0.3x04=

0.12

Hence, the probability of at least one passing is0.18 + 0.28 + 0.12 = 0.58. The answer is (D).

Method I1:
The probability of Tom passing is 0.3. Hence, the probability of Tom not passingis1—0.3=0.7.

The probability of John passing is 0.4. Hence, the probability of John not passingis1—0.4 = 0.6.
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At least one of Tom and John passesin all the cases except when both do not pass.

Hence,
The probability of at least one passing =
1 — (the probability of neither passing) =
1 — (The probability of Tom not passing) x (The probability of John not passing) =
1-0.7x0.6=
1-042=
0.58
The answer is (D).
22. The average score of the studentsis equal to the net score of all the students divided by the number of
students. The number of studentsis 400 (given). Now, let’s calculate the net score. Each question carries 25
points, the first question is solved by 200 students, the second one by 304 students, the third one by 350
students, and the fourth one by 200 students. Hence, the net score of al the studentsis
200 x 25+ 304 x 25 + 350 x 25+ 250 x 25 =
25(200 + 304 + 350 + 250) =
25(1104)
Hence, the average score equals
25(1104)/400 =
1104/16 =
69

The answer is (D).
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Permutations & Combinations

Suppose you must seat 3 of 5 delegates in 3 chairs. And suppose you are interested in the order in which
they sit. You will first select 3 of the 5 delegates, and then choose the order in which they sit. The first act
is a combination, the second is a permutation. Effectively, the permutation comes after the combination.
The delegates in each combination can be ordered in different ways, which can be called permutations of
the combination.

Now, if you can select 3 of the 5 delegates in mways and each selection can be ordered in n ways, then the
total number of possible arrangements (permutations) ism- n.

Now, let’s count the number of permutations of 3 objects taken from a set of 4 objects{A, B, C, D}. Let's
cal theset {A, B, C, D} abase set.

We must first choose 3 objects from the base set, which yields the following selections:
{A,B,C},{B,C,D},{A,C,D},{A,B,D}
These are combinations. We have 4 selections (combinations) here.

If {E1, E2, E3} represents one of the four combinations above, then the following are its possible
permutations:

El E2 E3
El E3 E2
E2 El E3
E2 E3 El
E3 El E2
E3 E2 El

You can use this scheme to find the permutations of each of the 4 selections (combinations) we formed
above. For example, for the selection { A, B, C}, the following are the six permutations:

A-B-C

-C-B
-A-C
-C-A
-A-B
-B-A

O0OwWw >

Thus, we have 6 permutations for each selection. For practice, you may wish to list the permutations for the
remaining 3 selections: {B, C, D}, {A, C, D}, and {A, B, D}.

Summary:

Here, {A, B, C, D} isthe base set. We formed 4 combinations that use 3 elements each. Then we formed 6
permutations for each of the 4 combinations. Hence, the problem hasintotal 6+ 6+6+6 =4 x 6 =24
permutations.
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Note 1: A combination might have multiple permutations. The reverse is never true.
Note 2: A permutation is an ordered combination.

Note 3: With combinations, AB = BA. With permutations, AB = BA.

Combinations and their Permutations

Here is another discussion of the distinction between permutations and combinations. The concept is
repeated here because it forms the basis for the rest of the chapter.

Combinations are the selections (subsets) of abase set.

For example, the possible combinations of two elements each of the set { A, B} are

A,BorB, A
(Both are the same combination)

The permutations (the combination ordered in different ways) of the combination are
A-BandB-A
(The permutations are different)
How to distinguish between a Combination and a Permutation

At the risk of redundancy, here is yet another discussion of the distinction between permutations and
combinations.

As combinations, {A, B, C} and {B, A, C} are the same because each has the same number of each type of
object: A, B, and C asin the base set.

But, as permutations, A —B — C and B — A — C are not the same because the ordering is different, though
each has the same number of each type of object: A, B, and C as in the base set In fact, no two
arrangements that are not identical are ever the same permutation.

Hence, with combinations, look for selections, while with permutations, look for arrangements.

Thefollowing definitions will help you distinguish between Combinations and Per mutations
Permutations are arrangements (order is important) of objects formed from an original set (base set) such
that each new arrangement has an order different from the original set. So, the positions of objects is
important.

Combinations are sets of objects formed by selecting (order not important) objects from an original set
(base set).

To help you remember, think “ Permutation ... Position.”

Combinations with Repetitions; Permutationswith Repetitions
Here, repetition of objectsis allowed in selections or the arrangements.

Suppose you have the base set { A, B, C}. Allowing repetitions, the objects can repeat in the combinations
(selections).
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Hence, the alowed selections of 2 elements are {A, A}, {A, B} or {B, A}, {B, B}, {B, C} or {C, B},
{C,C},{C, A} or {A, C} intotal 6.

The corresponding permutations are
A —Afor{A, A}
A-BandB-A for {A, B}
B —B for {B, B}
B-CandC-Bfor{B, C}
C-Cfor{C, C}
C—-AandA -Cfor{C, A}

The total number of combinations is 6, and the total humber of permutations is 9. We have 3 objects to
choose for 2 positions; allowing repetitions, the calculationis 3 = 9.

Notethat {A, B} and { B, A} are the same combination because each has an equal number of A’sand B’s.

By allowing repetitions, you can chose the same object more than once and therefore can have the same
object occupying different positions.

In general, permutation means “ permutation without repetition,” unless stated otherwise.

Indistinguishable Objects

Suppose we replace C in the base set { A, B, C} with A. Then, we have { A, B, A}. Now the A’sin the first
and third positions of the set are indistinguishable and make some of the combinations and permutations
formed earlier involving C redundant (because some identical combinations and permutations will be

formed). Hence, replacing distinguishable objects with indistinguishable ones reduces the number of
combinations and permutations.

Combinations (repetition not allowed) with I ndistinguishable Objects

Consider the set {A, B, A}. Here, for example, ABA (2 A’sand 1 B as in the base set) is an alowed
combination but ABB (containing 2 B’s not as in base set) is not because B occurs only once in the base
Set.

All theallowed permutationsarelisted in Table1V.

Permutations (repetition not allowed) with I ndistinguishable Objects

The corresponding permutations are listed in Table V.

Observe that {A, B, C} has permutations ABC, ACB, BAC, BCA, CAB, and CBA (6 permutations); and
{A, B, A} has permutations ABA, AAB, BAA, BAA, AAB, and ABA- (we crossed out the last three
permutations because they are identical to the first three). So, there are 3 permutations.

Combinations (repetition allowed) with Indistinguishable Objects

Again, consider the set {A, B, A}. Here, for example, ABA is an alowed combination and ABB is an
allowed combination.

All the allowed permutations are listed in Table 1.
Permutations (repetition allowed) with I ndistinguishable Objects

The corresponding permutations are listed in Table I11.
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Summary:

> Repetition problems have the objects repeating in the combinations or permutations that are

formed from a base set.

> Problems with indistinguishable objects, instead, have the objects repeating in the base set itself.

» Allowing repetition increases the number of selections (combinations) and therefore the number of

permutations.

» Using indistinguishable objects in the base set reduces the number of selections (combinations)
and the number of permutations.

Tablel

Thebase setis{A, B, C}

Permutations with Repetitions allowed. [n= 3, r = 3]

First Second Third Word Count
Position Position Position Formed
(Bways (3ways (3ways
allowed: alowed: alowed:
A,B,C) | A,B,C) | AB,CQC)
A AAA 1
A B AAB 2
C AAC 3
A ABA 4
A B B ABB 5
C ABC 6
A ACA 7
C B ACB 8
C ACC 9
A BAA 10
A B BAB 11
C BAC 12
A BBA 13
B B B BBB 14
C BBC 15
A BCA 16
C B BCB 17
C BCC 18
A CAA 19
A B CAB 20
C CAC 21
A CBA 22
C B B CBB 23
C CBC 24
A CCA 25
C B CCB 26
C CccC 27
Total number of ways: 27
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Tablell

Thebase setis{A, B, C}

The Permutations (not allowing Repetitions) are as follows[n =3, r = 3].
Shaded entries are redundant and therefore not counted. (That is, we pick
only the entries in which no object is repeated.) Shaded entries the ones
having the same object repeating and therefore not counted.

First Second Third Word Count
Position Position Position Formed
(Bways (3ways (3ways
allowed: alowed: alowed:
A,B,C) | A B,C) |ABQCQ
A AAA A repeat
A B AAB A repeat
C AAC A repeat
A ABA A repeat
A B B ABB | B repeat
C ABC 1
A ACA A repeat
C B ACB 2
C ACC C repeat
A BAA A repeat
A B BAB B repeat
C BAC 3
A BBA B repest
B B B BBB | B repeat
C BBC B repest
A BCA 4
C B BCB B repeat
C BCC C repeat
A CAA A repeat
A B CAB 5
C CAC C repeat
A CBA 6
C B B CBB | Brepeat
C CBC C repeat
A CCA C repeat
C B CCB C repeat
C CCC C repeat

Total number of ways: 6

There is only 1 combination (without repetition), because any of the 6 words (ABC or ACB or BAC or
BCA or CAB or CBA) formed in the above table is the same combination (is a single combination).
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Permutations (repetition allowed) using I ndistinguishable Objects

By replacing C with A in the base set {A, B, C}, we get { A, B, A}. Reducing the repetitive permutations
yields

Tablelll

The Permutations (allowing Repetitions) are asfollows[n=3,r = 3],
and two of the three objects are indistinguishable. The table is derived
by replacing C with A in Table | and eliminating the repeating entries.
Shaded entries are redundant and therefore not counted. (That is, we
pick only one of the indistinguishable permutations.)

First Second Third Word Count
Position Position Position Formed
(Bways (3ways (3ways
allowed: alowed: alowed:
A,B, QO A,B,C) | ABQCQO
A AAA 1
A B AAB 2
A AAA already counted
A ABA 3
A B B ABB 4
A ABA already counted
A AAA already counted
A B AAB already counted
A AAA already counted
A BAA 5
A B BAB 6
A BAA already counted
A BBA 7
B B BBB 8
B A BBA already counted
A BAA already counted
A B BAB already counted
A BAA already counted
A AAA already counted
A B AAB already counted
A AAA already counted
A ABA already counted
A B B ABB already counted
A ABA already counted
A AAA already counted
A B AAB already counted
A AAA already counted

Total number of ways: 8
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Permutations (repetition not allowed) with I ndistinguishable Objects

Indistinguishable objects are items that repeat in the original set. For example, replace C in the above set
with A. Then the new base set would be {A, B, A}. Hence, if we replace C with A in the Table |1, we get
the repetitions in the permutations. Reducing the repetitive permutations yields

TablelV

The Permutations (not allowing Repetitions) with Indistinguishable
objectsare asfollows[n =3, r = 3]. Thetableis derived by
replacing C with A in Table Il and eliminating the repeating entries.
Shaded entries are redundant and therefore not counted. (That is,
we pick only one of the indistinguishable permutations)

First Second Third Word Count
Position Position Position Formed
(Bways (Bways (3ways
alowed: alowed: alowed:
A,B, O A,B, O A,B, O

A B A ABA 1
A B AAB 2
B A A BAA 3
A A BAA already counted
A A B AAB already counted
A A ABA already counted

Total number of ways: 3

So far, we have discussed the types of the problems. When trying to solve a problem, it is very helpful to
identify itstype. Once thisis done, we need to count the number of possibilities.

Distinction between Indistinguishable Objects Problems and Repetition Problems

Suppose you are to arrange the letters of the word SUCCESS.

Thebasesetis{S, U, C, C, E, S, S}. Thereare 3 S's, which are indistinguishable objects. Hence, the letter
S, can be used a maximum of 3 timesin forming a new word if repetition is not allowed. So, SSSSUCE is
not a possible arrangement.

If repetition is allowed, you can use S as many times as you wish, regardless of the number of S'sin the

base word (for example, even if thereisonly 1 S, you can use it up to maximum allowed times). Hence,
SSSSSSSis a possible arrangement.

Counting
There are three models of counting we can use.

We already discussed that if there are m combinations possible from a base set and if there are n
permutations possible for each combination, then the total number of permutations possibleism- n.

Thisisaso clear from the Fundamental Principle of Counting.

Model 1:
The Fundamental Principle of Counting:

Construct a tree diagram (we used tables above) to keep track of all possibilities. Each decision made
produces a new branch. Finally, count al the allowed possibilities.

The previous tables are examples of tree diagrams. They can represent possibilities as trees. The
possibilities are also counted in the tables.
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Model 2:

Divide awork into mutually independent jobs and multiply the number of ways of doing each job to find
the total number of ways the work can be done. For example, if you are to position three lettersin 3 slots,
you can divide the work into the jobs as

1) Choose one of threeletters A, B, and C for the first position

2) Choose one of the remaining 2 letters for the second position
3) Choose the only remaining letter for the third position

Thiscanbedonein 3 x 2 x 1 =6 ways. The model is aresult of the Fundamental Principle of Counting.

Modd 3:
Models 1 and 2 are fundamental. Model 3 uses at least one of the first two models. Here, we use the
following formula:

Total Number of Permutations = Number of Combinations x Number of Permutations of Each Combination

Predominantly, we use the model for calculating combinations. The total number of permutations and the
number of permutations for each combination can be calculated using either or both models 1 and 2 in
many Cases.

Cyclic Permutations

A cyclic permutation is a permutation that shifts all elements of a given ordered set by a certain amount,
with the elements that are shifted off the end inserted back at the beginning in the same order, i.e.,
cyclically. In other words, arotation.

For example, {A, B, C, D}, {B, C, D, A}, {C, D, A, B},and {D, A, B, C} aredifferent linear permutations
but the same cyclic permutation. The permutations when arranged in cyclic order, starting from, say, A and
moving clockwise, yield the same arrangement { A, B, C, D}. The following figure helps visualize this.

1 2 1 2
A B B C
D C A D
4 3 4 3
Linear Permutation { A, B, C, D} Linear Permutation { B, C, D, A}
1 2 1 2
C D D A
B A C B
4 3 4 3
Linear Permutation {C, D, A, B} Linear Permutation {D, A, B, C}

Cyclic arrangements of the cyclic permutations.
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For the r placement positions (for the example in the figure, r equals 4), we get r permutations, each is an
equivalent cyclic permutation. Hence, the number of cyclic permutations equals

(The number of ordinary permutations) =+ r
Hence, for P, permutations, P, + r cyclic permutations exist. Simply said, r linear permutations would be
same cyclic permutation.

Also, {A, B, C, D} and {A, C, B, D} are different linear permutations and different cyclic permutations,
because arranging them in cyclic order yields different sequences.

Factorial

The factorial of a non-negative integer n, denoted by n!, is the product of all positive integers less than or
equal ton. Thatis,n! = n(n—1)(n—2)- - - 3-2- 1. For example, 4! =4 -3 - 2- 1 =24. Note: 0! is defined
to be 1.

Formulas

Verify that the following formulas apply to the scenarios mentioned above. These formulas should be
memorized.

Formula 1: If you have n items to choose from and you choose r of them, then the number of permutations
with repetitions allowed is
n-n-...n=n'
(r times)
Formula 2: The formulafor permutations with repetitions not allowed is
n!

(n—r)

Formula 3: The formulafor combinations with repetitions not allowed is

nPr =

n!
nCr = 7
ri(n—-r)
Formula 4: We know that k distinguishable objects have k! different arrangements (permutations). But a set
of kindistinguishable objects, will have only 1 indistinguishable permutation. Hence, if we have P
permutations for k distinguishable objects, we will have% permutations for k indistinguishable objects

because we now treat the earlier k! arrangements as one.

The case is similar when we have more than one set of indistinguishable objects. Suppose the word
ABCDEF has P, permutations (not allowing repetitions); then the word AAABBC will have :;_PZ

permutations because here we have a set of 3 indistinguishable objects A and a set of 2 indistinguishable
objects B.

There are formulas for the other problem models, but they are not needed for the test. We can always use
the Fundamental Principal of Counting for them.

Formula 5: For r linear positions (for the example in the figure, r equals 4), we get r permutations, each of
which is an equivalent cyclic permutation. Hence, the number of cyclic permutationsis

(The number of ordinary permutations) =+ r

Theformulasin this section will be referenced while we solve the problems.
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Problem Solving Strategy

In permutation and combination problems, it is very important to recognize the type of problem. Many
students mistakenly approach a combination problem as a permutation, and vice versa. The steps below
will help you determine the problem type.

Solving a permutation or combination problem involves two steps:

1) Recognizing the problem type: permutation vs. combination.
2) Using formulas or modelsto count the possibilities.

We havethree questionsto ask ourselvesin order to identify the problem type:

1) Isit apermutation or combination?
Check any two typical arrangements with the same combination. If the two arrangements are
counted only once, it is acombination problem. Otherwise, it is a permutation.

For example, if you are asked for alock code, then 321 and 123 could be two possibilities, and
the two numbers are formed from the same combination (Same number of 1's, 2's, and 3's). So,
lock codes must be permutations.

For another example, suppose you have 5 balls numbering 1 through 5. If you are asked to select
3 out of the 5 balls and you are only interested in the numbers on the balls, not the order in which
they are taken, then you have a combination problem.

Problems that by definition connote ordering (though not directly stated) are permutations. For
example, 3 digits form a 3-digit number. Here, the 3-digit number connotes ordering. For another
example, if you are to answer 3 questions, you probably would not be asked to answer a
particular question more than once. So, you would not allow repetition in the calculations.
Though not often needed, such logical assumptions are allowed and sometimes expected.

If the problem itself defines slots for the arrangements, it is a permutation problem. Words like
“arrange” define slots for the arrangements. We will explain this in more detail later in the
problems.

Generally, “arrangements’ refer to permutations, and “selections’ refer to combinations. These
words often flag the problem type.

Other words indicating permutations are “alteration,” “shift,” “transformation,” and
“transmutation,” all of which connote ordering.

For example:
In how many ways can the letters of the word XY Z be transformed to form new words?
In how many ways can the |etters of the word XY Z be altered to form new words?

" ou " ow

Some words indicating combinations are “aggregation,” “aliance,” “association,” “coalition,”
“composition,” “confederation,” “gang,” “league,” and “union,” (all of which have nothing to do
with arrangements but instead connote selections.)

For example:

In how many ways can a coalition of 2 countries be formed from 4 countries?

(Here, a codlition is the same whether you say country A and B are a coalition or country B and
country A are a coalition.)

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html

351



352 GMAT Math Bible WAy M (www. manfen. net)

2) Arerepetitions allowed?
Check whether, based on the problem description, the results of a permutation/combination can
have repetitions.

For example:
If you areto list countriesin a coalition, you can hardly list a country twice.
(Here, repetition automatically is not allowed unless specified otherwise.)

If you have 3 doorsto aroom, you could use the same door for both entering and exiting.
(Here, repetition is automatically allowed.)

3) Arethereany indistinguishable objectsin the base set?
Check the base set: the objects from which a permutation or a combination are drawn. If any
indistinguishabl e objects (repetitions at base set level) are available, collect them. Thisis easy
sinceit only requires finding identical objectsin abase set, which isusualy given.

For example, if the original question isto find the words formed from the word
GARGUNTUNG, then, in this step, you collect the information: G exists thrice, U exists twice,
and so on.

Once the problem type is recognized, use the corresponding formula or model to solveit.
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Problem Set W:

1

There are 3 doors to alecture room. In how many ways can alecturer enter and |leave the room?

(A) 1
(B) 3
© 6
D) 9
() 12

There are 3 doors to a lecture room. In how many ways can a lecturer enter the room from one door
and |leave from another door?

(A) 1
(B) 3
© 6
D) 9
B 12

How many possible combinations can a 3-digit safe code have?

(A) Gy
(B) 9P,
© 3
o) ¢
() 10°

Goodwin has 3 different colored pants and 2 different colored shirts. In how many ways can he
choose a pair of pants and a shirt?

(A) 2
(B) 3
© 5
(D) 6
(E) 12

In how many ways can 2 doors be selected from 3 doors?

(A) 1
(B) 3
© 6
D) 9
(B) 12

In how many ways can 2 doors be selected from 3 doors for entering and leaving aroom?

(A) 1
(B) 3
(C) 6
(D) 9
(E) 12

In how many ways can aroom be entered and exited from the 3 doors to the room?

(A) 1
(B) 3
© 6
D) 9
B 12
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8. There are 5 doors to a lecture room. Two are red and the others are green. In how many ways can a
lecturer enter the room and |eave the room from different colored doors?

A 1
B) 3
(G 6
D) 9
(E) 12

9.  Four pool balls—A, B, C, D—are randomly arranged in a straight line. What is the probability that
the order will actually be A, B, C,D ?

(A) V4

1
B =
(B) <,

1
C i
© )
) V2
(E) V3

10. A basketball team has 11 players on its roster. Only 5 players can be on the court at one time. How
many different groups of 5 players can the team put on the floor?

(A) 511

(B) llCS

(C) 1' 5

(D) 11°

() 11-5
11. How many different 5-letter words can be formed from the word ORANGE using each letter only

once?

(A)  oPs

(B) 36

© G

(D) 6

(B)  oPs

12.  How many unegual 5-digit numbers can be formed using each digit of the number 11235 only once?

(A) 5
B) 5P,
© ==
© 3%
® 3=

13.  How many different six-digit numbers can be formed using all of the following digits:

3,3,4,4,4,5
(A) 10
(B) 20
(C) 30
(D) 36
(E) 60
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14. Thisis how Edward's Lotteries work. First, 9 different numbers are selected. Tickets with exactly 6
of the 9 numbers randomly selected are printed such that no two tickets have the same set of numbers.
Finally, the winning ticket is the one containing the 6 numbers drawn from the 9 randomly. There is
exactly one winning ticket in the lottery system. How many tickets can the lottery system print?

(A)  oPs
(B)  oPs
© G
(D) G
(S

15. How many different strings of letters can be made by reordering the letters of the word SUCCESS?

(A) 20
(B) 30
(C) 40
(D) 60
(E) 420

16. A company produces 8 different types of candies, and sells the candies in gift packs. How many
different gift packs containing exactly 3 different candy types can the company put on the market?

(A) &G,
(B) G5
©) &P
(D) &Ps
P
© %

17. Fritz istaking an examination that consists of two parts, A and B, with the following instructions:

Part A contains three questions, and a student must answer two.
Part B contains four questions, and a student must answer two.
Part A must be completed before starting Part B.

In how many ways can the test be completed?

(A) 12
(B) 15
(C) 36
D) 72
(E) 90

18. A menu offers 2 entrees, 3 main courses, and 3 desserts. How many different combinations of dinner
can be made? (A dinner must contain an entrée, amain course, and a dessert.)

(A) 12
(B) 15
(C) 18
D) 21
(E) 24
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19,
(A) 3125l
12
® 15
10
(D) Ei?&?
E =
® (3-2-5)?

20.
10 funds grew by at least 10% over the last

In how many ways can 3 red marbles, 2 blue marbles, and 5 yellow marbles be placed in arow?

The retirement plan for a company allows employeesto invest in 10 different mutual funds. Six of the

year. If Sam randomly selected 4 of the 10 funds, what is

the probability that 3 of Sam’s 4 funds grew by at least 10% over last year?

10C4
(B) 6C34Cy
10C4
© 6C34Cy
10 P4
(D) 6Psa R
10C4
(E) 6Pa R
10P

21.
10 funds grew by at least 10% over the last

The retirement plan for a company allows employees to invest in 10 different mutual funds. Six of the

year. If Sam randomly selected 4 of the 10 funds, what is

the probability that at least 3 of Sam’s 4 funds grew by at least 10% over the last year?

C
(A) o=
10C4
(B) 6C3'4Cl
10Ca4
© 6C34Ci+6Cy
10Ps
PR
(D) 6°34"1
10C4
(E) 6C3 4G +6Cy
10C4
22.
appear together?
(A) 313
6
(B) 2
4.3
© =R
(D) 43
33
©
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23.  In how many ways can the letters of the word ACCLAIM be rearranged such that the vowels always
appear together?
7
(A) 23
4-3
(B 22
4-3
© 7
8
(D) 33
5 3
® 232
24. In how many ways can the letters of the word GARGANTUNG be rearranged such that all the G's
appear together?
8
A
) 3-2-2
8
B -
(B) 0
8-3
C -
© e
8
D -
(D) 3
10
E
© 3-2-2
25. In how many ways can the letters of the word GOSSAMERE be rearranged such that all Ssand M’s
appear in the middle?
9
A o5
P
7°6
® o
P, 3P
776.373
© 55
P, 3P
676.373
0 555
(E) 10 P6 3_P3
2 2
26. How many different four-letter words can be formed (the words need not be meaningful) using the
letters of the word GREGARIOUS such that each word starts with G and ends with R?
(A) aPzP
8'2
(B a2
© sF’%)
ghg
© 55
P
E 10" 2
) 2-2
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27.

28.

29.

30.

31.

32.

A coin istossed five times. What is the probability that the fourth toss would turn a head?

(A) %
® &
© 5
© 5
®

In how many of ways can 5 balls be placed in 4 tinsif any number of balls can be placed in any tin?

(A) G,
(B) P,
© &
o) #
B 5

On average, a sharpshooter hits the target once every 3 shots. What is the probability that he will hit
the target in 4 shots?

a) 1
(B) sl
(C) U3
(D) 65/81
(E) 7U81

On average, a sharpshooter hits the target once every 3 shots. What is the probability that he will not
hit the target until 4th shot?

A) 1
(B) 881

(C) 16/81
(D) 65/81
(E) 7V81

A new word isto be formed by randomly rearranging the letters of the word ALGEBRA. What is the
probability that the new word has consonants occupying only the positions currently occupied by
consonants in the word ALGEBRA?

(A)  2/120
(B) 124
(C) 16
(D) 21105
() 135

Chelsea has 5 roses and 2 jasmines. A bouquet of 3 flowersisto be formed. In how many ways can it
be formed if at least one jasmine must be in the bouquet?

(A) 5
(B) 20
() 25
(D) 35
(E) 40
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33. In how many ways can 3 boys and 2 girls be selected from a group of 6 boysand 5 girls?

(A)
(B)
©
(D)
B

10
20
50
100
200

34. In how many ways can a committee of 5 members be formed from 4 women and 6 men such that at
least 1 woman is a member of the committee?

(A)
(B)
(©
(D)
E)

112
156
208
246
252

35. In how many ways can 5 boys and 4 girls be arranged in a line so that there will be a boy at the
beginning and at the end?

(A)
(B)
©
(D)
E)

-7

-7

NaUu|lwew|lae|aa|w
. . 2

36. In how many ways can the letters of the word MAXIMA be arranged such that all vowels are
together?

(A)
(B)
©
(D)
E)

12
18
30
36
72

37. In how many ways can the letters of the word MAXIMA be arranged such that all vowels are together
and all consonants are together?

(A)
(B)
(©
(D)
B

12
18
30
36
42

38. In how many ways can 4 boys and 4 girls be arranged in arow such that no two boys and no two girls
are next to each other?

(A)
(B)
©
(D)
B

1032
1152
1254
1432
1564
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39.

40.

41.

42.

43.

T2 GMAT % B 1 1] -

In how many ways can 4 boys and 4 girls be arranged in a row such that boys and girls alternate their
positions (that is, boy girl)?

(A) 1032
(B) 1152
(C) 1254
(D) 1432
(E) 1564

The University of Maryland, University of Vermont, and Emory University have each 4 soccer
players. If ateam of 9 isto be formed with an equal number of players from each university, how
many number of ways can the selections be done?

(A) 3

B) 4

© 12

(D) 16

(BE) 25

In how many ways can 5 persons be seated around a circular table?
(A) 5

(B) 24

© 25

(D) 30

() 120

In how many ways can 5 people from a group of 6 people be seated around a circular table?
(A) 56

(B) 80

(C) 100

(D) 120

(BE) 144

What is the probability that a word formed by randomly rearranging the letters of the word ALGAE is
the word ALGAE itself?

(A) 1120
(B) 1/60
©) 27
(D) 25
() 130
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Answer s and Solutionsto Problem Set W

1. Thereare 3 doorsto alecture room. In how many ways can alecturer enter and leave the room?

(A) 1
(B) 3
© 6
D) 9
B 12

Recognizing the Problem:

1) Isit a permutation or a combination problem?

Here, order is important. Suppose A, B, and C are the three doors. Entering by door A and leaving by door
B is not the same way as entering by door B and leaving by door A. Hence, AB =z BA implies the problem
is apermutation (order isimportant).

2) Arerepetitions allowed?
Since the lecturer can enter and exit through the same door, repetition is allowed.

3) Arethereany indistinguishable objectsin the base set?
Doors are different. They are not indistinguishable, so no indistinguishable objects.

Hence, we have a permutation problem, with repetition allowed and no indistinguishabl e objects.

Method I (Using known formulafor the scenario):
Apply Formula 1, n", from the Formula section. Here, n = 3, (three doors to choose from), r = 2, 2 slots
(onefor entry door, one for exit door).

Hence, n" = 32 = 9, and the answer is (D).

Method || (Model 2):

The lecturer can enter the room in 3 ways and exit in 3 ways. So, in total, the lecturer can enter and leave
theroomin 9 (= 3 - 3) ways. The answer is (D). This problem allows repetition: the lecturer can enter by a
door and exit by the same door.

Method I11 (Modd 3):

Let the 3 doors be A, B, and C. We must choose 2 doors: one to enter and one to exit. This can be donein 6
ways. {A, A}, {A, B}, {B, B}, {B, C}, {C, C}, and {C, A}. Now, the order of the elements is important
because entering by A and leaving by B is not same as entering by B and leaving by A. Let’'s permute the
combinations, which yields

A-A
A-BandB-A
{B, B}
B-CandC-B
c-C
C-AandA-C

Thetotal is9, and the answer is (D).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



362 GMAT Math Bible WAy M (www. manfen. net)

2. There are 3 doors to a lecture room. In how many ways can a lecturer enter the room from one door
and leave from another door?

A 1
B) 3
(G 6
D) 9
(E) 12

This problem is the same as the previous one, except entering and leaving must be done by different doors
(since the doors are different, repetition is not allowed).

Hence, we have a permutation (there are two slots individually defined: one naming the entering door and
one naming the leaving door), without repetition, and no indistinguishabl e objects (doors are different).

Recognizing the Problem:

1) Isit a permutation or a combination problem?

Here, order isimportant. Suppose A, B, and C are the three doors. Entering by door B and leaving by door
C is not same as entering by door C and leaving by door B. Hence, BC # CB implies the problem is a
permutation (order isimportant).

2) Arerepetitions allowed?
We must count the number of possibilities in which the lecturer enters and exits by different doors, so
repetition is not allowed.

3) Arethereany indistinguishable objectsin the base set?
Doors are different. They are not indistinguishable, so no indistinguishable objects.

Hence, we have a permutation problem, with repetition not allowed and no indistinguishable objects.
Method | (Using known formulafor the scenario):

Apply Formula 2, ,P,, from the Formula section. Here, n = 3 (three doors to choose), r = 2 slots (one for
entry door, one for exit door) to place them in.

The calculationis

The answer is (C).

Method Il (Model 2):

The lecturer can enter the room in 3 ways and exit in 2 ways (not counting the door entered). Hence, in
total, the number of waysis3- 2 =6 (by Model 2) or by the Fundamental Principle of Counting2 +2+ 2=
6. The answer is (C). Thisis a problem with repetition not allowed.

Method 111 (Model 3):

Let the 3 doorsbe A, B, and C. Hence, the base set is{A, B, C}. We have to choose 2 doors—one to enter
and one to exit. This can be done in 3 ways: {A, B}, {B, C}, {C, A} [The combinations { A, A}, {B, B},
and {C, C} were eliminated because repetition is not allowed]. Now, the order of the permutation is
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important because entering by A and leaving by B is not considered same as entering by B and leaving by
A. Let’s permute the combinations:

Thetotal is 6, and the answer is (C).

3. How many possible combinations can a 3-digit safe code have?

(A) Gy
(B) 9P,
© 3
D) ¢
() 10°

The safe combination could be 433 or 334; the combinations are the same, but their ordering is different.
Since order isimportant for the safe combinations, thisis a permutation problem.

A safe code can be made of any of the numbers {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. No two objects in the set are
indistinguishable. Hence, the base set does not have any indistinguishable objects.

Repetitions of numbers in the safe code are possible. For example, 334 is a possible safe code.

Hence, the problem is a permutation, with repetition and no indistinguishable objects. Hence, use Formula
1, n" [here, n =10, r = 3]. The number of codesis 10° = 1000. The answer is (E).

Safe codes allow 0 to be first digit. Here, the same arrangement rules apply to each of the 3 digits. So, this
is a uniform arrangement problem. We can use any formula or model here. But there are non-uniform
arrangement problems. For example, if you are to form a 3-digit number, the first digit has an additional
rule: it cannot be O (because in this case the number would actually be 2-digit number). In such scenarios,
we need to use model | or 1. The number of ways the digits can be formed by model 11 is

9-10-10=1900

4.  Goodwin has 3 different colored pants and 2 different colored shirts. In how many ways can he
choose a pair of pants and a shirt?

A) 2
®) 3
(© 5
(D) 6
(E) 12
Model 2:

The pants can be selected in 3 ways and the shirt in 2 ways. Hence, the pair can be selectedin3-2=16
ways. The answer is (D).
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5. Inhow many ways can 2 doors be selected from 3 doors?

(A) 1
(B) 3
© 6
D) 9
B 12

It appears that order is not important in this problem: the doors are mentioned but not defined. Also, since
we are selecting doors, it is a combination problem.

The base set is the 3 doors [n = 3]. The doors are different, so there are no indistinguishable objects in the
base set.

The arranged sets are the 2 doors [r = 2] we select. A door cannot be selected twice because “we select 2
doors’ clearly means 2 different doors.

Hence, the problem is a combination, with no indistinguishable objects and no repetitions. Hence, using
Formula 3, ,C,, yields
n!
Co=———— =
32 ri(n-r)
_d .
2 (3— 2)!

.‘m
1

NI
=

w
=

—
N
=
[EEN
w

The answer is (B).

6.  Inhow many ways can 2 doors be selected from 3 doors for entering and leaving aroom?

(A) 1
(B) 3
© 6
D) 9
B 12

The problem statement almost ended at “3 doors.” The remaining part “entering and leaving” only explains
the reason for the selection. Hence, this does not define the slots. So, this is a combination problem.
Moreover, we are asked to select, not to arrange. Hence, the problem is a combination, with no
indi stingui shabl e objects and no repetitions allowed. Using Formula 3, the number of ways the room can be
entered and left is

nCr:3C2 = =

The answer is (B).
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7. Inhow many ways can aroom be entered and exited from the 3 doors to the room?

(A) 1
(B) 3
© 6
D) 9
B 12

There is specific stress on “entered” and “exited” doors. Hence, the problem is not combinational; it is a
permutation (order/positioning is important).

The problem type is “no indistinguishable objects and repetitions allowed”. Hence, by Formula 1, the
number of ways the room can be entered and exited isn" = 32 = 9. The answer is (C).

8. There are 5 doors to a lecture room. Two are red and the others are green. In how many ways can a
lecturer enter the room and |leave the room from different colored doors?

(A) 1
(B) 3
(C) 6
(D) 9
(E) 12

There are 2 red and 3 green doors. We have two cases:

The room can be entered from ared door (2 red doors, so 2 ways) and can be |eft from a green door (3
green doors, so 3ways): 2- 3=6.

The room can be entered from a green door (3 green doors, so 3 ways) and can be left from ared door
(2 red doors, so 2 ways): 3- 2=6.

Hence, the total number of waysis
2-3+3-2=6+6=12
The answer is (E).

9.  Four pool balls—A, B, C, D—are randomly arranged in a straight line. What is the probability that
the order will actually be A, B, C,D ?

(A) V4
1
B =
(B) C,
1
C S
©) P,
D) V2
(E) V3

Thisis apermutation problem (order isimportant).
A ball cannot exist in two slots, so repetition is not allowed.
Each ball is given adifferent identity A, B, C, and D, so there are no indistinguishabl e objects.

Here, n = 4 (number of ballsto arrange) in r = 4 (positions). We know the problem type, and the formula to
use. Hence, by Formula 2, the number of arrangements possible is ,P,, and {A, B, C, D} isjust one of the

arrangements. Hence, the probability is1in ,P,, or ip The answer is (C).
474
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10. A basketball team has 11 players on its roster. Only 5 players can be on the court at one time. How
many different groups of 5 players can the team put on the floor?

(A) 511

B)  1uGCs
(C) 11P5
(D) 11°
(E) 11! -5

The task is only to select a group of 5, not to order them. Hence, this is a combination problem. There are
11 players; repetition is not possible among them (one player cannot be counted more than once); and they
are not given the same identity. Hence, there are no indistinguishable objects. Using Formula 3, groups of 5
can be chosen from 11 playersin ;,C; ways. The answer is (B).

11. How many different 5-letter words can be formed from the word ORANGE using each letter only

once?

(A)  oPs
(B) 36
C) G
(D) ¢€°

B oPs

In the problem, order is important because ORGAN is a word formed from ORANGE and ORNAG is a
word formed from ORANGE, but they are not the same word. Repetition is not allowed, since each letter in
the original word is used only once.

The problem does not have indistinguishable objects because no two letters of the word ORANGE are the
same. Hence, by Formula 2, P, the answer is (Ps, which is choice (E).

12.  How many unegual 5-digit numbers can be formed using each digit of the number 11235 only once?

(A) 5
B) P
© ==
© 3%
® 3=

The word “unequal” indicates that thisis a permutation problem, because 11532 is the same combination as
11235, but they are not equal. Hence, they are permutations, different arrangements in a combination.

Theindistinguishable objectsinthe base set {1, 1, 2, 3, 5} arethetwo 1's.
Since each digit of the number 11235 (objects in the base set) is used only once, repetitions are not allowed.

Hence, by Formula 4, the number of unequal 5-digit numbers that can be formed is

The answer is (B).
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13. How many different six-digit numbers can be formed using all of the following digits:

3,3,4,4,4,5

(A) 10

(B) 20

(© 30

(D) 36

(E) 60
Forming a six-digit number is a permutation because the value of the number changes with the different
arrangements.

Since we have indistinguishable numbers in the base set, the regular permutations generate repeating
numbers. But we are asked for only different six-digit numbers. So, we count only 1 for each similar
permutation.

There are two sets of indistinguishable objectsin the base set: two 3'sand three 4's.
No repetitions are allowed since all elementsin the base set are to be used in each number.

Hence, by Formula 4, the formula for permutations with no repetitions and with distinguishable objects, the
number of six-digit numbersthat can be formed is

sf _ 8 _

23 23
The answer is (E).

14. Thisishow Edward's Lotteries work. First, 9 different numbers are selected. Tickets with exactly 6
of the 9 numbers randomly selected are printed such that no two tickets have the same set of numbers.
Finally, the winning ticket is the one containing the 6 numbers drawn from the 9 randomly. There is
exactly one winning ticket in the lottery system. How many tickets can the lottery system print?

(A)  oPs
(B)  oPs
©) G
D) Cs
(B ¢

The only condition is that the winning ticket has the same set of numbers as the drawn numbers (in
whatever order). Hence, order is not important. Now, count the combinations.

Since the numbers in the base set (9 numbers) are different, the base set does not have indistinguishable
objects.

Six of the 9 different numbers are selected by the lottery system, so no repetitions are allowed.

By Formula 3, the formula for combinations with no repetitions and no indistinguishable objects, the
number of possible selections by the lottery system is Ce.

Since only one winning ticket (winning combination) exists per lottery system, there is of (C, tickets per
lottery system. The answer is (D).
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15. How many different strings of letters can be made by reordering the letters of the word SUCCESS?

(A) 20
(B) 30
(C) 40
(D) 60
(E) 420

The word SUCCESS is a different word from SUSSECC, while they are the same combination. Hence, this
is a permutation problem, not a combination problem.

There are two sets of indistinguishable objectsinthebase set: 2C'sand 3S's.
Each letter is used only oncein each reordering (so do not allow repetition).

Hence, we have a permutation problem, with indistinguishable objects and no repetitions. Using Formula 4,
the formula for permutations with no repetitions but with distinguishable objects in the Formula section,
yieldsn = 7 (base word has 7 letters), and r = 7 (each new word will have 7 letters). The repetitions are 2
C'sand 3 S's. Hence, the total number of permutationsis

2P

2.3
7-6:54-3-21 _
2-6 -
7-5-4-3=
420

The answer is (E).

16. A company produces 8 different types of candies, and sells the candies in gift packs. How many
different gift packs containing exactly 3 different candy types can the company put on the market?

A C,
B) .C.
© P
©) P
) BTFF

The phrase “8 different candies’ indicates the base set does not have indistinguishable objects.

Since no placement slots are defined, this is a combination problem. We need only to choose 3 of 8
candies; we do not need to order them.

Repetitions are not allowed in the sets formed.

By Formula 3, the formula for permutations with no repetitions but with distinguishable objects yields ;C;
which is Choice (B).
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17. Fritz istaking an examination that consists of two parts, A and B, with the following instructions:

Part A contains three questions, and a student must answer two.
Part B contains four questions, and a student must answer two.
Part A must be completed before starting Part B.

In how many ways can the test be completed?

(A) 12
(B) 15
(C) 36
D) 72
(E) 9

The problem has two parts.

Each part is a permutation problem with no indistinguishable objects (no 2 questions are the same in either
part), and repetitions are not alowed (the same question is not answered twice).

Hence, the number of ways of answering the first part is 3P, (2 questions to answer from 3), and the number
of ways of answering the second part is ,P, (2 questions to answer from 4).

By the Fundamental Principle of Counting, the two parts can be done in
3P2' 4P2: 6' 12: 72W&yS
The answer is (D).
Method || [Model 2]:
Thefirst question in Part A can be chosen to be one of the 3 questionsin Part A.

The second question in Part A can be chosen to be one of the remaining 2 questionsin Part A.
Thefirst question in Part B can be chosen to be one of the 4 questionsin Part B.
The second question in Part B can be chosen to be one of the remaining 3 questionsin Part B.
Hence, the number of choicesis

3:2:4-3=72
The answer is (D).

Method 111 [Fundamental Principle of Counting combined with Model 2]:
Thefirst question in part A can be chosen to be one of the 3 questionsin Part A.

The second question in part A can be chosen to be one of the 3 questionsin Part A allowing the repetitions.
Hence, number of permutationsis 3 - 3 =9. There are 3 repetitions[QLl & Q1, Q2 & Q2, Q3 & Q3]. The
main question does not allow repetitions since you would not answer the same question again. Deleting
them, we have 9 — 3 = 6 ways for Part A.

Thefirst question in Part B can be chosen to be one of the 4 questionsin Part B.

The second question in Part B can be chosen to be one of 4 questions in Part B. Hence, the number of
permutationsis 4 - 4 = 16. There are 4 repetitions [Q1 & Q1, Q2 & Q2, Q3 & Q3, Q4 & Q4]. The main
question does not allow repetitions since you would not answer the same question again. Deleting them, we
have 16 — 4 = 12 waysfor Part A.

Hence, the number of choicesis
6-12=72
The answer is (D).
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18. A menu offers 2 entrees, 3 main courses, and 3 desserts. How many different combinations of dinner
can be made? (A dinner must contain an entrée, amain course, and a dessert.)

(A) 12
(B) 15
(C) 18
(D) 21
(E) 24

The problem is a mix of 3 combinational problems. The goal is to choose 1 of 2 entrees, then 1 of 3 main
courses, then 1 of 3 desserts. The choices can be made in 2, 3, and 3 ways, respectively. Hence, the total
number of ways of selecting the combinationsis2 - 3 -3 =18. The answer is (C).

We can also count the combinations by the Fundamental Principle of Counting:

Dessert 1
Dessert 2
Dessert 3

Main Course 1

Dessert 1
Entrée 1 Main Course 2 Dessert 2

Dessert 3

Dessert 1
Main Course 3 Dessert 2

Dessert 3

Dessert 1
Main Course 1 Dessert 2
Dessert 3

Dessert 1
Entree 2 Main Course 2 Dessert 2

Dessert 3

Dessert 1
Main Course 3 Dessert 2

The Fundamental Principle of Counting states:

The total number of possible outcomes of a series of decisions, making selections from various categories,
isfound by multiplying the number of choices for each decision.

Counting the number of choicesin the final column above yields 18.
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19. In how many ways can 3 red marbles, 2 blue marbles, and 5 yellow marbles be placed in arow?

(A) 325
12
® 15
10
(D) —3'21 '(?
E [ —
® (3-2-5)?

Since the question is asking for the number of ways the marbles can be placed adjacent to each other, thisis
a permutation problem.

The base set has 3 red marbles (indistinguishable objects), 2 blue marbles (indistinguishable objects) and 5
yellow marbles (indistinguishable objects). The possible arrangements are 3 + 2 + 5 = 10 positions.

The same marble cannot be used twice, so no repetitions are allowed. Formula 4, P,, and the method for
indistinguishable objects (that is, divide the number of permutations, ,P,, by the factorial count of each
indi stinguishable object [see Formulas section]) yield the number of permutations:

1R _ 10

3258 325
The answer is (D).
20. Theretirement plan for a company allows employees to invest in 10 different mutua funds. Six of the

10 funds grew by at least 10% over the last year. If Sam randomly selected 4 of the 10 funds, what is
the probability that 3 of Sam’s 4 funds grew by at least 10% over last year?

A =
10C4

(B) 6C34Cy
10C4

(© 6C34Cy
10Ps

(D) 6Psa R
10C4

(E) 6Pa R
10Ps

There are 6 winning funds that grew more than 10%, and 4 losing funds that grew less than 10%.
The problem can be split into 3 sub-problems:
We have the specific case where Sam must choose 4 funds, 3 of which are winning, so the remaining fund
must be losing. Let’s evaluate the number of ways this can be done. [Note: The order in which the funds
are chosen is not important because whether the first 3 funds are winning and the 4th one islosing, or the
first fund is losing and the last 3 are winning; only 3 of 4 funds will be winning ones. Hence, this is a
combination problem.] The problem has 2 sub-problems:

1. Sam must choose 3 of the 6 winning funds. This can be donein ,C; ways.

2. Sam must choose one losing fund (say the 4th fund). There are 10 — 6 = 4 losing funds. Hence,
the 4th fund can be any one of the 4 losing funds. The selection can be donein ,C, ways.
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Hence, the total number of ways of choosing 3 winning funds and 1 losing oneisC; - ,C,.
3. Sam could have chosen 4 fundsin ,,C, ways.
Hence, the praobability that 3 of Sam’s 4 funds grew by at least 10% over last year is

6C3' 4Cl - 204 :E
0Cs 210 21

The answer is (B).

21. Theretirement plan for acompany allows employeesto invest in 10 different mutual funds. Six of the
10 funds grew by at least 10% over the last year. If Sam randomly selected 4 of the 10 funds, what is
the probability that at least 3 of Sam’s 4 funds grew by at least 10% over the last year?

@A) =&
10C4
(B) 6C3'4 Cl
10C4
© 6C34Ci+6Cy
10Ps
(D) 6Psa P
10C4
(E) 6C3 4G+ 6Cy
10C4

There are 6 winning funds that grew more than 10%, and 4 losing funds that grew less than 10%.
The problem can be split into 3 sub-problems:

1) Sam hasto choose 3 winning funds. This can be donein ,C; ways.
2) Sam hasto choose 1 losing fund. This can be donein ,C, ways.

Or

3) Sam hasto choose al 4 funds to be winning funds. This can be donein ;C, ways.
Thisis how Sam chooses at least 3 winning funds.
Hence, the total number of ways of choosing at least 3 winning fundsis¢C; - ,C, + ¢C,.

If there were no restrictions (such as choosing at least 3 winning funds), Sam would have chosen funds in
C, ways.
10~4

Hence, the probability that at least 3 of Sam’s 4 funds grew by at least 10% over the last year is

6C3 4G +6Cy

10 C4

The answer is (E).
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22. In how many ways can the letters of the word ACUMEN be rearranged such that the vowels always

appear together?
(A) 313
o
® -
4-3
©
(Do) 43
33
©

The word “rearranged” indicates that thisis a permutation problem.

Thebase set {A, C, U, M, E, N} has no indistinguishable objects.

Repetition is not allowed.

Since the 3 vowels must appear together, treat the three as an inseparable unit. Hence, reduce the base set to
{{A, U, E}, C, M, N}. Now, there are 4 different units in the base set, and they can be arranged in ,P, = 4!
ways. The unit {A, U, E} can itself be internally arranged in ;P; = 3! ways. Hence, by The Fundamental
Principle of Counting, the total number of ways of arranging the word is 4!-3!. The answer is (D).

23. In how many ways can the letters of the word ACCLAIM be rearranged such that the vowels always

appear together?
®
®
© 22
© o
® g

The word “rearranged” indicates that thisis a permutation problem.

Since the 3 vowels A, A, and | must appear together, treat the three as an inseparable unit. Hence, reduce
thebasesetto {{A, A, 1},C,C, L, M}.

The set has two indistinguishable objects, C's.

Also, repetitions are not allowed since we rearrange the word.

Hence, the number of permutations that can be created with units of the set is 5775 = %

Now, let's see how many permutations we can create with the unit { A, A, 1}.
The unit {A, A, I} hastwo indistinguishable objects, A’s.

Also, repetitions are not allowed.

Hence, by Formula 4, the number of ways of permuting it is 3773 = %
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Hence, by The Fundamental Principle of Counting, the total number of ways of rearranging the lettersis

33
2 2
The answer is (E).
24, In how many ways can the letters of the word GARGANTUNG be rearranged such that all the G's
appear together?
B Sy
®
© S
) z,il%
©® 3 '2.-2

Theword “rearranged” indicates that thisis a permutation problem.

Since all 3 G's are together, treat them a single inseparable unit. Hence, the base set reducesto {{G, G, G},
A, R, A, N, T, U, N}. There are 8 independent units, 2 A’s (indistinguishable), and two N’s
(indistinguishable). No unit is used twice, so there are no repetitions. Hence, by Formula 4, the number of

arrangementsis 22 = ——.
2.2 2.2
The 3 G’s can be rearranged amongst themselvesin %3 = % =1 way. Hence, the total number of ways the

letters can be rearranged is

8

—  ]l=—

8
22 7 2

)

The answer is (B).

25. In how many ways can the letters of the word GOSSAMERE be rearranged such that al Ssand M’'s
appear in the middle?

9
A o5
P.
776
® o
© H.P
2 2
o sh.aP
2 2
(E) 10P6,3_P3
2 2

The word “rearranged” indicates that thisis a permutation problem.
Since S and M must appear in the middle, treat them as an inseparable unit and reserve the middle seat for

them. Correspondingly, bracket them in the base set. The new base set becomes{{S, S, M}, G, O, A, E, R,
E}. Hence, we have the following arrangement:
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{S.S M}

Now, the remaining 6 units G, O, A, E, R, and E can be arranged in the 6 blank slots; and for each
arrangement, every permutation inside the unit {S, S, M} isallowed.

Hence, the blank slots can befilled in GTF:‘; (E repeats twice) ways.

Andtheunit {S, S, M} can beinternally arranged in 3773 ways.

Hence, by Model 2, the total number of ways the letters can be rearranged is

6P 3P
2 2

The answer is (D).

26. How many different four-letter words can be formed (the words need not be meaningful) using the
letters of the word GREGARIOUS such that each word starts with G and ends with R?

A) P,
| L%
© P

@ 22
® L%

Place one G in thefirst Slot and one R in the last dlot:

G R

The remaining letters, {G, R, E, A, I, O, U, S}, can be arranged in the remaining 2 slots in P, (no
indi stinguishable objects nor repetition). The answer is (A).

Note: Since the two G’s in the base word are indistinguishable, the word G,G,AR is the same as G,G,AR.
Hence, the internal arrangement of the G’s or, for the same reason, the R’ s is hot important.

27. A coinistossed five times. What is the probability that the fourth toss would turn a head?

1
A
(A) )
1
B) ——
(B) Y
1
© >
1
(D) >
1
(E) >3

The fourth toss is independent of any other toss. The probability of atoss turning headsis 1in 2, or simply
1/2. Hence, the probability of the fourth toss being ahead is 1/2. The answer is (C).
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Method I1:

Each toss has 2 outcomes. Hence, 5tosseshave2- 2+ 2 - ... 2 (5 times) = 2° outcomes (permutation with
repetition overr = 2 and n = 5 [repetitions allowed: the second and the fourth toss may both yield heads or
tails]).

Reserve the third toss for a head. Now, the number of ways the remaining 4 tosses can be tossed is 2*
4

(repetitions allowed). The probability is % = % The answer is (C).

28. In how many of ways can 5 balls be placed in 4 tinsif any number of balls can be placed in any tin?

(A)  C,
(B) 5P,
© s
(D) #
(S

Thefirst ball can be placed in any one of the four tins.

Similarly, the second, the third, the fourth, and the fifth balls can be placed in any one of the 4 tins.
Hence, the number of ways of placing the ballsis4- 4-4- 4- 4 =45 The answer is (D).

Note: We used Model 2 here.

29. On average, a sharpshooter hits the target once every 3 shots. What is the probability that he will hit
the target in 4 shots?

(a) 1
(B) U8l
€ 13
(D) 65/81
(E) 7V81

The sharpshooter hits the target once in 3 shots. Hence, the probability of hitting the target is 1/3. The
probability of not hitting the target is1 —1/3 = 2/3.

Now, (the probability of not hitting the target even once in 4 shots) + (the probability of hitting at least once
in 4 shots) equals 1, because these are the only possible cases.

Hence, the probability of hitting the target at least once in 4 shotsis

1 — (the probability of not hitting even once in 4 shots)

The probability of not hitting in the 4 chancesis
(D).
Thi

. Now, 1—-16/81 = 65/81. The answer is

wlN
wlN
wlN

2
3

25

s methodology is similar to Model 2. You might try analyzing why. Clue: The numerators of
2 2
33
of ways of doing all possiblejobs.

= é = g are the number of ways of doing the specific jobs, and the denominators are the number
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30. On average, a sharpshooter hits the target once in every 3 shots. What is the probability that he will
not hit the target until the 4th shot?

A) 1
(B) 881

(C) 16/81
(D) 65/81
(E) 7V81

The sharpshooter hits the target once in every 3 shots. Hence, the probability of hitting the target is 1/3. The
probability of not hitting the target is1 —1/3 = 2/3.

He will not hit the target on the first, second, and third shots, but he will hit it on the fourth shot. The
probability of thisis

8

81

wlN
win
win
Wik

The answer is (B).

This methodology is similar to Model 2. You might try analyzing why. Clue: The numerators of
:2% . :2)’ . :2% . :2% = ;—i are the number of ways of doing the specific jobs, and the denominators are the number

of ways of doing all possible jobs.

31. A new word isto be formed by randomly rearranging the letters of the word ALGEBRA. What is the
probability that the new word has consonants occupying only the positions currently occupied by
consonants in the word ALGEBRA?

(A) 2120
(B) 124
(C) s
(D) 2/105
(E) U35

If we do not put restrictions on the arrangements of the consonants, then by Formula 4 the number of words
that can be formed from the word ALGEBRA is g (A repeats).

If we constrain that the positions of consonantsis reserved only for consonants, then the format of the new
arrangement should look like this

AL, GEBRA
V,C,C V,CCV

V for vowels, C for consonants.

The 4 dots for consonants can be filled in ,P, = 4! ways, and the 3 slots for vowels can befilled in % (A

repeats) ways. Hence, by Formula 2, the total number of arrangementsin the format is 4! (%)

|

Hence, the probability is

N | W

2
—_

1
35

ms‘

The answer is (E).
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32. Chelseahas 5 roses and 2 jasmines. A bouquet of 3 flowersisto be formed. In how many ways can it
be formed if at least one jasmine must be in the bouquet?

(A) 5

(B) 20
(C) 25
(D) 35
(E) 40

Thisis aselection problem because whether you choose ajasmine first or arose first does not matter.
The 3 flowers in the bouquet can be either 1 jasmine and 2 roses or 2 jasmines and 1 rose.

1 of 2 jasmines can be selected in ,C, ways.

2 of 5 roses can be selected in ;.C, ways.

|
The subtotal is,C, - sC, = i~i:2-10:20.
-1 32

2 of 2 jasmines can be selected in ,C, ways.

1 of 5 roses can be selected in ;C, ways.

I
2 3 =1-5=5.

The subtotal is,C, - sC, = a0 a1

The grand total is20 + 5 = 25 ways. The answer is (C).

33. In how many ways can 3 boys and 2 girls be selected from a group of 6 boysand 5 girls?

(A) 10
(B) 20
(C) 50
(D) 100
(E) 200

We have two independent actions to do:

1) Select 3 boysfrom 6 boys.
2) Select 2 girlsfrom 5 girls.

Selection is a combination problem since selection does not include ordering. Hence, by Model 2, the
number of waysis

(cC5 waysfor boys) - (sC, waysfor girls) =
6 )\(9 \_
33)\23)"
20-10=
200

The answer is (E).
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34. In how many ways can a committee of 5 members be formed from 4 women and 6 men such that at
least 1 woman is a member of the committee?

(A) 112
(B) 156
(C) 208
(D) 246
(E) 252

Forming members of committee is a selection action and therefore this is a combination problem. Whether
you select A first and B next or vice versa, it will only be said that A and B are members of the committee.

The number of ways of forming the committee of 5 from 4 + 6 = 10 people is ;,Cs. The number of ways of

forming a committee with no women (5 members to choose from 6 men) is,C:. Hence, the number of ways
of forming the combinationsis

The answer is (D).

35. In how many ways can 5 boys and 4 girls be arranged in a line so that there will be a boy at the
beginning and at the end?

NN
® o7
© 37
© 37
® 37

The arrangement is a permutation, and there are no indistinguishable objects because no two boys or girls
areidentical. The first and the last slots hold two of the 5 boys, and the remaining slots are occupied by the
4 girls and the 3 remaining boys.

The first and the last slots can hold 2 of the 5 boys in (P, ways, and the 3 boys and the 4 girls position
themselves in the middle slots in ,P; ways. Hence, there are %-7! possible arrangements. The answer is

(©).
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36. In how many ways can the letters of the word MAXIMA be arranged such that all vowels are

together?
(A) 12
(B) 18
(© 30
(D) 36
(E) 72

The base set can be formed as{{A, |, A}, M, X, M}. Theunit {A, |, A} arrangesitself in 3TP|3 ways. The 4

units in the base set can be arranged in ,P,/2! ways. Hence, the total number of ways of arranging the letters
is

N

!
-—=3-12=36

3P 4Py
2! 2

N | @
N

The answer is (D).

37. In how many ways can the letters of the word MAXIMA be arranged such that all vowels are together
and all consonants are together?

(A) 12
(B) 18
(©) 30
(D) 36
(E) 42

Since vowels are together and consonants are together, arrange the base set as {{A, |, A}, {M, X, M}}.
Here, {A, I, A} and {M, X, M} are two inseparable units.

The two units can be mutually arranged in ,P, ways.

Each unit has 3 abjects, 2 of which are indistinguishable.
Hence, the number of permutations of each is 3772
Hence, the total number of arrangements possibleis
P\ 5P
p) 32|32 |=
(2 2)( 2 )( 2 )
(2(3(3=

18

The answer is (B).
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38. In how many ways can 4 boys and 4 girls be arranged in arow such that no two boys and no two girls
are next to each other?

(A) 1032
(B) 1152
(C) 1254
(D) 1432
(E) 1564

Form the base set as {{B1, B2, B3, B4}, {G1, G2, G3, G4}}; Looking at the problem, either B'sor G's
occupy the odd dots and the other one occupies the even slots. Choosing one to occupy an odd slot set can
be donein ,P, ways, and the other one is automatically filled by the other group.

Now, fill B’sin odd slots (the number of waysis ,P,), and fill G’sin even slots (the number of waysis ,P,
ways). The total number of ways of doing thisis P, - ,P,.

The number of ways of doing all of thisis2! - P, ,P,=2-24- 24 =1152. The answer is (B).

39. Inhow many ways can 4 boys and 4 girls be arranged in a row such that boys and girls alternate their
positions (that is, boy girl)?

(A) 576

(B) 1152
(C) 1254
(D) 1432
(E) 1564

Form the base set as {{B1, B2, B3, B4}, {G1, G2, G3, G4}}; the set { B1, B2, B3, B4} occupies alternate
positions, as does the set { G1, G2, G3, G4}.

Now there are odd slots and even slots. Each odd slot alternates, and each even slot alternates. Therefore,
we have two mgjor slots: even and odd and two units to occupy them: { B1, B2, B3, B4} and { G1, G2, G3,
G4} . This can be donein ,P, ways.

An aternate explanation for thisis: The person starting the row can be chosen in 2 ways (i.e., either boys
start the first position and arrange alternately or girls start and do the same), either B starts first or G starts
first.

Either way, the positions {1, 3, 5, 7} arereserved for one of the two groups B or G, and the positions {2, 4,
6, 8} arereserved for the other group. Arrangementsin each position set can be donein ,P, ways.

Hence, the total number of arrangementsis2! - ,P,- ,P,=2-24- 24 =1152. The answer is (B).

Mathematically, this problem is the same as the previous one. Just the expression (wording) of the problem
is different.

40. The University of Maryland, University of Vermont, and Emory University have each 4 soccer
players. If ateam of 9 isto be formed with an equal number of players from each university, how
many number of ways can the selections be done?

A) 3
(B) 4
(©) 12
(D) 16
(E) 25

|
Selecting 3 of 4 players can be donein ,C; = % =4 ways.

The selection from the 3 universities can bedonein 3 - 4 = 12 ways.

The answer is (C).
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41. Inhow many ways can 5 persons be seated around a circular table?

(A) 5
(B) 24
(C) 25
(D) 30
(E) 120

For a circular table, we use cyclical permutations, not linear permutations. Hence, 1 in every r linear
permutations (heren =5 and r = 5) isacircular permutation. There are ;P linear permutations. Hence,

5_5'35:2 =4-3-2- 1= 24 permutations

(€]

The answer is (B).

42. Inhow many ways can 5 people from a group of 6 people be seated around a circular table?

(A) 56
(B) 80
(C) 100
(D) 120
(E) 144

For a circular table, we use cyclical permutations, not linear permutations. Hence, 1 in every r linear
permutations (here r = 5) is a circular permutation. There are (Pg linear permutations and therefore G—SPS

circular permutations. Now,

D

G_SPS: =1-2-3-4- 6= 144 permutations

o

The answer is (E).

43. What isthe probability that a word formed by randomly rearranging the letters of the word ALGAE is
the word ALGAE itself?

(A) 1120
(B) 1/60
©) 27
(D) 25
(E) 130

The number of words that can be formed from the word ALGAE is % (A repeats). ALGAE isjust one of

|
the words. Hence, the probability is L.2_2 . i. The answer is (B).
3 5 120 60
2

|
of the words. Hence, the probability is . 2 = 2 = i. The answer is (B).
3 5 120 60

2
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Functions

DEFINITION
A function is a special relationship (correspondence) between two sets such that for each element x in its
domain there is assigned one and only one element y in its range.

Notice that the correspondence has two parts:

1) For each xthereisassigned oney. (Thisisthe ordinary part of the definition.)

2) For each x thereis assigned only oney. (Thisisthe special part of the definition.)

The second part of the definition of a function creates the uniqueness of the assignment: There cannot be
assigned two values of y to one x. In mathematics, uniqueness is very important. We know that 2 + 2 = 4,
but it would be confusing if 2 + 2 could also equal something else, say 5. In this case, we could never be
sure that the answer to a question was the right answer.

The correspondence between x and y is usually expressed with the function notation: y = f(x), where y
is called the dependent variable and x is called the independent variable. In other words, the value of y
depends on the value of x plugged into the function. For example, the square root function can be written as

y=1f(x)= v/x . To calculate the correspondence for x= 4, weget y=f(4)= N4 =2. Thatis, the square
root function assigns the unique y value of 2 to the x value of 4. Most expressions can be turned into

functions. For example, the expression 2* - 1 becomes the function
X

f=2-1
X

DOMAIN AND RANGE

We usually identify a function with its correspondence, as in the example above. However, a function
consists of three parts: adomain, arange, and correspondence between them.

» Thedomain of afunction isthe set of x valuesfor which the function is defined.

For example, the function f(x) = il is defined for all values of x = 1, which causes division by zero.
X_

Thereisan infinite variety of functions with restricted domains, but only two types of restricted domains
appear on the GMAT: division by zero and even roots of negative numbers. For example, the function
f (X) =+/x - 2 isdefined only if x—2= 0, or x = 2. The two types of restrictions can be combined. For

1
Vx-=2

because that would cause division by zero. Hence, the domainisall x > 2.

example, f(x)=

. Here, x —2 = O sinceit’ s under the square root symbol. Further x—2 # 0, or X 2,
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> Therangeof afunction isthe set of y valuesthat are assigned to the x valuesin the domain.

For example, the range of the function y = f(x) = x%is y > 0 since asquare is never negative. The range of

the function y = f(x) = x?+1is y=>1since x? +1=1. You can always calculate the range of afunction
algebraically, but is usually better to graph the function and read off its range from the y values of the

graph.
(GRAPHS |
The graph of afunction isthe set of ordered pairs (x, f(X)), where x isin the domain of f and y = f(x).
y
s 2
y=f(x) =x
4,,
- (x,y)
I I N N T
[ B B \ \ R R R X
4 2 Oy 4
2+
_4,,

For this function, the domain is all x and the range is all y = 0 (since the graph touches the x-axis at the

origin and is above the x-axis el sewhere).

A
T y= 1)
range 4~
LT
———— | - x
4 2 ©9 4
5| [ doman—#>
_4 i

For this function, the domainisall x> 1 and therangeisall y > 2.
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TRANSLATIONS OF GRAPHS

Many graphs can be obtained by shifting a base graph around by adding positive or negative numbers to
various placesin the function. Take for example, the absolute value function y = |X| .Itsgraphis

<

(Notice that sometimes an arrow is added to a graph to indicate the graph continues
indefinitely and sometimes nothing is used. To indicate that a graph stops, a dot is added
to the terminal point of the graph. Also, notice that the domain of the absolute value
function isall x because you can take the absolute value of any number. Therangeis

y = 0 because the graph touches the x-axis at the origin, is above the x-axis elsewhere,

and increases indefinitely.)

To shift this base graph up one unit, we add 1 outside the absolute value symbol, y = |x| +1:

(Notice that therangeisnow y > 1.)

To shift the base graph down one unit, we subtract 1 outside the absolute value symbol, Yy = |X| -1

— <

y={-1

(Notice that therangeisnow y > —1.)
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To shift the base graph to the right one unit, we subtract 1 inside the absolute value symbol, y = |X - ]l :

(Notice that the range did not change; it's still y = 0. Notice also that subtracting 1
moved the graph to right. Many students will mistakenly move the graph to the left
because that’ s where the negative numbers are.)

To shift the base graph to the left one unit, we add 1 inside the absolute value symbol, y = |X +]l :

(Notice that the range did not change; it's still y = 0. Notice also that adding 1 moved the

graph to left. Many students will mistakenly move the graph to the right because that’s
where the positive numbers are.)

The pattern of the translations above holds for al functions. So to move a function y = f(x) up ¢ units, add
the positive constant ¢ to the exterior of the function: y = f(x) + ¢. To move a functiony = f(x) to the right ¢
units, subtract the constant ¢ in interior of the function: y = f(x —c). To summarize, we have

To shift up c units: y=f(x) +c
To shift down c units: y=f(x)—c
To shift to theright ¢ units: y=f(x-c)
To shift to the left c units: y=f(x+¢)
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REFLECTIONS OF GRAPHS

Many graphs can be obtained by reflecting a base graph by multiplying various places in the function by
negative numbers. Take for example, the square root function y = Jx . Itsgraphis

(Notice that the domain of the square root function is al x = 0 because you cannot take
the square root of a negative number. The range is y = 0 because the graph touches the
x-axis at the origin, is above the x-axis elsewhere, and increases indefinitely.)

To reflect this base graph about the x-axis, multiply the exterior of the square root symbol by negative one,

y=-Vx:

>

. y= —\&

(Notice that the rangeis now y < 0 and the domain has not changed.)

To reflect the base graph about the y-axis, multiply the interior of the square root symbol by negative one,

y=+-x:

<

(Notice that the domain is now x < 0 and the range has not changed.)

The pattern of the reflections above holds for al functions. So to reflect a function y = f(x) about the x-axis,
multiply the exterior of the function by negative one: y = —f(x). To reflect a function y = f(x) about the
y-axis, multiply the exterior of the function by negative one: y = f(—X). To summarize, we have

To reflect about the x-axis: y=—f(X)
To reflect about the y-axis: y=1(—)
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Reflections and translations can be combined. Let's reflect the base graph of the square root function
y= ~/x about the x-axis, the y-axis and then shift it to the right 2 units and finally up 1 unit:

y= —\/7(

(Notice that the domain is till x> 0 and the range isnow y < 0.)

<

y:—\/:(

(Notice that the domain is now x < 0 and therangeis still y < 0.)

<

y:—\/—X+2

(Notice that the domain is now x < 2 and the rangeis still y < 0.)

y=—/-x+2 +1

\
(Notice that the domainis still x < 2 and the rangeisnow y < 1.)
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EVALUATION AND COMPOSITION OF FUNCTIONS

EVALUATION

We have been using the function notation f(x) intuitively; we also need to study what it actually means.
You can think of the letter f in the function notation f(x) as the name of the function. Instead of using the
equation y = x* -1 to describe the function, we can write  f (x) = x3 - 1. Here, fisthe name of the function

and f(x) is the value of the function at x. So f (2) =23 -1=8-1=7 isthevalue of thefunctionat 2. Asyou
can see, this notation affords a convenient way of prompting the evaluation of a function for a particular
value of X.

Any letter can be used as the independent variable in a function. So the above function could be
written f (p) = p® - 1. Thisindicates that the independent variable in afunction isjust a“placeholder.” The
function could be written without a variable as follows:

f()=()*-1

In this form, the function can be viewed as an input/output operation. If 2 is put into the function f(2), then
2%~ 1 isreturned.

In addition to plugging numbers into functions, we can plug expressions into functions. Plugging
y + 1into the function f(x) = X2 - X yields
fiy+D) =(y+)*-(y+D
You can also plug other expressions in terms of x into a function. Plugging 2x into the function
f (x) = x2 - X yields
f(2x) = (2x)% - 2x

This evaluation can be troubling to students because the variable x in the function is being replaced by the
same variable. But the x in function is just a placeholder. If the placeholder were removed from the
function, the substitution would appear more natural. In ()= ( )?-( ), we plug 2x into the left side f(2X)

and it returns the right side (2x)? - 2x.

COMPOSITION

We have plugged numbers into functions and expressions into functions; now let’s plug in other functions.
Since a function is identified with its expression, we have actually already done this. In the example above

with f(X) = x? - x and 2x, let's call 2x by the name g(X). In other words, g(x) = 2x. Then the composition
of fwith g (that is plugging g into f) is

f(9(x) = f (2x) = (2X)% - 2x
You probably won't see the notation f(g(x)) on the test. But you probably will see one or more problems

that ask you perform the substitution. For another example, let f (X) =%1 andlet g(x) = x?. Then
X
1
f(g(x)) =
009 =—5—

tutes one function into another, these problems can become routine. Notice that the composition operation
f(g(x)) is performed from the inner parentheses out, not from left to right. In the operation f(g(2)), the
number 2 isfirst plugged into the function g and then that result is plugged in the function f.

2
1
and 9(f(x))= (m) . Once you see that the composition of functions merely substi-

A function can also be composed with itself. That is, substituted into itself. Let f(x)=+/x —2. Then

f(f () =yx-2-2.
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Example:  The graph of y = f(x) is shown to the right. If y
f(-1) = v, then which one of the following could r'y
be the value of f(v) ? -+
(A) O
B) 1
© 2
(D) 25
B 3

Since we are being asked to evaluate f(v) and we are told that v = f(—1), we are just being asked to compose
f(x) with itself. That is, we need to calculate f(f(—1)). From the graph, f(-1) = 3. So f(f(-1)) = f(3). Again,
from the graph, f(3) = 1. So f(f(-1)) = f(3) = 1. The answer is (B).

QUADRATIC FUNCTIONS

Quadratic functions (parabolas) have the following form:

y=f(x) =ax® +bx+c

a>0 y
A

ay)

symmetric point \

y= f(x):ax2 +bx+c

(p.Y)
symmetric point

Vertex isthe lowest point on the graph

%

. . ._=b
axis of symetry: x= >

The lowest or highest point on a quadratic graph is called the vertex. The x—coordinate of the vertex occurs

a x= ;—b This vertical line aso forms the axis of symmetry of the graph, which means that if the graph
a

were folded along its axis, the left and right sides of the graph would coincide.

In graphs of theform y = f(x) = ax® +bx +c if a> 0, then the graph opens up.

a>0
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If a <0, then the graph opens down.

a<o

y=f(x) =-x°

By completing the square, the form y = ax? +bx + ¢ can be writtenas y = a(x— h)2 +K. You are not
expected to know this form on the test. But it is a convenient form since the vertex occurs at the point (h, k)
and the axis of symmetry isthelinex = h.

We have been analyzing quadratic functions that are vertically symmetric. Though not as common,
quadratic functions can also be horizontally symmetric. They have the following form:

x=g(y) =ay’ +by +c

y
a>0 'y

symmetric point

4 (X, p) )
: b x=g(y) =ay” +by+c
axis of symetry: y =—

- xertex isthe furthest point to the left on the graph
| | |

\ } } \ \ } } > x
-2 Oﬁ (x,;)‘\

symmetric point

The furthest point to the left on this graph is called the vertex. The y-coordinate of the vertex occurs at
y= ;—2 . Thishorizontal line also forms the axis of symmetry of the graph, which means that if the graph

were folded along its axis, the top and bottom parts of the graph would coincide.

In graphs of the form x = ay2 +by+ c if a> 0, then the graph opensto theright and if a < 0 thenthe
graph opens to the left.
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Example:  The graph of x= —y2 +2 and the graph of theline kintersect at (0, p) and (1, g). Which one
of the following is the smallest possible slope of linek ?

(A)  —2-1
(B) —2+1
© +2-1
(D) ~2+1
(E) ~2+2

Let’s make arough sketch of the graphs. Expressing x =-y? + 2 in standard form yields x = —1y2 +0-y+2.
Sincea=-1, b =0, and c = 2, the graph opensto the left and its vertex is at (2, 0).

Since p and g can be positive or negative, there are four possible positions for line k (the y-coordinates in
the graphs below can be calculated by plugging x = 0 and x =1 into the function x = -y? + 2):

>
<

T X —f— X
éi//// (o,-JE)Ffﬂr/ZL//}
" (0,-+/2) — 1 @D

Since the line in the first graph has the steepest negative slope, it is the smallest possible slope. Calculating
the slopeyields

m:w/i—(—l):w/?ﬂ:_(ﬁﬂ):_ﬁ_l

0-1 -1
The answer is (A).
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QUALITATIVE BEHAVIOR OF GRAPHS AND FUNCTIONS

In this rather vague category, you will be asked how a function and its graph are related. Y ou may be asked
to identify the zeros of a function based on its graph. The zeros, or roots, of a function are the x-coordinates
of where it crosses the x-axis. Or you may be given two graphs and asked for what x values are their
functions equal. The functions will be equal where they intersect.

Example:  The graphs of y = f(x) and y = 1 are shown to the
right. For how many x values does f(x) equal 1?

(A)
(B)
©
(D)
B I I

<

A WNEFO

The figure shows that the graphs intersect at three points. At each of these points, both graphs have a
height, or y-coordinate, of 1. The points are approximately (-8, 1), (1.2, 1), and (4, 1). Hence, f(x) = 1 for
three x values. The answer is (D).

FUNCTIONS AS MODELS OF REAL-LIFE SITUATIONS

Functions can be used to predict the outcomes of certain physical events or real-life situations. For
example, a function can predict the maximum height a projectile will reach when fired with an initial
velocity, or the number of movie tickets that will be sold at a given price.

Example:  The graph to the right shows the number of y
music CDs sold at various prices. At what price
should the CDs be marked to sell the maximum 300
number of CDs? CDssold
(in thousands)
(A) O 100
(B) 5 X
(g) ig 05 10 15
EE)) > Price (dollars)

As you read the graph from left to right, it shows that sales initially increase rapidly and then slow to a
maximum of about 300,000. From there, sales drop precipitously and then slowly approach zero as the
price continues to increase. From the graph, sales of 300,000 units on the y-axis correspond to a price of
about $10 on the x-axis. The answer is (C).
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Problem Set X:
> Medium

1. Thefunctionfis defined for all positive integersn as f(n) = n/(n + 1). Then (1) - f(2) — f(2) - f(3) =

(A) -1/6
B) 15
C) V4
(D) 13
(E) 12

2. Thefunctionsf and g are defined asf(x, y) = 2x + y and g(x, y) = x + 2y. What isthe value of f(3, 4) ?

(A) (4,3
(B) f(3,7)
(©) (7,4
(D) 934
(B) 943

3. The functions f and g are defined as f(x, y) = 2x +y and g(x, y) = x + 2y. What is the value of
f(3,4) +g(3,4) ?

(A) 6
(B) 8
© 10
(D) 14
(E) 21

4. A function f(x) is defined for all real numbers by the expression (x — 1.5)(x — 2.5)(x — 3.5)(x — 4.5).
For which one of the following values of x, represented on the number line, isf(x) negative?

(A) PointA
(B) PointB
(©) PointC
(D) Point D
(E) PointE
A(L) B(2) cE) D@45  E(55)

X-axis

The graph is not drawn to scale.

5. A function f(x) is defined for all real numbers as f(x) = (x — 1)(x — 2)(x — 3)(x — 4). Which one of the
following is negative?

(A) f(0.5)
(B) f(L5)
©) f(25)
(D) (3

(E) f(4.5)

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W4 Cwww. manfen. net) Functions 395

909 =(2x-3"* +1

6.  Inthefunction above, for what values of xis g(x) areal number?

(A) x=0
(B) x=1/2
(C) x=3/2
(D) x=2
(E) x=3

X -1 0 1 2
fx) | 1 3 1| -5

7.  The table above shows the values of the quadratic function f for several values of x. Which one of the
following best representsf ?

(A) () =-2x2

(B) f(X)=x*+3
© f(X)=-x*+3
(D) f(x) =-2x*-3
(E) f(X)=-2x*+3

8. Inthefunction above, if f(k) = 2, then which one of the following could be avalue of k ?

(A) -1
B) O
(C) 05
(D) 25
(E) 4

9. Let the function h be defined by h(x) = Nx+2.1f 3h(v) = 18, then which one of the following is the
value of h(x) ?
4

(A) 4
(B) -1
€ 0
(D) 2
(B) 4

y
A

O
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10. The graph above shows a parabola that is symmetric about the x-axis. Which one of the following
could be the equation of the graph?
(A x=-y'-1
B®) x=-y’

(C) x=-y*+1

0 x=y*-1
2

B  x=(y+1)

11. A pottery store owner determines that the revenue for sales of a particular item can be modeled by the
function r(x) = 50+/x — 40, where X is the number of the items sold. How many of the items must be
sold to generate $110 in revenue?

(A) 5
(B) 6
© 7
(D) 8
B 9

» Hard

12. Inthe figure shown, the linel represents the function f. What is the value of f(10)?
(A) 2
(B) 5
© 8
(D) 10
() 12

y-axis
0.2
(-2,0) x-axis
13. The functions f and g are defined as f(x) = 2x — 3 and g(x) = x + 3/2. For what value of y is

fly)=g(y-3) ?

(A) 1
(B) 32
© 2
(D) 3
(B) 5
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14. A function is defined for all positive numbersx as f (x) = a\/x +b. What is the value of f(3), if
f(4) — (1) = 2 and f(4) + f(1) = 10?

A) 1

(B) 2

© 243
(D) 243 +2
(E) 24/3-2

15. Attimet =0, aprojectile was fired upward from an initial height of 10 feet. Its height after t seconds
is given by the function h(t) = p-10(q —t)2 , Where pand g are positive constants. If the projectile
reached a maximum height of 100 feet when t = 3, then what was the height, in feet, of the projectile

whent=47?
(A) 62
(B) 70
© 85
(D) 89
(E) 90
y
A y=a-x°
/

A/ B

110,

D o c|

16. The figure above shows the graph of y=a- x? for some constant a. If the square ABCD intersects
the graph at points A and B and the area of the square is 16, what is the value of a ?

(A) 2
(B) 4
© 6
(D) 8
(B) 10
» Very Hard

17. If the function f(x) is defined for all real numbers x as the maximum value of 2x + 4 and 12 + 3x, then
for which one of the following values of x will f(x) actually equal 2x + 4 ?

(A) 4
(B) -5
€ -6
(D) -7
(B) -9

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



398 GMAT Math Bible W4 Cwww. manfen. net)

Answers and Solutionsto Problem Set X

> Medium

1. Thefunction fisdefined asf(n) = n/(n + 1). Putting,
n=1yields f(1)=i=l

1+1 2°
2
2+1

. 3
n=3yields (3 =——
y 3 3+1

Hence, f(1) - f(2) —f(2) - f(3) = U/2- 23— 2/3 - 3/4 = 13— 2/4 = 1/3— 1/2 = —1/6.

n=_2yields f(2) =

2
3
-3
7
The answer is (A).
2. We are given the function rules f(x, y) = 2x + y and g(x, y) = X + 2y. Swapping arguments in g yields
oy, ¥) =y + 2x=f(x. y).
Hence, (3, 4) = g(4, 3). The answer is (E).
3. Wearegiven thefunction rulesf(x, y) = 2x + y and g(x, y) = x + 2y.
f(3,4) +9(3,4)=(2-3+4)+(3+2-4)=10+11=21

The answer is (E).
4. Choice A: The point A represents x = 1. Now, f(1) = (1 — 1.5)(1 — 2.5)(1 — 3.5)(1 — 45) =

(-0.5)(-1.5)(—2.5)(=3.5) = product of four (an even number of) negative numbers. The result is positive.
Reject.

Choice B: The point B represents x = 2. Now, f(2) = (2 — 1.5)(2 — 2.5)(2 - 3.5)(2 — 4.5) =
(0.5)(-0.5)(-1.5)(-2.5) = product of a positive number and three (an odd number of) negative numbers. The
result is negative. Hence, correct.

Choice C: The point C represents x = 3. Now, f(3) = (3 — 1.5)(3 — 2.5)(3 - 3.5(3 — 4.5) =
(1.5)(0.5)(-0.5)(-1.5) = Product of two positive numbers and two (an even number of) negative numbers.
Theresult is positive. Reject.

Choice D: The point D represents x = 4.5. Now, f(4.5) = (4.5 — 1.5)(4.5 — 2.5)(4.5 — 3.5)(4.5 - 4.5) =
3x 2x1x 0=0, not anegative number. Reject.

Choice E: The point E represents x = 5.5. Now, f(5.5) = (5.5 — 1.5)(5.5 — 2.5)(5.5 — 3.5)(5.5 — 4.5) =
4 x 3 x 2x 1=product of positive numbers. The result is positive. Reject.

The answer is (B).

5. Evauate the choices by the given rule, f(x) = (X — 1)(x — 2)(x — 3)(x — 4), and select the one that is
negative.

Choice (A): f(0.5) = (0.5 - 1)(0.5 - 2)(0.5 — 3)(0.5 — 4) = (-0.5)(-1.5)(—2.5)(—3.5) = The product of four
negative numbers, which is a positive number. Hence, the choice is not negative. Reject.

Choice (B): f(1.5) = (1.5 - 1)(1.5 - 2)(1.5 — 3)(1.5 — 4) = (0.5)(-0.5)(-1.5)(-2.5) = The product of one
positive number and three (an odd number) negative numbers. Hence, the choice is negative. Accept the
choice.

Choice (C): f(2.5) = (2.5 — 1)(2.5 - 2)(2.5 - 3)(2.5 — 4) = (1.5)(0.5)(-0.5)(-1.5) = The product of two
positive numbers and two (an even number) negative numbers. Hence, the choice is positive. Reject.

Choice (D): f(3) =(3—1)(3-2)(3-3)(3—4)=2-1-0-(-1) = 0, not a negative number. Reject.

Choice (E): f(4.5) = (4.5 - 1)(4.5 - 2)(4.5 — 3)(4.5 — 4) = (3.5)(2.5)(1.5)(0.5) = The product of four positive
numbers, which is positive. Reject.

The answer is (B).
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6. Let's change the fractional notation to radical notation: g(x) = 2x -3 +1. Since we have an even
root, the expression under the radical must be greater than or equal to zero. Hence, 2x — 3 > 0. Adding 3 to
both sides of thisinequality yields 2x = 3. Dividing both sides by 2 yields x > 3/2. The answer is (C).

7. We need to plug the x table values into each given function to find the one that returns the function
values in the bottom row of the table. Let’'s start with x = 0 since zero is the easiest number to calculate

with. According to the table f(0) = 3. This eliminates Choice (A) since f(0) = —2(0)2 =-2(0) =0; and it
eliminates Choice (D) since f(0) =-2(0)* -3=-2-0-3=0-3=-3.Now, choose x= 1. Thenext
easiest number to calculate with. According to the table f(1) = 1. This eliminates Choice (B) since
f(1) =1° +3=1+3 = 4; and it eliminates Choice (C) since f(1) =-(1)* +3=-1+3=2. Hence, by
process of elimination, the answer is (E).

8. The graph has a height of 2 for every value of x between 2 and 3; it also has a height of 2 at about
x =—=2. The only number offered in thisinterval is 2.5. Thisisillustrated by the dot and the thick line in the
following graph:

The answer is (D).

9. Evaluating the function h(x) =Jx+2at vyields h(v) =Jv+2. Plugging thisinto the equation
3h(v) = 18 yields

3(+v+2)=18

W +2=6 by dividing both sides by 3
WN=14 by subtracting 2 from both sides
(W)z =4 by squaring both sides

v=16 since (W)2 =v

Plugging v = 16 into h(%) yields

16
h(l) = h(—) =h(4)=A+2=2+2=4
4 4

The answer is (E).

10. Since the graph is symmetric about the x-axis, its base graph is x = y2. Since the graph opensto the

left, we know that the exterior of the base function is multiplied by negative one: —y2. Since the graph is

shifted one unit to the left, we know that one is subtracted from the exterior of the function: x = —y2 -1
The answer is (A).
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11. We are asked to find the value of x for which revenue is $110. In mathematica terms, we need to solve
the equation r(x) = 110. Since r (x) = 504/X — 40, we get

504/X — 40 =110
504/ =150
Wx=3
(V&) =%
X|=9

X=9 or x=-9

Since x = -9 has no physical interpretation for this problem, we know that x = 9. The answer is (E).

» Hard
12. We know that the slope of aline through any two points (x,, y;) and (X,, ¥,) is given by Yoo N1 .
Xp=%
! . . ... 2-0 _2
Since (-2, 0) and (0, 2) are two points on the line f(x), the slope of thelineis -2 = 3 =1.
If (10, f(10)) isapoint on the line, then using the point (0, 2) the slope of thelineis
fA0-2_ 1
10-0
f(10)—2=10
f(10) =12

The answer is (E).

13. The given function definitions are f(x) = 2x — 3 and g(x) = x + 3/2. Putting X =y in the definition of f
yieldsf(y) =2y —3.

Putting x = y — 3 in the definition of g yieldsg(y—3) = (y—3) +3/2=y-3+ 3/2=y-3/2.
Now, f(y) equals g(y —3) when 2y — 3 =y —3/2. Solving for y yieldsy = 3/2. The answer is (B).

14. The rule for the function f on positive integers x is f(x) = a/x +b. Putting x= lintheruleyields

f@= a\l+b=a+ b. Putting x =4 intheruleyields f(4)= a4 +b=2a+ b. Now, we are given that
f(4) —f(1) = 2 and f(4) + f(1) = 10. Substituting the known results in the two equations yields

f(4)-f(1) =2
(2a+b)—(a+b)=2
a=2

f(4) + (1) = 10
(2a+b) + (a+b) =10

3a+2b=10
3(2) +2b=10 by putting a = 2 in the equation
b=2 by solving the equation for b

Hence, the rule can be rephrased as f (X) = 2+/X + 2. Putting x = 3in theruleyields f (3) = 24/3+ 2. Hence,
the answer is (D).
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15. Method I:

Recall that when a quadratic function is written in the form y = a(x- h)2 + K, its vertex (in this case, the
maximum height of the projectile) occurs at the point (h, k). So let’'s rewrite the function
h(t) = p-10(q -t)* intheform h(t) = alt —h)2 + k. Notice that we changed y to h(t) and x to t.

h(t) = p-10(g-t)*
=-10(q-t)*+p
=-10({-q+t])*+p
=-10(-)*(t-q)*+p
=-10(+D(t-a)*+p
=-10(t-q)*+p

In this form, we can see that the vertex (maximum) occurs at the point (g, p). We are given that the
maximum height of 100 occurs whent is 3. Hence, g = 3 and p = 100. Plugging this into our function yields

h(t) = -10(t — g)* + p = =10(t — 3)* + 100
We are asked to find the height of the projectile when t = 4. Evaluating our function at 4 yields
h(4) =-10(4-3)2 +100
=-10(1)% +100
=-10-1+100
=-10 +100
=90
The answer is (E).

Method I1:
In this method, we are going to solve a system of two equations in two unknowns in order to determine the

values of p and g in the function h(t) = p-10(q —t)2 . Attime t = 0, the projectile had a height of 10 feet.
In other words, h(0) = 10. At timet = 3, the projectile had a height of 100 feet. In other words, h(3) = 100.
Plugging thisinformation into the function h(t) = p-10(q —t)2 yields
h(0)=10 = 10= p-10(q- 0)?
h(3)=100 = 100 = p-10(q-23)?
Now, we solve this system of equations by subtracting the bottom equation from the top equation:
10 = p-10¢?
(-) 100= p-10(q-3)°
-90 = -10¢? +10(q - 3)°

Solving this equation for q yields

-90 = -10q” +10(q - 3)
-90 = -10¢f +10(q? - 6q +9)
-90 = -10q” +10q” - 60q + 90

—90 = -60q + 90
—180 = -60q
3=q
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Plugging g = 3 into the equation 10 = p — 10¢? yields

10=p-10-3
10=p-10-9
10=p-90
100=p

Hence, the function h(t) = p — 10(q — t)? becomes h(t) = 100 — 10(3 — )% We are asked to find the height of
the projectile when t = 4. Evaluating this function at 4 yields

h(4) = 100 — 10(3 — 4)?
= 100 — 10(-1)?
=100-10-1
=100 - 10
=90

The answer is (E).

16. Let s denote the length of a side of square ABCD. Since the area of the square is 16, we get §° = 16.
Taking the square root of both sides of this equation yields s = 4. Hence, line segment AB has length 4.
Since the parabola is symmetric about the y-axis, Point B is 2 units from the y-axis (as is Point A). That is,
the x-coordinate of Point B is 2. Since line segment BC has length 4, the coordinates of Point B are (2, 4).
Since the square and the parabola intersect at Point B, the point (2, 4) must satisfy the equationy = a — X%

4=3a-2°
4=a-4
=a

o 11 I

The answer is (D).

» Very Hard

17. f(x) equals the maximum of 2x + 4 and 12 + 3x. Hence, the question asks for which value of x is 2x + 4
is greater than or equal to 12 + 3x. (Note: By symmetry, we could also ask for which value of xis 12 + 3xis

greater than or equal to 2x + 4.) Expressing the inequality yields 2x + 4 = 12 + 3x. Subtracting 12 + 2x from
both sidesyields x < —8. The answer is (E) since it is the only answer-choice that satisfies the inequality.
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Miscellaneous Problems

Example1l:  Thelanguage Q has the following properties:

(1) ABCisthe baseword.
(2) If Cimmediately follows B, then C can be moved to the front of the code word to
generate another word.

Which one of the following is a code word in language Q?
(A) CAB (B) BCA (C) AAA (D) ABA (E) CCC
From (1), ABC isacode word.

From (2), the C in the code word ABC can be moved to the front of the word: CAB.

Hence, CAB is acode word and the answer is (A).

Example2:  Bowl S contains only marbles. If 1/4 of the marbles were removed, the bow! would be
filled to 1/2 of its capacity. If 100 marbles were added, the bow! would be full. How many
marbles are in bow! S?

(A) 100 (B) 200 (C) 250 (D) 300 (E) 400

Let n be the number of marbles in the bowl, and let ¢ be the capacity of the bowl. Then trandating “if 1/4
of the marbles were removed, the bowl would befilled to 1/2 of its capacity” into an equation yields

n—n/4d=cl2,or3n/2=c
Next, translating “ if 100 marbles were added, the bowl would be full” into an equation yields

100+n=c
Hence, we have the system:
3nl2=c
100+n=c
Combining the two above equations yields
3n/2=100+n
3n=200+2n
n=200

The answer is (B).
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Method I1 (Plugging in):

Suppose there are 100 marbles in the bowl—choice (A). Removing 1/4 of them would leave 75 marblesin
the bowl. Since thisis 1/2 the capacity of the bowl, the capacity of the bowl is 150. But if we add 100
marbles to the original 100, we get 200 marbles, not 150. This eliminates (A).

Next, suppose there are 200 marbles in the bowl—choice (B). Removing 1/4 of them would leave
150 marbles in the bowl. Sincethisis 1/2 the capacity of the bowl, the capacity of the bowl is 300. Now,
if we add 100 marbles to the original 200, we get 300 marbles—the capacity of the bowl. The answer is

(B).

Problem Set Y:
> Easy

1. A stockholder holds one share each of two different companies A and B. Last month, the value of a
share of Company A increased by 13 dollars and that of Company B decreased by 8 dollars. How
much did the net value of the two shares increase last month?

(A)
(B)
(©
(D)
B

> Medium

OO WN

2. Which one of the following products has the greatest value?

(A) 6.00x0.20
(B) 6.01x0.19
(C) 6.02x0.18
(D) 6.03x0.17
(E) 6.04x0.16

3. A fund was invested 25 years ago. Its value is approximately $300,000 now. If the value of the fund
doubled each year for the last 10 years, how long ago was the value of the fund exactly half of the
current value?

(A) Half ayear ago.
(B) 1year ago.

(C) 2yearsago.

(D) 5yearsago.

(E) 10yearsago.

4.  Park, Jack, and Galvin distributed prize money of x dollars among themselves. Park received 3/10 of
what Jack and Galvin together received. Jack received 3/11 of what Park and Galvin together
received. What is the ratio of the amount received by Park to the amount received by Jack?

(A) 7:8
B) 8:7
(©) 10:11
(D) 14:13
() 77:80
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The following two questions below refer to the statements bel ow:

Neel and Nick are brothers. Nedl is adistributor and Nick isaretailer. Neel purchased electronic shavers of
a particular type at $4 a piece and sold all of them to Nick at $6 a piece. Nick sold al the shavers at $8 a
piece to consumers.

5. What isthetotal profit in dollars made by the two brothers on 100 pieces?

(A) 100
(B) 150
(C) 200
(D) 400
(E) 800

6. If the percentage of profit is defined as (profit/cost) - 100, then which one of the following equals the
percentage of profit made by Neel?

(A)  10%
(B) 20%
(C) 25%
(D) 333%
(E) 50%

7. Johnwas born on February 28, 1999. It was a Sunday. February of that year had only 28 days, and the
year had exactly 365 days. His brother Jack was born on the same day of the year 2000. February of
the year 2000 had 29 days. On which day was Jack born?

(A) Monday

(B) Tuesday

(C) Friday

(D) Saturday

(E) Sunday
» Hard

8. Themoney John has is just enough to buy him either 100 apples and 150 oranges, or 50 apples and
225 oranges. Which one of the following equals the ratio of the cost of 100 apples to the cost of 150

oranges?

A) 1:1
B) 1:3
© 2:3
(D) 5:6
(B) 3:5

9. TwosetsA and B are defined as

SetA={-2,-1,0,1,2}
SetB={-4,-2,0,2 4}

Which one of the following equals the sum of the products of each element in A with each element in

B?
(A) -20
(B) -10
© o
(D) 10
(E) 20
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Questions 10 and 11 refer to the discussion below:

A manufacturer sells goods at $4 per unit to stockists after a 10% profit. The stockists then sell the goods to
distributors at 25% profit. The distributor adds a 20% profit on it and sellsit to aretailer.

10.

11.

12.

13.

14.

15.

At what price (per unit) did the retailer purchase the goods?

(A) 06
(B) 6
(C) 63
(D) 6.6
® 7

If the retailer sells the goods to the end customer at 10% profit, then what does each unit of the goods
cost to a customer?

(A) 4
(B) 5
© 6
(D) 66
B 7

The letters of the word JOHNY can be jumbled in 120 ways. In how many of them does the letter ‘H’
appear in the middle?

A 1

(B) 20
(C) 24
(D) 26
(E) 30

Craig invited four friends to watch a TV show. He arranged 5 seats in arow. The number of ways he
and hisfour friends can sit in the row is n. In how many of these ways can Craig sit in the middle?

(A) n

(B) 2
©) 13
(D) n/4
(E) n/5

Eric and Ortega and their teammates watch a movie. They all sit in a row, and they can sit in n
different ways. In how many of the ways can Eric sit to the right of Ortega?

(A) n

B) n2

(©) ni3

(D) n/4

(E) ni5

If distinct numbers X, y, z, and p are chosen from the numbers -2, 2, 1/2, —1/3, what is the largest

2

possible value of the expression X—); ?
Z_

(A) 26/4

(B) 34/5

(C) 385

(D) 485

(E) 52/5
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16.

A bank pays interest to its customers on the last day of the year. The interest paid to a customer is
calculated as 10% of the average monthly balance maintained by the customer. John is a customer at
the bank. On the last day, when the interest was accumulated into his account, his bank balance
doubled to $5680. What is the average monthly balance maintained by John in his account during the
year?

(A) 2840
(B) 5680
(C) 6840
(D) 7540
(E) 28400

Use the table shown to answer the next two questions.

% (by weight) of | % (by weight) of Cost of 10 grams of the food
Protein Fat
Food A 10 30 $2
Food B 20 10 $3
Food C 30 35 $7
17. Which one of the following diets or the combination of diets supplies more protein for every dollar?
(A) Food A
(B) FoodB
(C) FoodC
(D) 60% food B and 40% food C
(E) 60% food A and 40% food C
18. Which diet supplies more protein than fat in each gram?
(A) FoodA
(B) FoodB
(C) FoodsA and B intheratio 60: 40
(D) FoodsB and Cintheratio 60 : 40
(E) FoodsA and Cintheratio 60: 40
19. Forty tiles of dimensions 1 foot x 2 foot each are required to completely cover a floor. How many
tiles of dimensions 2 foot x 4 foot each would be required to completely cover the same floor?
(A) 10
(B) 20
(C) 80
(D) 160
(E) 320
20. If sandt are positive integers and s/t = 39.12, then which one of the following could t equal?
(A) 8
(B) 13
(C) 15
(D) 60
(E) 75
21. What is the minimum number of tiles of size 16 by 24 required to form a square by placing the tiles

adjacent to one another other?

(A) 6
(B) 8
© 11
(D) 16
(E) 24

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



408 GMAT Math Bible W4y M (www. manfen. net)

> Very Hard

22. In 2003, there are 28 days in February and there are 365 days in the year. In 2004, there are 29 daysin
February and there are 366 days in the year. If the date March 11, 2003 is a Tuesday, then which one
of the following would the date March 11, 2004 be?

(A) Monday
(B) Tuesday
(C) Wednesday
(D) Thursday
(B) Sunday

23. Thereare 5 packers A, B, C, D, and E in a company. The five packers A, B, C, D and E charge $66,
$52, $46, $32, and $28, respectively, to pack each item. The time taken by the packers to pack one
item is 20 minutes, 24 minutes, 30 minutes, 40 minutes and 48 minutes, respectively. All the items are
sold at the end of the day. Each item earns a profit of 100 dollars, and the packers are paid from this
profit. If each packer works 8 hours a day, which packer contributes the most to the net profit of the

company?

(A) Packer A
(B) PackerB
(C) PackerC
(D) PackerD
(E) Packer E
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Answers and Solutionsto Problem Set Y

> Easy

1. We have that the value of a share of Company A increased by 13 dollars and that of Company B
decreased by 8 dollars. Hence, the net increase in the combined value of the two sharesis 13 -8 = 5. The
answer is (D).

> Medium

2. Each answer-choice has two factors. Thefirst factor of each answer-choice varies from 6.00 to 6.04, and
the second factor varies from 0.16 to 0.20. The percentage change in the first factor is very small (0.67%)
compared to the large (almost 25%) change in the second factor. Hence, we can approximate the first factor
with 6.00, and the answer-choice that has the greatest second factor [choice (A)] is the biggest. Hence, the
answer is (A).

Method I1:
All the answer-choices are positive. Hence, we can use the ratios of the answer-choices to find which
choiceisthe greatest:
Choice (A) _ 6.00x0.2 _600x20 _ 600x 20 _ 600 x 20 _  600x20 _
Choice(B) 6.02x0.19 601x19 (600+1)x(20-1) 600x20+20-600-1 600x20-581

Positive Numerator + Lesser Positive Denominator > 1
Hence, Choice (A) > Choice (B). Reject Choice (B).

Choice (A) _ 6.00x02 _600x20 _  600x20  _ 600 x 20 _ 600x20  _
Choice(C) 6.02x0.18 602x18 (600+2)x(20-2) 600x 20+40-1200-4 600x 20-1164

Positive Numerator + Lesser Positive Denominator > 1
Hence, Choice (A) > Choice (C). Reject Choice (C).

Choice (A) _ 6.00x0.2 _600x20 _  600x20  _ 600 x 20 _ 600x20  _
Choice (D)  6.03x0.17 603x17 (600+3)x(20-3) 600x20+60-1800-9 600 x 201749

Positive Numerator =+ L esser Positive Denominator >1
Hence, Choice (A) > Choice (D). Reject Choice (D).

Choice (A) _ 6.00x0.2 _600x20  600x20  _ 600 x 20 _ 600x20
Choice (E) ~ 6.04x0.16 604x16 (600+4)x(20—4) 600x 20+80-2400-16 600x 202336

Positive Numerator + Lesser Positive Denominator >1
Hence, Choice (A) > Choice (E). Regject Choice (E).

The answer is (A).

3. Since the value of the fund doubled each year for the last 10 years, its value would halve each year
going back for the period. Hence, the answer is (B).

4. Let the amounts received by Park, Jack and Galvin be P, J, and G, respectively.

Since the prize money, x, was distributed to Park, Jack, and Galvin, the amount that Jack and Galvin
together received eguals x — (the amount received by Park) = 120 — P.

Since we are given that Park received 3/10 of what Jack and Galvin together received, we have the equation
P = (3/10)(x — P). Solving the equation for P yields P = 3x/13.

Similarly, since we are given that Jack received 3/11of what Park and Galvin together received (x — J), we
have the equation J = (3/11)(x — J). Solving the equation yields J = 3x/14.

Now, P:J=3x/13: 3x/14 = 14 13. The answer is (D).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



410 GMAT Math Bible W4y M (www. manfen. net)

5. Neel purchased the shavers at $4 a piece and Nick sold the same pieces at $8 a piece. Hence, the net
profit gained on each piece is 8 — 4 = 4 dollars. On 100 pieces, the total profit is4 - 100 = 400 dollars. The
answer is (D).

6. Neel purchased the shavers at $4 a piece. He sold the shavers at $6 a piece. The profitis6 — 4 = 2.
Hence, the percentage of profit made by Neel equals (profit/cost) - 100 = 2/4 - 100 = 1/2 - 100 = 50%.
Hence, the answer is (E).

7. The period February 28, 1999 through February 28, 2000 (not including the former date) does not
include the complete month of February 2000 (which actually had 29 days). Hence, the length of the period
is exactly 365 days (equal to the length of anormal year). Now, dividing 365 by 7 (the number of daysin a
week) yields a quotient of 52 and a remainder of 1. Hence, the exact length of the period is 52 weeks and
one day. Hence, the day February 28 of the year 2000 would advance by one day over the date February 28
of the year 1999. Hence, since February 28, 1999 is a Sunday, the date February 28, 2000 isa Monday. The
answer is (A).

> Hard

8. Let the cost of each apple bea, and the cost of each orange be b. We are given that 100 apples and 150
oranges together cost the same as the combined cost of 50 apples and 225 oranges. Hence, we have the
equation

100a + 150b = 50a + 225b
50a = 75b

a= (75/50)b = 30/2
2al3=b

Hence, the apples cost 3/2 times as much as the oranges. Now, 100 apples cost 100a, and 150 oranges cost
150b, which equals 150(2a/3) [using the known equation 2a/3 = b] = 100a. Hence, the required ratio is
100a: 100a=1: 1. The answer is (A).

9. The sum of the products of each element in A with each element in B

=S( 2D x4+ (2 x2+(2)x0+ (-2 x2+(-2) x4
+(D) x4+ (D) x2+(-1) x0+(-1) x2+(-1) x4
+0x4+0x—2+0x0+0x2+0x4
+1x4+1x2+1x0+1x2+1x4
+2x4+2x2+2x0+2x2+2x4

=(-2{4-2+0+2+4}
+(D){4-2+0+2+4}
+0{4-2+0+2+4}
+H{4-2+0+2+4}
+2{4-2+0+2+4}
=2x0+(-1)x0+0x0+2x0+4x0
=0

The answer is (C).
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10. The supply chain can be visually mapped as shown:

The manufacturer sells the goods to stockists at $4 per unit.

$4 $5 $6
CP|Manufacturer|SP i - %5 v CP| Distributor [ SP |\ $6 $6.6
SP=CP(1+p/100) | CP[Stockist |SP |V g —nr T 00)  |CP|Retailer | sP
SP=CH(1 + p/100) SP=CP(1 + p/100)

The stockist now sells the goods to distributors at a profit of 25%. By the formula, Selling price = (Cost
price)(1 + profit percent/100), the selling price of the stockist (which also equals the cost price to the
distributors) is 4(1 + 25/100) = 4(1 + 1/4) = 4(5/4) = $5.

Then the distributor sells the goods to retailers after a profit of 20%. Again since the Selling price = (Cost
price)(1 + profit percent/100), the selling price of the distributor is 5(1 + 20/100) = 5(1 + 1/5) = 5(6/5) = $6.
Thisis aso the cost price of the retailer. Hence, the answer is (B).

11. The cost price to the end customer is the selling price of the retailer. The goods cost $6 per unit to the
retailer (from the solution of the previous question). He sells it to the end customer after 10% profit. Hence,
by the formula, selling price = (cost price)(1 + profit percent/100) = $6(1 + 10/100) = $6.6. The answer is

(D).

12. To form aword by jumbling the five-lettered word JOHNY, the letter ‘H’ can be placed in any one of
the five relative positions with equal probability. Hence, one fifth of the jumbled words will have the letter
‘H’ in the middle. We know that atotal of 120 words can be formed by jumbling the word JOHNY . Hence,
one-fifth of them (1/5 x 120 = 24 words) have the letter ‘H’ in the middle. The answer is (C).

Method 11
Let the letters of the words be represented by 5 compartments:

Placing H in the middle compartment gives

Since one of these letters will be used for the first position, there are 3 letters available for the second
position:

L4al3[Hl [ ]

Similarly, there are 2 letters avail able for the fourth position and 1 letter for the fifth position:

41 3[H[2] 1]

Multiplying the options gives
4-3-2-1=24

The answer is (C).
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13. In all the arrangements that can be formed, Craig is equally likely to sit in any one of the 5 seats.
Hence, in one-fifth of all the arrangements, Craig sits in the middle seat. Since there are n possible
arrangements, he sitsin the middle seat n/5 times. The answer is (E).

14. In any arrangement, it is equally likely that Eric sits to the right of Ortega, or not. Hence, in exactly
half of the n possible arrangements, Eric sits to the right of Ortega. Now, half of nisn/2. The answer is (B).

X%y

z-p
and should be positive if possible. Since ¥ is positive (whether x is negative or positive) use up a negative
number for x. Since x? is in the numerator, choose a big number (in absolute value) for x, choose —2. Also,

choose a hig positive number for y in order to maximize the value of the given expression. So, choose 2 for
y.

15. The numerator isx?y. To maximize the value of the expression , thishasto be as big as possible

The denominator isz— p. Make this a positive value by choosing a positive value for the minimum value of
z and a maximum value (in absolute value) for p. So, choosez=1/2and p=-1/3. Soz—p=1/2—-(-1/3) =
12 +1/3=5/6.

__:_:SXE:%.TheanSNeris(D).

16. Since the balance in John's account doubled on the last day to $5680, from the accumulation of the
interest, the interest added into his account must equal 5680/2 = 2840 dollars.

Since the interest is calculated as 10% of average monthly balance maintained, we have the equation

10% of Average Monthly Balance = 2840
10/100 x Average Monthly Balance = 2840
1/10 x Average Monthly Balance = 2840
Average Monthly Balance = 10 x 2840 = 28400

The answer is (E).

17. The protein per dollar equals the protein (in grams)/weight (in grams) x weight (in
grams)/money(dollars). Now, calculating the value for each diet we have

% (by weight) of protein Cost of 10 grams Proteins per dollar
of the food
Food A 10% or 10/100 x 10 =1 gram $2 1/2=05
Food B 20% or 20/100 x 10 =2 grams $3 2/3=0.667
Food C 30% or 30/100 x 10 = 3 grams $7 3/7=0.43

Among the three foods, Food B has the greatest value (0.667 grams of protein per dollar). Any combination
of thisfood with either of the two other foods A and C would only decrease the value of proteins per dollar.
Hence, the answer is (B).

18. The protein-fat ratio for the foods here equals the ratio of “% of protein” to “% of fat.” The ratios for
foods A, B and C are, respectively, 10/30 = 1/3, 20/20 = 1/1, 30/35 = 6/7. In al of these, protein islessthan
fat.

Choice (C): Now, considering the combination in choice (C), food A to B ratio is 60 : 40.
Hence, choose 6 gm of food A and 4 gm of food B, so that foods are in this ratio.

Food A has 10% protein and 30% fat. 10% of 6 gm is 0.6 and 30% of 6is1.8.

Food B has 20% protein and 10% fat. 20% of 4 gm is 0.8 and 10% of 4 is0.4.

The net sum: Protein = 0.6 (from A) + 0.8 (from B) = 1.4.

The net sum: Fat = 1.8 (from A) + 0.4 (from B) = 2.2.

The food has less protein than Fat. Reject the choice.
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Choice (D): Now, considering the combination in choice (D), food B to C ratio is 60 : 40. Hence, choose 6
gm of food B and 4 gm of food C, so that foods are in this ratio.

Food B has 20% protein and 10% fat. 20% of 6 gmis 1.2 and 10% of 6 is0.6.
Food C has 30% protein and 35% fat. 30% of 4 gmis 1.2 and 35% of 4is1.4.

The net sum: Protein = 1.2 (from B) + 1.2 (from C) = 2.4.
The net sum: Fat = 0.6 (from B) + 1.4 (from C) = 2.0.
The food has more protein than Fat. Thisis a correct choice.

Choice (E): Both the foods A and C have higher fat percentage than protein percentage. So, any
combination of the food will not result in a higher protein than fat. Reject the choice.

The answer is (D).

19. Theareaof a2 x 4 tileis 4 times as large as the area of a1 x 2 tile. Hence, we need only 1/4 as many
largetiles to cover the same area as the 40 small tiles. Hence, 40/4 = 10. The answer is (A).

20. We havethat s/t = 39.12. Solving for syields s=

39.12t =

(39 +0.12)t =

39t +0.12t =

39 x (apositive integer) + 0.12t =
(apositive integer) + 0.12t

sisapositive integer only when 0.12t is also a positive integer. Now, 0.1 equals 12/100 x t = 3/25 x t and
would result in an integer only when the denominator of the fraction (i.e., 25) is canceled out by t. This
happens when t isamultiple of 25. The answer is (E), the only answer-choice that is a multiple of 25.

21. Let mcolumns and n rows be formed from the tiles of size 16 x 24. Let the columns be formed by the
16 inch sides and the rows be formed by the 24 inch sides. Then the total length of al the rowsis 16m, and
the total length of all the columnsis 24n.

Since the result is a sguare, 16m = 24n or nvVn = 24/16 = 3/2. The minimum possible values of mand n are 3
and 2, respectively. Hence, the total number of tiles required ismn = 3 x 2 = 6. The answer is (A).

Method 1

Since the tiles form a square, a side of the square formed must be a multiple of both 16 and 24. The least
such number is 48. Since 48/16 = 3, there are three columns of length 16. Since 48/2 = 24, there are two
rows of length 24. Hence, the total number of tilesrequired is 3 x 2 = 6. The answer is (A).

> Very Hard

22. The period March 11, 2003 through March 11, 2004, not including the former date, includes the
complete month of February 2004. So, the length of the period is 366 days (equal to the length of a leap
year). The number 366 has a quotient of 52 and a remainder of 2 when divided by 7. Hence, the length of
the period is 52 weeks and 2 days. So, the date March 11, 2004 is 2 days advanced over the date March 11,
2003, which is given to be a Tuesday. The second day after a Tuesday is a Thursday. Hence, March 11,
2004 isaThursday. The answer is (D).
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23. Each item earns a profit of 100 dollars for the company. If a packer charges x dollars for each item, the

profit that the company would effectively get on each item packed would be 100 — x.

Each worker works for 8 hours (= 480 minutes). Hence, if aworker takest minutes to pack an item, then he

would pack 480/t items each day. So, the net profit on the 480/t items is @(100— X) . The expression

480 ——(100- x) isamaximum when 1(100 X) is maximum.

Hence, select the answer-choice that yields the maximum value of the expression — (100 x)

Choice (A): Packer A: t = 20 minutes, x = 66 dollars. Hence, 100-x _100-66 _34 E

t 20 20 10
100-x _100-52 _ 48

100—x_

Choice (B): Packer B:t = 24 minutes, x = 52 dollars. Hence, . 2 —z =2, whichis
greater than 17/10. Hence, eliminate choice (A).

Choice (C): Packer C: t = 30 minutes, x = 46 dollars. Hence, 100’[ X 10(23046 = % —% whichis
less than 2. Hence, eliminate choice (C).

Choice (D): Packer D: t = 40 minutes, x= 32 dollars. Hence, 100-x 10(1032 = i—g = 1—; whichis
less than 2. Hence, eliminate choice (D).

Choice (E): Packer E: t = 48 minutes, x = 28 dollars. Hence, 10(1 X 10218 28 = % —g whichis

less than 2. Hence, eliminate choice (E).
Hence, the correct choiceis (B).
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Format of Data Sufficiency Questions

Most people have much more difficulty with the Data Sufficiency problems than with the Standard Math
problems. However, the mathematical knowledge and skill required to solve Data Sufficiency problemsis
no greater than that required to solve standard math problems. What makes Data Sufficiency problems
appear harder at first is the complicated directions. But once you become familiar with the directions,
you'll find these problems no harder than standard math problems. In fact, people usually become
proficient more quickly on Data Sufficiency problems.
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The Directions

The directions for Data Sufficiency questions are rather complicated. Before reading any further, take
some time to learn the directions cold. Some of the wording in the directions below has been changed from
the GMAT to make it clearer. You should never haveto look at the instructions during the test.

Directions: Each of the following Data Sufficiency problems contains a question followed by two
statements, numbered (1) and (2). You need not solve the problem; rather you must decide whether the
information given is sufficient to solve the problem.

The correct answer to aquestion is

A if statement (1) ALONE is sufficient to answer the question but statement (2) alone is not
sufficient;

B if statement (2) ALONE is sufficient to answer the question but statement (1) alone is not
sufficient;

C if the two statements TAKEN TOGETHER are sufficient to answer the question, but
NEITHER statement ALONE is sufficient;

D if EACH statement ALONE is sufficient to answer the question;

E if thetwo statements TAKEN TOGETHER are still NOT sufficient to answer the question.

Numbers: Only real numbers are used. That is, there are no complex humbers.

Drawings: The drawings are drawn to scale according to the information given in the question, but may
conflict with the information given in statements (1) and (2).

You can assume that a line that appears straight is straight and that angle measures cannot be
zero.

Y ou can assume that the relative positions of points, angles, and objects are as shown.

All drawingsliein a plane unless stated otherwise.

Example:
B
In AABC to theright, what is the value of y ? y°
(1) AB=AC
(2) x=30
XO ZO
A cC

Explanation: By statement (1), AABC isisosceles. Hence, its base angles are equal: y = z. Since the angle
sum of atriangle is 180°, we get x + y + z = 180. Replacing z withy in this equation and then simplifying
yields x + 2y = 180. Since statement (1) does not give a value for x, we cannot determine the value of y
from statement (1) alone. By statement (2), x = 30. Hence, x +y + z =180 becomes 30 + y + z= 180, or y
+z = 150. Since statement (2) does not give a value for z, we cannot determine the value of y from
statement (2) alone. However, using both statements in combination, we can find both x and z and
thereforey. Hence, the answer isC.

Notice in the above example that the triangle appears to be a right triangle. However, that cannot be

assumed: angle A may be 89° or 91°, we can't tell from the drawing. You must be very careful not to
assume any mor e than what is explicitly given in a Data Sufficiency problem.
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Elimination

Data Sufficiency questions provide fertile ground for elimination. In fact, it is rare that you won't be able
to eliminate some answer-choices. Remember, if you can eliminate at least one answer choice, the odds of
gaining points by guessing are in your favor.

The following table summarizes how elimination functions with Data Sufficiency problems.

Statement Choices Eliminated
(1) issufficient B,C,E
(2) isnot sufficient A,D
(2) issufficient A,CE
(2) isnot sufficient B,D
(2) is not sufficient and (2) is not sufficient A,B,D

Example1l:  What isthe 1st term in sequence S?

(1) The3rdtermof Sis4.
(20 The 2nd term of S is three times the 1st, and the 3rd term is four times
the 2nd.

(1) isno helpin finding the first term of S. For example, the following sequences each have 4 as their third
term, yet they have different first terms:

0,24
4,0, 4

This eliminates choices A and D. Now, even if we are unable to solve this problem, we have significantly
increased our chances of guessing correctly—from1in5to1in 3.

Turning to (2), we completely ignore the information in (1). Although (2) contains a lot of
information, it also is not sufficient. For example, the following sequences each satisfy (2), yet they have
different first terms:

1,312
3,936

This eliminates B, and our chances of guessing correctly have increased to 1 in 2.

Next, we consider (1) and (2) together. From (1), we know “the 3rd term of Sis4.” From (2), we know
“the 3rd term is four times the 2nd.” This is equivalent to saying the 2nd term is 1/4 the 3rd term:

% -4 =1. Further, from (2), weknow *“the2ndtermisthreetimesthe 1st.” Thisisequivalent to saying

=

the 1st term is 1/3 the 2nd term: % -1==. Hence, the first term of the sequenceisfully determined:

w

1
=14
3

The answer is C.
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Example2:  Inthefigure to the right, what is the
area of thetriangle?

(1) c?=6°+8 c
(2 x=90

Recall that atriangleis aright triangle if and only if the square of the longest side is equal to the sum of the
squares of the shorter sides (Pythagorean Theorem). Hence, (1) implies that the triangleis aright triangle.

So the area of thetriangleis % 6-8. Note, there is no need to calculate the area—we just need to know
that the area can be calculated. Hence, the answer is either A or D.

Turning to (2), we see immediately that we have a right triangle. Hence, again the area can be
calculated. The answer isD.

Example3:  What isthe value of x—y?

(1) x+y=3y—-x
(2) x+y:x3+y3

Start with (1): X+y=3y—X
Subtract 3y and add x to both sides of the equation: 2x-2y=0
Divide by 2: x-y=0

Hence, (1) is sufficient to determine the value of x —y, and therefore the answer is either A or D.

Turning to (2), we suspect there is not enough information since there are no like terms that can be
combined asin (1). So use substitution to look for a counterexample. Letx=y=0. Then 0+0 = 0® +0°
and x—y=0. However, if x=1andy=0, then1+0 =1%+0° and x—y=1. Thisshowsthat there are
different pairs of numbers which satisfy (2) yet yield different valuesfor x —y. Hence, (2) is not sufficient
to determine the value of x—y. The answer isA. (Note, for the information to be sufficient, it is not
enough to find a value of x —y; there must be a unique value.)

Example4:  If xisboth the cube of an integer and between 2 and 200, what is the value of x?

(1) xisodd.
(2) xisthesguare of an integer.

Since x is both a cube and between 2 and 200, we are looking at the integers:
23 33 43 53

which reduce to
8, 27, 64, 125

Since there are two odd integers in this set, (1) is not sufficient to uniquely determine the value of x. This
eliminates choices A and D.

Next, there is only one perfect square, 64 =82, intheset. Hence, (2) issufficient to deter  minethe
value of x. The answer isB.
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Example5:  1sCAB acode word in language Q?

(1) ABCisthe baseword.
(2) If Cimmediately follows B, then C can be moved to the front of the code word to
generate another word.

From (1), we cannot determine whether CAB is a code word since (1) gives no rule for generating another
word from the base word. Thiseliminates A and D.

Turning to (2), we still cannot determine whether CAB is a code word since now we have no word to
apply thisruleto. ThiseliminatesB.

However, if we consider (1) and (2) together, then we can determine whether CAB is a code word:

From (1), ABC is acode word.
From (2), the C in the code word ABC can be moved to the front of the word:
CAB.

Hence, CAB is a code word and the answer is C.

Example6:  If xandy are positive integers, is /2xy an integer?

() y-x=0
(2) xy=1for some positive integer y.

Fromy—x=0, wegety=x. Plug thisinto the expression ,/2xy :

V2 =22 =2x

Since 4/2 isnot an integer, ,/2xy isnot aninteger. Hence, (1) is sufficient to answer the question.

Next, dividing both sides of xy = 1 by x yieldsy = 1/x. Plugging thisinto the expression ,/2xy yields
Zx(l) = —\/E
X

Since /2 is not aninteger, +/2xy isnotaninteger. Hence, (2) is also sufficient to answer the question.
The answer isD.

3+2p,
3p
(1) p?-5p+4=0. ,

2 Thevalueofl+_is—2.
p 3

Factoring (1) gives (p—1)(p—4) =0.

Example7:  What isthe value of

Hence,p—1=0 orp—-4=0.

So,p=lorp=4.
However, if p=1, then 3*+2p_ § But if p =4, then 3*+2p_ E Therefore, (1) is not sufficient.
3p 3 3p 12
. . Lo 1. 2
Tranglating (2) into an equation gives — + 3 =-2.
p

Adding the fractions on the left side gives % =-2. Hence, (2) is sufficient to answer the question.

p

The answer is B.
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Example8: If x#-1landy = +1, then what isthe value of % ?
X y-
(1) x=5
@ vy=4
. . . x(y-1)
Begin by factoring the expression: m
Next, cancel the term (y — 1): X
X+1

Since x is the only variable left in the expression and (1) gives a value for x, we can calculate the value of
the expression. Hence, (1) is sufficient to determine the value of the expression, and the answer isA or D.

Next, (2) is insufficient to determine the value of the expression since the value of x is not given. The
answer isA.

Note, the value of y is not needed to determine the value of the expression since al the y's can be canceled
from the expression; however, the value of x is needed since not al the x's can be canceled.

Unwarranted Assumptions

With data sufficiency problems, be careful not to read any more into a statement than what is given.

 The main purpose of some difficult problems is to lure you into making an unwarranted
assumption.

If you avoid the temptation, these problems can become routine.

Example6:  Did Incumbent | get over 50% of the vote?

(1) Challenger C got 49% of the vote.
(2)  Incumbent | got 25,000 of the 100,000 votes cast.

If you did not make any unwarranted assumptions, you probably did not find this to be a hard problem.
What makes a problem difficult is not necessarily its underlying complexity; rather a problem is classified
as difficult if many people missit. A problem may be simple yet contain a psychological trap that causes
people to answer it incorrectly.

The above problem is difficult because many people subconsciously assume that there are only two
candidates. They then figure that since the challenger received 49% of the vote the incumbent received
51% of the vote. This would be a valid deduction if C were the only challenger*. But we cannot assume
that. There may be two or more challengers. Hence, (1) isinsufficient.

Now, consider (2) alone. Since Incumbent | received 25,000 of the 100,000 votes cast, | necessarily
received 25% of the vote. Hence, the answer to the question is “No, the incumbent did not receive over
50% of the vote.” Therefore, (2) is sufficient to answer the question. The answer isB.

Note, some people have trouble with (2) because they feel that the question asks for a “yes’ answer.
But on Data Sufficiency questions, a “no” answer isjust as valid as a “yes’ answer. What we're looking
for isadefinite answer.

* You might ask, “What if some people voted for none-of-the-above?’ But don’t get carried away with
finding exceptions. The writers of the GMAT would not set atrap that subtle.
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Checking Extreme Cases

ij _ When Drawing a Geometric Figure or Checking a Given One, Be Sure to Include
{ Drawings of Extreme Cases AsWell AsOrdinary Ones.
Tip!

Example 1: In the figure to the right, AC isa
chord and B is a point on the circle.
What is the measure of angle x?

B
A @ C
Although in the drawing AC looks to be a diameter, that cannot be assumed. All we know isthat AC isa

chord. Hence, numerous cases are possible, three of which areillustrated below:

Casel Casell Caselll
B B

B
A C
A XN C
A C

In Casel, x is greater than 45 degrees; in Case |1, x equals 45 degrees; in Case 11, x is less than 45 degrees.
Hence, the given information is not sufficient to answer the question.

Example2: Three rays emanate from a common point and form three angles with measures p, g, and r.
What isthe measure of g + r ?

It is natural to make the drawing symmetric as follows:

Ne -
r

Inthiscase, p=q=r=120°,s0q +r = 240°. However, there are other drawings possible. For example:
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Inthiscase, q +r = 180°. Hence, the given information is not sufficient to answer the question.

Example3: Intriangle ABC, AB=5and AC=3. IsBC<7?

The most natural drawing is the following:

A B
5

In this case, BC islessthan 7. However, there is another drawing possible, as follows:

C

A 5

In this case, BC is greater than 7. Hence, the given information is not sufficient to answer the question.

Example4: In the figure to the right, what is the
area of triangle AABC ?

A 4 B

Although the drawing looks to be an isosceles triangle, that cannot be assumed. We are not given the
length of side AC: it could be 4 units long or 100 units long, we don't know. Hence, the given information
is not sufficient to answer the question.
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Problem Set 7
> Easy

1

Isxy amultiple of 487

(1) xisamultipleof 4.

(2) yisamultipleof 6.

What isthe last digit of the positive integer n ?

(1) Thelast digit of n equals the last digit of n.
(2) nisaneven number.

Inthefigure, |, m, and k are straight lines. Are the lines| and m parallel?

(1) x=q
@ vy=p

What isthevalueof | + 2t ?

@ I+t=4
2 I+3=9
If p isthe circumference of the circle Q, what isthe value of p ?

(1) Theradiusof circleQis5.
(2) Theareaof circle Qis25m.

What is the value of x ?

(1) xisthesum of al prime numbers greater than 49 and less than 24,632.
(2) xisthesum of al odd prime numbers greater than 50 and less than 24,650.
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7. Inthe figure shown, AB is a diameter of the circle and O is the center of the circle. What is the value
of circumference of the circle?

nH A=GB4
(2) Thediameter of thecircleis 10.

y-axis A

0(0, 0) X-axis

> Medium

8. IsX>y?*?
1) x>y>0
2 x>1>y
a’-b? _ a?-b?
s >
a-b a+b

1 a=49
2 b=59

9 | ?

10. Isthe number x amultiple of 12?
(1) Both3and4divideinto x evenly.
(2) Both2and 6 divideinto x evenly.

11. Station Q isto the East of Station T. At 12 noon, atrain starts from Station Q and travels at a constant
speed of x mph towards Station T. At 12 noon of the same day, another train starts from Station T and
travels at a constant speed of y mph towards Station Q. At what time will the trains meet?

(1) y=4x3
(2) x=100mph
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12.

13.

14.

15.

16.

A y B E y+5 F
X X
D C H G
First Rectangle Second Rectangle
In the figure, the area of the first rectangle is 100. What is the area of the second rectangle?
(1) x=5
2 y=20
IsN/2 an odd integer?

(1) 2Niseven.
(2) Niseven.
Isalb>07

(1)) ab>0

(2 a-b>0

Is Ym+n aninteger?

(@) vJm isan integer.

2 vn isan integer.

How much is 20 percent of a certain number a ?

(1) 20is20 percent of the number a.
(2) 80 percent of the number a is 80.

17.

In thefigure, lines| and m are parallel. What is the value of x ?
1 z+t=120
2 y-z=60
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18.

19.

20.

21.

22.

23.

If r and s are two positive numbers, what is the value of theratio r/s ?

(1) ris25% greater thans.
(2)  ris25unitsgreater than s.

Isittruethat x—z>y—2?

1) xz>yz
(2 x+z>y+z

If x—4y =1, what isthe value of x ?

(1) x=4y+1
2 y=x2+1
Is l+£:2 ?
m n
(]_) ﬁ:
mn
n _
2 2=
) pory

A, B, C, and D are pointson alinein that order. If AD = 13, what is the length of BC ?

(1) AC=5
(2) BD=10
y-axis o
Quadrant I 100 Quadrant |
>
-100 100 x-axis
uadrant 111 uadrant 1V
Q -100 Q

In which quadrant does the point (a, b) lieif ab = 0?

(1) (b, a)liesin Quadrant I1I.
(2 ab>0
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y-axis o
Quadrant 11 100 Quadrant |
>
-100 100 x-axis
uadrant I11 uadrant IV
Q -100 Q

24. Isa+b>07
(1) Thepoaint (a, b) isin Quadrant I1.
(2 lal-Ib>0
25. Isa—-b>25?
1) a>b+25
(2) a=3+b

26. Isthe positive integer x an odd number?

() X*+3x+4iseven.
(2) X+ 4x+3isodd.
27. Isthe positive integer x an odd number?
(1) x®+3x+3isodd.
(2 K+x=4

28.  Which one of the expressions X%y and x?/y is greater?

1) y>x
@ y<-1

29. What isthevalueof x ?
(1) x-3=10/x
2 x>0

30. What isthevalueof x+y?
(1) 2x+3y=11
(2) 3Xx+2y=9

31. Isx>y?
1) 2x=2y+1
(20 3Xx=4y-1

32. Isxpositive?

(1) x+3ispostive.
(20 x-— 3ispositive.
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33. Is2p—-3qnot equal to 0?
(1) 4pisnot equal to 6q.
(2) pisnotequa toq.
34. If mand n are positive integers, then ism+ 2n an even integer?
1) m=3n+1
(2) Exactly one of thetwo numbersmand n is even.
35. What isthevalueof x ?
(1) 2x+1=10
(2 (2x+1)?=100
36. Inasequence, the n""term a, is defined by therule (a,, — 3)%. What isthe value of a, ?
1 =1
@ a=4

37. What is the numerical difference between the 5" and 6" terms in the sequence of numbers
g, a1, 8y, ..., 8,72

(1)  Them"term is defined by the rule 2m + 1.
(20 The6"termis8l.

38. Canxequal 0?

() X+1>2x+4
(2) (X+1)*=2x>2(x+1)+2

39. Isxgreaterthany ?

D x=2%
2 y=%

40. Ify=-xthenisy>-1?

(1) x>x
2 xX<x
41. 2xX-y=

(1) 3X+y=x+2y
(2 (x+y)+3(x-y)=0

42. Whatisthevalueofﬂ?
X+y
1) Ux+Uy=1/3
(2 x+y=xy3

43. What isthevalue of (x—2)*?

() X-4x+3=0
(20 X-7x+12=0

44. What number is 25 percent of x ?

(1) 50 percent of xis50.
(2) 9/100of xis9.
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45. What isthevalue of x—y ?

(1) xis50% morethany.
(2) xisthesum of y and 20.

46. What isthevalue of x + y? ?
(1) x+y=7
(2 X+y'=25

47. 1sx/15>y/257?

(1) 5Sy+3x>8x+2
(2) 6y+5x>10x+3y

48. Isa>b?

(1) Thearithmetic mean of aand b is 25.
(2) Thegeometric mean of aand b is 25.

49. lIsa>b?

(1) Thearithmetic mean of aand b is 25.
(2) Thegeometric mean of aand b is 24.

50. What isthe vaue of X* —y* ?

1) x+y=12
(@ xy=35
51. What isthe value of a_+b?
\ab

(1) ais4dtimesh.
(2) bisonefourth of a.

52. xy-yz=
1) yz—-zx=3
(2 x-—xy=4
53. Isx>y?
1) x>y
@ x<y

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W4 Cwww. manfen. net) Data Sufficiency

55.

56.

57.

58.

59.

B

In figure, ABC isatriangle. What isthe length of side AB ?

(1) x=50

(2 y=45

What is the minimum area of cardboard required to make a rectangular box with no top?

(1) Theareaof the bottom of the box is 23 square feet.
(2)  Thevolume of the box is 23 cubic feet.

What isthe value of ab + bc ?

(1) b=a+c

(2 b=3

If the value of (X —y)(x +Y) is 15, then what is the value of xly ?

(1) x-y=3

(2 x+y=5

Steve deposited $100 to open a savings account. If there are no other transactions in the account, what
amount of money would the account accrue in 6 months after opening the account?
(1) Theinterest rateis 4%.

(2) Interest is compounded quarterly.

m=

(1) 7m+5n=29

(2) mand n are positive integers.

k

/

yO

pO

60.

/%

Inthefigure, I, m, and k are straight lines. Are the lines| and m parallel to each other?

(1) x=q
@ vy=q
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61.

62.

63.

65.

66.

67.

Isx divisible by 14?
(1) x4disapositiveinteger.
(2) x/6isapositiveinteger.

Waugh jogged to a restaurant at x miles per hour, and jogged back home along the same route at y
miles per hour. He took 30 minutes for the whole trip. What is the average speed at which he jogged
for the whole trip?

(1) Therestaurant is 2 miles from home.
(20 x=12andy=6.

E B

C

In the figure, ABCD is a rectangle and E is a point on the side AB. What is the area of the shaded
region in the figure?

(1) AB=10andAD=5

(2) AE=4andEB=6

A

c D B

What isthe area of the equilateral triangle shown in the figure?
(1) ThebaseBC=6.

(2) Thealtitude AD = 3y/3.

If X2—y?=15,isX+y>x—-y?

(1) x-y=5

(@ x+y=3

Isx—2)(x-3)>0"7

1 x>2

(20 x<3

If x>y, thenislx< 1y ?

(1) xisnegative.
(2) yisnegative.
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68. A rectangular field is 3.2 yardslong. What is the area of the field in square yards?

(1) A fence marking the boundary is11.2 yardsin length.
(2)  Thedistance between the diagonally opposite corners of the rectangular field is 4 yards.

D C

69. Inthefigure, ABCD isasquare, and OB isaradius of the circle. IsBC atangent to the circle?
(1) PC=2
(2) Areaof thesguareis 16.

70. Isthe product of two numbers x and y a prime number?

(1) xandy aretwo prime numbers.
(2) xandy aretwo odd humbers not equal to 1.

7. Is(x—2)(x=-3)>07?
(1) x<2
(20 x<3
72. What isthe average score of the test takers on atest?

(1) Exactly half the test takers scored above 500.
(2) Thelowest and the highest test scores are 200 and 800, respectively.

73. Whatisthevalueof 2p+q?

(1) 3p+29=5
(2) 6p+4g=10

74. Isx>y?
1) x=y+1
2 x+y=1

75. If xequalsy/7, then isx less than 30?

1) y>210
() y<217
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76.

77.

78.

79.

80.

81.

ISW>O?

() a+c<2b

(2 d<oO

Does the integer m have at least 4 positive prime factors?

(1) ml4disapositiveinteger.

(20 m/15isapositiveinteger.

Does the positive integer n have at least 3 positive prime factors?
(1) n/l0isaninteger.

(2) n/30isaninteger.

If xisnot equal to 1, thenisy equal to zero?

L y=—

The savings from a person’s income is the difference between his or her income and expenditure.
What isthe ratio of Mr. Kelvin's savings in the year 1998 to the year 1999?

(1) Theratio of hisincomein the years 1998 to 1999is 3 : 4.
(2)  Theratio of his expenditure in the years 1998 to 1999is5 : 6.

What is the average temperature from Monday through Saturday of aweek?

(1) The average temperature from Monday through Wednesday of the week is 36°C.
(2)  The minimum and maximum temperatures between Thursday and Saturday of the week are
25°C and 38°C, respectively.

82. If a<b,is(a—b)+ (c—b) positive?
(1) c<a
(2) c<b
> Hard
m Lal-
p-q
(1) p+g=12
(2 pa=35
2
8. 1t H="Y1"R" tpenn=
kl—gk

85.

(1) T=3R=12
(2 k=4,g=13

2
If H =3, thenis YH?2 - 2H equal to% ?
kyl-g

(1) T=3R=12
(2 k=1,9=716
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86.

87.

88.

89.

90.

9L

92.

93.

What fraction of the students in a class have blue eyes?

(1) 10% of the girls have blue eyes.

(2)  20% of the boys have blue eyes.

If nisapositive integer, thenis (n + 1)(n + 3) amultiple of 4?

() (+2)(n+4)isodd.

(20 (n+3)(n+6)iseven.

X isad4-digit integer, and Y is a 3-digit integer. Is the sum of the digits of X greater than the sum of
the digitsof Y ?

(1) All thedigits of X are greater than 5.

(2) All thedigitsof Y arelessthan 5.

In afactory, there are workers, executives, and clerks. How many employees are there in the factory?

(1)  41% of the employees are workers, 460 are executives, and the remaining 720 employees are
clerks.
(2) 460 of the employees are executives and account for 23% of the employees in the factory.

How many families in the town of Windsor have exactly one car?

(1) 250 families have at least one car.
(2) 60 families have at least two cars.

The population of the town of Paxton continuously increased in the two decades 1960 through 1969
and 1970 through 1979. Was the percentage increase greater in the first decade than in the second
decade?

(1) Thepopulation increase in the first decade was 10,082.
(2)  The population increased by the same amount in both decades.

The length and width of a rectangular box are 6 feet and 5 feet, respectively. A hose supplies water at
arate of 6 cubic feet per minute. How long would it take to fill a conical box whose volume is three
times the volume of the rectangle box?

(1)  Thedepth of the rectangular box is 7 feet.
(2)  Theradius of the base of the conical box is 6 feet.

If a, b, and ¢ are three different numbers, then what is the value of ax + by + cz?

1) x(b-c)=yl(c—a)=2Z(@-b)
(20 ax:by:cz=1:2:-3

IsAABC aright triangle?

(1) Theanglesof AABCareintheratiol:2: 3.
(2)  Oneof the angles of AABC equals the sum of the other two angles.
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D C
95. Inthefigure, O isthe center of the circle of radius 3, and ABCD isasquare. If ZAOP = x and the side
BC of the square is tangent to the circle, then what is the area of the square ABCD ?
(1) PC=3
(20 x=60
96. Arethetwo triangles similar?
(1) Theratio of the measures of the anglesin onetriangleis2: 3: 4.
(2)  Theratio of the measures of the anglesin the other triangleis4 : 3: 2.
97. Arethetwo triangles similar?
(1) Theratio of the measures of the anglesin onetriangleis2: 3: 4.
(2)  Theratio of the measures of the anglesin the other triangleis1:1: 1.
98. What isthe area of quadrilateral ABCD ?
(1) AB=CD=3
(29 AD=BC=4
99.  Isxgreater than zero?
1 x>x
(2 xX<x
100. What isthe height of arectangular tank?
(1) Theareaof the base of the tank is 100 sg. ft.
(2) It takes 20 secondsto fill up the tank with water poured at the rate of 25 cubic feet per second.
101. What isthevalue of X* +y* ?

D x+y=7
(2) X+y*=25
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102.

103.

104.

105.

106.

107.

If x equals one of the numbers 1/54, 1/23, or 1/12, then
(1) LU55<x<1/22
(2 1U33<x<l11

In APQR, if PQ = x, QR =x+ 3, and PR =y, which one of the three angles of APQR is the greatest?

D x>y
(@ x=y+3
What isthe average speed of the car during its entire trip?

(1) Thecar traveled at 75 mph for the first half (by time) of the trip and at 40 mph for the second
half of thetrip.

(2)  Thecar would have taken 5 hrs to complete the trip if it traveled at 75 mph for the entire trip.

If sand t are positive integers, then what is the remainder when sisdivided by t ?

(1) gt=39.13

(20 s=17,73l1andt=429

The cost of production of a certain instrument increases with the number of units produced. What is

the cost of production for 270 units?

(1) Thecost of production for 300 unitsis $300.
(2) Thecost of production is directly proportional to the number of units produced.

A B

X° y°

p° z
D C

In the figure, is the quadrilateral ABCD a square?

() x=y=z=p
(2 AB=BC=CD=DA

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html

437



438 GMAT Math Bible W4 Cwww. manfen. net)

B(a, b)

A0, 2)

Ca 2

>

D(0, 0)

108. In the rectangular coordinate system shown, ABCD is a quadrilateral. The coordinates of the points
A, B, C, and D are (0, 2), (a, b), (a, 2), and (0, 0), respectively. Is the quadrilateral ABCD a
parallelogram?

1 a=3
(20 b=5
A
y°I2
x°| 0O
C o D
y
B

The dimensions in the figure may be different from what they appear to be.

109. Inthefigure, istheline AB perpendicular to the line CD?

(1)) x+y=180
(2) AOC isanisoscelestriangle

110. A regular hexagon isinscribed in acircle. What is the area of the hexagon?

(1) Theradiusof thecircleis 10.
(2)  The perimeter of the hexagonis 404/3.
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D I B

The dimensions in the figure may be different from what they appear to be.

111. Istriangle ABC aright triangle?
(1) ACDisaright triangle.
(2) ACisthe greatest side of AACD.

112, Isx>y?

D) x-y)’>(x-y)?
@ x=y"> -y

113. A worker is hired for 7 days. Each day, he is paid 11 dollars more than what he is paid for the
preceding day of work. How much was he paid in total for the 7 days of work?

(1)  Thetotal amount he was paid in the first 4 days of work equaled the total amount he was paid
inthelast 3 days.

(2) The total amount he was paid in the last 3 days of work equaled $66 more than the total
amount he was paid in the first 3 days of work.

114. What isthe sum of the two numbers x and y?

(1) Theratio of the sum of the reciprocals of x and y to the product of the reciprocals of x and y is
1:3.
(2) Theproduct of x and y is 11/36 units greater than the sum of x and y.

C

D

115. Inthe figure, Aand B are the centers of the two circles. The circles intersect each other at C and D.
What is the value of the common area of the two circles?

(1)  Theradius of the circle with center Ais5.
(2 4CAD=120°.
116. Isthe product of the three nonzero numbers a, b, and c divisible by 817

(1)  Theproduct of the three numbers a, b, and ¢ isamultiple of 27.
(2)  None of the three numbers a, b, and cisdivisible by 9.
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117.

118.

119.

120.

121

122.

123.

124.

125.

126.

Which one is greater on Richard’'s farm: the total number of pigs and horses, or the number of
chickens?

(1) Theratio of the number of chickens to the number of pigs to the number of horses on his farm
is33:17:21.
(2)  Thetotal number of chickens, pigs, and horses on hisfarmis 142.

Train X leaves Los Angeles at 10:00AM and travels East at a constant speed of x miles per hour. If
another Train Y leaves Los Angeles at 11:30AM and travels East along the same tracks at speed vy,
then at what time will Train Y catch Train X ?

(1) y=4x3
(2) x=60milesper hour
If aand b are positive integers, andx=2-3-7-a,andy=2-2-8-b,thena—-b =

(1) Thevauesof both x and y lie between 120 and 130, not including the two.
(2) Thedifference between x and y equal s two times the difference between a and b.

A researcher collected n readings from a scientific experiment. Is the standard deviation of the
measurements |ess than 5?

(1) Themean of the positive difference between each measurement and the mean is 5.
(2)  Thevariance of the set of n measurementsis 25.

Isx=y?
(1) x+y=100
(2 (x=50)*=(y-50)*

Isx=y?

@ (x+ y)(1+1)= 4
Xy
(20 x-100=y-100
If Ms. Ana and Mr. Mathew are children of Mrs. Smith, how many brothers and sisters are there in
Mrs. Smith’s family?

(1) Ms. Anahasthe same number of brothers and sisters.
(2)  Mr. Mathew has twice as many sisters as brothers.

If p and g are both positive integers, then is p divisible by 9?

(1) p/10+ g/10isan integer.
(2) p/9+ g/10isan integer.

If m =k - p, where k and m are different positive integers, then does m have more than 5 prime
factors?

(1) khas5 different prime factors.
(2) phas5different prime factors.

50+5n

n2

Is

an integer?

(1) n/5isapositive integer.
(2) n/10isapositive integer.
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127. What isthevalueof 0.1 + 0.1Y™+ 0.1¥" 2

(1) i+1:i
m n 3
2 m=3

128. An off-season discount of x percent is being offered at a store for any purchase with list price above
$500. No other discounts are offered at the store. John purchased a computer from the store. Did he
get the discount offer?

(1)  John paid $459 for the computer.
(20 x=10%

129. The profit earned by selling a commodity is generally given by the selling price of the commodity
minus the cost of the commaodity. Each year, both the price and the cost increase for commodity A.
By what percentage will the profit on commodity A grow next year?

(1) Next year, the cost of the commodity to retailers will increase by 9%.
(2)  Nextyear, the selling price of the commodity by retailers will increase by 10%.

> Very Hard

130. An old man distributed his estate worth x dollars to his three sons Allen, Tommy, and Peter. Who
received the smallest part of the estate?

(1)  Allengot 4/5 of what Tommy got and 3/5 of what Peter got.
(2)  Peter got 5/4 of what Tommy got and Tommy got 100 dollars more than what Allen got.

2
131, 1f YH2-2H =TV R henan =

k 1—gk

(1) T=3R=12
() k=1,g=7/16

132. A bank compounds interest for its customers annually. How much interest is earned in one year on
$300?

(1) Interest rate per annum is 20%.
(2)  Interest earned in two years on $300 is $132.

C B
133. Inthefigure, AC=2.1s BC>32 ?

(1) AABCisobtuse.
(2) AABCisisosceles.
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134.

135.

136.

137.

138.

Brand A bike costs twice as much as the Brand B bike. The monthly maintenance cost of the Brand
B bike is twice the monthly maintenance cost of Brand A. John purchased a Brand A bike, and Peter
purchased a Brand B bike. If at any time the total expenditure on a bike is calculated as the purchase
cost plus the maintenance cost up to that time, then after how many months would John and Peter
have spent equal amounts on their bikes?

(1)  The monthly maintenance cost of the Brand A bike is 5% of the cost of the bike.
(2)  John and Peter purchased their bikes on the same day.

B

Thefigure is not drawn to scale.

In the figure, ABCD is a square and E is a point inside the square. Is BEC aright triangle?
(1) Thepoint E ison the line joining the midpoints of AD and BC.

(2) LAEDis100°.

A father distributed histotal wealth to his two sons. How much wealth did the father have?

(1) Theelder son received 3/5 of the wealth.
(2) Theyounger son received $30,000.

Chelsea traveled from point A to point B and then from point B to point C. If she took 1 hour to
complete the trip, what is the total distance she traveled?

(1) From Ato B, her average speed was 40 mph, and from B to C her average speed was 60 mph.
(2)  Her average speed for the complete trip was 50 mph.

The total income of Mr. Teng in the years 2003, 2004, and 2005 was $36,400. What was his income
in 2005?

(1) Hisincomeincreased by 20% each year.
(2) Hisincomein 2004 was $2000 more than in 2003.
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139.

140.

141.

142.

143.

144.

145.

In the figure, what is the value of z?

(1) x=30

(2 y=60

In a country, 65% of male citizen and 68% of female citizen are eligible to vote. What fraction of the
citizens voted during the election?

(1) 68% of malecitizens eligible to vote voted.

(2) 65% of female citizens eligible to vote voted.

In a country, 65% of male citizen and 68% of female citizen are eligible to vote. What percentage of
the voters voted during the election?

(1) 65% of eigible male citizens voted.

(2) 68% of digible female citizens voted.

The price of a car was m dollars. It then depreciated by x%. Later, it appreciated by y% to n dollars.
If there are no other changesin the price, ism>n ?

L y=

If mand n are two positive integers, then what is the value of mn ?

() 7m+5n=29
(20 m+n=5

The costs of equities of type A and type B (in dollars) are two different positive integers. What is the
total cost of 2 equities of type A and 3 equities of type B?

(1) 4typeA equitiesand 5 type B equities together cost 27 dollars.
(2) Cost of atype A equity plusthe Cost of atype B equity is 6 dollars.

Station B isto the East of Station A. A train starts from Station A at 12 noon, traveling at a constant
speed of x miles per hour toward Station B. At 12:30 PM, a train starts from Station B at a constant
speed of y miles per hour toward Station A. When will they meet each other?

1) y=4x3
(2)  x=60miles per hour

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html

443



444 GMAT Math Bible W4 Cwww. manfen. net)

146. Isthe statistical function the Range on the integers 5, 7, x, 6, y, and 9 greater than 5?
(1) x=3y
2 x<2

147. How much time does Mr. Richards take to reach his office from home?

(1) Oneday, he started 30 minutes late from home and reached his office 50 minutes late, while
driving 25% slower than his regular speed.

(2) Heneedsto drive at a constant speed of 25 miles per hour to reach his office just in time if he
is 30 minutes late from home.

148. Mr. David usually starts at 9:00AM and reaches his office just in time, driving at his regular speed.
Last Wednesday, he started at 9:30AM and drove 25% faster than his regular speed. Did he reach the
officein time?

(1) Last Monday, he started to his office 20 minutes early, drove 20% slower than his regular
speed, and reached his office just in time.
(2) Last Tuesday, he started to his office 10 minutes early, and reached the office 10 minutes
early driving at his regular speed.
149. 2ab5isafour-digit number. What is the value of the two-digit number ab ?

(1) Thetwo digit number ab isamultiple of 13.
(2) Thefour digit number 2ab5 isdivisible by 25.

150. Is 1[% an integer?

(1) m=n+14
(20 m=5n+6

151. If m> n, thenismn divisible by 3?

() Theremainder when m+ nisdivided by 6is5.
(2) Theremainder when m—nisdivided by 6is 3.

152. Didthe seller earn a profit?

(1) Thesdling price of 20 items equals the cost of 15 items.
(2) Thecost of 10 itemsis $55 greater than the selling price of 8 items.

153. If p and q are both positive integers, then isq divisible by 10?

p.q. .
1 —+— isan integer.
@ 10

10
p.q. .
2 —+ — isaninteger.
2 T eg
154. Whatisthevalueofm?
8a+b+3c

(1) x=10a,y=3b,z=7c
(20 x:y:z=10:3:7
x+3y—1Oz,7
a+3-10c

(1) xa=yb=2zc
(2 x=2y=3z

155. What isthe value of
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Answer s and Solutionsto Problem Set

> Easy

1. Not every multiple of 4 is a multiple of 48 (For example, 8 [= 4 - 2] isamultiple of 4, but 8 is not a
multiple of 48). Hence, Statement (1) aloneis not sufficient to answer the question.

Not every multiple of 6 is a multiple of 48 (For example, 12 [= 6 - 2] is a multiple of 6, but 12 is not a
multiple of 48). Hence, Statement (2) aloneis not sufficient to answer the question.

A multiple of both 4 and 6 must be a multiple of the least common multiple of 4 and 6, which is 24. But
again, not every multiple of 24 is a multiple of 48 (For example, 72 [= 24 - 3] isamultiple of 24, but 72 is
not a multiple of 48). Hence, statements (1) and (2) together cannot answer the question. The answer is (E).

2. Thelast digit of a positive integer is the same as the last digit of n? only when the last digit is0, 1, 5, or
6. For example, The last digit of 10 is 0 and the last digit of 10? (= 100) is also 0. The last digit of 11 is 1
and the last digit of 11? (= 121) isalso 1. The last digit of 15is 5, and the last digit of 15? (= 225) isalso 5.
The last digit of 16 is 6, and the last digit of 16 (= 256) is also 6. Since we have multiple cases with
Statement (1) alone, it is not sufficient.

Now, the last digit of an even number is0, 2, 4, 6, or 8. Hence, Statement (2) aloneis not sufficient.

The common solutions from the two statements are 0 and 6 (which means n ends with either 0 or 6). Since
we do not have a single solution, the statements together are not sufficient. The answer is (E).

3. In the figure below, statements (1) x =g and (2) y = p are satisfied. Still, lines | and m intersect and
therefore are not parallel.

k

\X°

]

Now, consider the figure below, where each of the angles x, y, p, and q equals 90°. Here, the statements are
satisfied and lines| and mare parallel.

Since we have adouble case, the statements together are not sufficient. Hence, the answer is (E).
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4. Statement (1) contains two variables and only one equation. Hence, it cannot determine the value of
| +2t. So, Statement (1) alone is not sufficient.

Similarly, Statement (2) contains two variables and only one equation. Hence, it cannot determine the value
of | + 2t. So, Statement (2) alone is not sufficient.

With Statement (1) and Statement (2) together, we have two equations in two unknowns:

[+t=4
[+3t=9

This system may have a solution. To find out, add the equations:
(I+t)+(1+3)=4+9
21 +4t=13
| +2t=13/2
Hence, the statements together answer the question. The answer is (C).

5. If we know the radius of the circle, we can draw a unique circle with the radius and can then measure
the circumference. So, Statement (1) aloneis sufficient.

Now, the area of the circle Q = & x radius® = 25x. Solving the equation for the radius yields radius =
1/@ = 5. Hence, we have the radius from Statement (2) alone, and therefore Statement (2) aloneis
TT

sufficient. The answer is (D).

6. The number of primes greater than 49 and less than 24,632 is fixed and therefore can be summed and
the question can be answered. Hence, Statement (1) aloneis sufficient.

The number of odd primes that are greater than 50 and less than 24,650 is fixed and therefore can be
summed and the question can be answered. Hence, Statement (2) alone is sufficient.

Since either Statement alone is sufficient, the answer is (D). This question merely tests your understanding
of the Data Sufficiency format.

7. The formula for the circumference of a circle is 2t x radius. Hence, if we know the radius, then the
circumference of the circle can be calculated.

The point A(3, 4) is on the circle, and O(0, 0) is the center of the circle. Hence, AO isaradius. Since the
points can be located (because we have the coordinates of the two end points of the line segment), the
distance between them AO (= radius) can be calculated and therefore Statement (1) alone is also sufficient.

Theradiusis half the diameter. The diameter is given in Statement (2), so the statement is sufficient.

The answer is (D).
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> Medium

8. From the inequality x >y > 0 in Statement (1), we have that both x and y are positive. Multiplying the
inequality x >y by x yields x* > xy, and multiplying by y yields xy > y?>. Combining the two results yields
X2 > xy > y%. S0, we have X2 > y°. Hence, Statement (1) alone is sufficient to answer the question.

From Statement (2) alone, we have x > 1 >y. Now, if x = 2 and y = =3, then x? is not greater than y°. But, if
X = 2 and y = -1, then x? is greater than y*>. Hence, we have a double case and Statement (2) alone is not
sufficient.

The answer is (A).

2 12 +b)(a-b
9. Applying the Difference of Squares formula to the numerator of % yields M =

a- a-b
2 2 _
and doing the same to a’-b yields (a+b)(a b)
a+b +

a+ b,

=a—b. So, the question reducesto“Isa+b>a—-b?

Adding —a + b to both sides of the inequality further reduces the question to “Is 2b > 07", or finally
“Isb > 07" Statement (2): b = 59 alone can answer the question. Statement (1): a = 49 alone is not relevant
sinceit does not tell usthe value of b. The answer is (B).

10. From Statement (1), we have x is divisible by 3 and 4. So, x must be a common multiple of 3 and 4.
The least common multiple of 3 and 4 is 12. So, x is a multiple of 12. Hence, Statement (1) answers the
question, “Isx multiple of 127’

From Statement (2), we have 2 and 6 divide x evenly. The LCM of 2 and 6 is 6, so x isamultiple of 6. But,
not al multiples of 6 are multiples of 12 (for example, 18). Hence, Statement (2) alone is not sufficient to
answer the question, “Isx ismultiple of 127’

The answer is (A).

11. The time at which the trains meet depends on the distance between the stations. So, from the speeds
alone, we cannot evaluate the time taken. Hence, statements (1) and (2) together are not sufficient to
answer the question. The answer is (E).

12. The area of a rectangle is length x width. Hence, the area of the first rectangle is xy = 100 (given that
the areais 100).

The area of the second rectangle is x(y + 5) = xy + 5x = 100 + 5x (since xy = 100). Hence, the value of x is
sufficient to answer the question. Hence, Statement (1) alone is sufficient.

Now, if we have the value of y, we can evaluate x as follows: Since xy = 100, x = 100/y. Hence, Statement
(2) doneissufficient.

Since either statement is sufficient, the answer is (D).

13. Suppose N/2 is odd. Then N = 2 x (an odd number) = even. Also, 2N = 2 x (even number) = even.
Hence, both statements (1) and (2) are satisfied.

If N/2 is even, then N = 2 x (an even number) = even, and 2N = 2 x (an even number) = an even number.
Here, both statements (1) and (2) are satisfied.

Hence, the two statements are valid both when N/2 is odd and when N/2 is even. Hence, the statements
together are not sufficient to answer the question. The answer is (E).
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14. Dividing the inequality ab > 0 by b?, a positive value, yields a/b > 0. Hence, Statement (1) alone is
sufficient.

Now, a—b is positive when a is greater than b. When both a and b are positive, a/b is positive. When ais
positive and b is negative, a/b is negative. Hence, we have a double case, and Statement (2) alone is not
sufficient.

Hence, the answer is (A): Statement (1) aloneis sufficient, and Statement (2) aloneis not sufficient.

15. Let m=9and n = 16. Then Ym=3isan integer, and Vn=4 isalso aninteger. Now, +/m+n =

V19+16 =+/25=5 isaso an integer.

Now, let m =4 and n = 9. Then Ym =2 isan integer, and Vn=3 isalso an integer. But here, 4m+n =

V4+9=4/13, notan integer.

Hence, we have a double case. The answer is (E): the two choices together are insufficient to answer the
question.

16. From Statement (1) alone, we have that 20 is 20 percent of a. Hence, we have 20/100 x a = 20. Solving
this equation for a yields a = 100/20 x 20 = 100. Hence, Statement (1) aloneis sufficient.

Now, from Statement (2) alone, we have that 80 is 80 percent of a. Now, 80 percent of a is 80/100 x a.
Equating this to 80 yields 80/100 x a = 80. Solving this equation for a yields a = 100/80 x 80 = 100. Hence,
Statement (2) aloneis sufficient.

The answer is (D).
17. Equating vertical anglesinthefigureyieldsy=sand z=t.

Since lines | and m are parallel, the corresponding angles must be equal. So, x = s. Hence, the question is
equivalent to “What is the value of s?

Also, since aline has 180°, summing the angles z and s, which make the line |, yields z + s = 180. Solving
for syields s = 180 — z. From this equation, s is a dependent variable that depends only on z. Hence, if we
know the value of z, we can determine the value of s, which answers the question. Hence, the question is
equivaent to “What isthe value of 27’

Now, from Statement (1) alone, we have that z+ t = 120. Since z =t, we have z + z = 120, or 2z = 120, or z
= 120/2 = 60. Hence, Statement (1) alone determines z.

Now, from Statement (2) alone, we have that y — z = 60. Adding z to both sides yields y = z + 60. Now, a
straight angle has 180°. Hence, we have

y+2z=180
(z+60)+z=180
2z=180-60=120
z=120/2=60

Hence, Statement (2) alone a so determines z.

Hence, the answer is (D).
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18. From Statement (1) alone, we have that r is 25% greater than s. Hence, r = (1 + 25/100)s. Hence, r/s =
1+ 25/100 = 1.25. Hence, Statement (1) aloneis sufficient.

From Statement (2) alone, we have that r is 25 units greater than s. Hence, we have the equation r = s + 25.
Dividing the eguation by s yieldsr/s =s/s + 25/s = 1 + 25/s. Since s is unknown, 1 + 25/s cannot be
calculated. Hence, Statement (2) aloneis not sufficient.

Hence, the answer is (A).

19. Canceling z from both sides of the inequality x —z >y —zyields x > y. Hence, x — zis greater thany — z
when x >y. So, the question reducesto “Isx > y?’

From Statement (1) alone, we have the inequality xz > yz.

Suppose z is positive. Then we can divide the inequality xz > yz by z without flipping the direction of the
inequality, and we get X > y.

Suppose z is negative. Then we can divide the inequality xz > yz by z while flipping the direction of
inequality, and we get x <.

We have a double case, and therefore Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that x + z>y + z. Subtracting z from both sides yields x > y. Hence,
Statement (2) aloneis sufficient to answer the question.

The answer is (B).

20. We are given the linear equation x — 4y = 1. Adding 4y to both sides yields x = 4y + 1. So far, we have
only one equation in two unknowns.

From Statement (1) alone, we have the equation x = 4y + 1, which is same as the given equation. Hence,
effectively, we still have only one equation in two unknowns, x and y. So, Statement (1) alone is not
sufficient to determine the value of x.

From Statement (2) alone, we have that y = x/2 + 1. This is a different linear equation in the same two
unknowns. Hence, together with the given equation x = 4y + 1, we are able to determine a unique value for
X. The answer is (B). Solving the equations yieldsx = -5 and y = -3/2.

21. From Statement (1) alone, we have that jk/mn = 1. Solving for j yieldsj = mn/k. Hence, the expression
ik ™k _n_ Kk . . . .

—+— equals —4*+—=—+—. Sincewe still do not have theratio k/n, Statement (1) alone is not

m n m n k n

sufficient.

From Statement (2) alone, we have that jn/mk = 1. Solving for j yields j = mk/n. Hence, the expression

ml
il + I(nequals A+ k_k 5 2 . Since we till do not have theratio k/n, Statement (2) aloneis also
m n m n n n n

not sufficient.

Now, equating the results of the expression from the two statements yields E+E _2_k Subtracting LS
n n n

2
from both sides yields E=5 Multiplying both sides by LS yields (E) =1; k =+1 or 1. Hence, 2K
n n n n n

equals 2(-1) = -2 or 2(1) = 2. Hence, we have a double case, and even the statements together do not
answer the question. Hence, the answer is (E).

HZOMATZE BHE Y R : http://manfen. net/thread-7582-1-1. html



450 GMAT Math Bible W4 Cwww. manfen. net)

22. Drawing a number line with the points A, B, C, and D yields

A B C D
I I I I

From the number line, we have the equations

AC=AB+BC
BD =BC+CD
AD =AB+BC+CD

Adding the first two equations yields
AC + BD = (AB + BC) + (BC + CD) = AB + 2BC + CD
Subtracting the third equation from this equation yields

AC+BD —AD = AB + 2BC + CD — (AB + BC + CD)
=BC

Hence, BC = AC + BD —AD = AC + BD — 13. Now, the side lengths of BD and AC are independent of each
other. Hence, the value of BC depends on both AC and BC. Hence, both statements are required to answer
the question. Hence, the answer is(C),andBC=AC+BD -13=5+10-13=2.

23. From Statement (1) alone, we have that the point (b, a) lies in the third quadrant. In the third quadrant,
both x- and y-coordinates are negative. So, b and a are negative and therefore (a, b) also lies in the same
quadrant (Quadrant I11). Hence, Statement (1) alone is sufficient.

From Statement (2) alone, we have that a/b is greater than O (positive). This happens when both a and b are
positive or when both a and b are negative. In the first case, (a, b) isin Quadrant I; and in the second case,
(a, b) isin Quadrant I11. So, we have adouble case, and Statement (2) alone is not sufficient.

The answer is (A).

24. From Statement (1) alone, we have that the point (a, b) isin Quadrant I1. Hence, a is negative and b is
positive. Since |a| is the positive value of a and a is negative, a can be expressed as —fa|. Also, |b] is the
positive value of b; and since b is positive, b can be expressed as |b|. Hence, a + b = —a| + |b|. Now, if |b| is
greater than |a|, a + b is greater than 0. Otherwise, a + b is not greater than 0. Hence, we have a double
case, and Statement (1) alone is not sufficient.

From Statement (2) alone, we have that [a] — |b| > 0. Adding |b| to both sides yields |a| > |b|. Now, suppose a
equals 3 and b equals 2. Then a + b = 5, a positive number. Now, supposeais—-3and bis2. Thena+ b=
-1, anegative number. Hence, we have a double case, and even Statement (2) aloneis not sufficient.

Combining the results from the two statements, a + b =—a| + |b| and —|a| + |b| < 0, yields a + b < 0. Hence,
the statements together determine that a + b is not greater than 0. Hence, the answer is (C).

25. From Statement (1) alone, we have the inequality a > b + 2.5. Subtracting b from both sides yields
a—b > 2.5. Hence, Statement (1) alone is sufficient to answer the question.

From Statement (2) alone, we have that a = 3 + b. Subtracting b from both sidesyieldsa—b = 3. Since 3 is
greater than 2.5, a — b is greater than 2.5. Hence, Statement (2) alone is also sufficient to answer the
question.

The answer is (D).
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26. From Statement (1) alone, we have that x> + 3x + 4 is an even number. Hence, x* + 3x =
(an even number) — 4 = an even number. So, X2 + 3x = x(x + 3) is an even number. The product of the two
positive integers is even when at least one of them is even. So, whether x is even or x + 3 is even (because x
is odd), x(x + 3) is even. So, we cannot determine whether x is even or odd. Therefore, Statement (1) alone
is not sufficient.

From Statement (2) alone, we have that X% + 4x + 3 is an odd number. Hence, X2 + 4x = (an odd number) — 3
= an even number. So, X* + 4x = X(X + 4) is an even number. The product of two positive integers is even
when at |east one of them is even. So, at least one of the two factors x and X + 4 must be even. But, if X is
even, X + 4iseven; and if x + 4 is even, x is even. Hence, Statement (2) alone is sufficient. The answer to
the question is“No. xiseven.”

So, the answer is (B): Statement (2) alone is sufficient, and Statement (1) is not sufficient.

27. From Statement (1) alone, we have that x¥* + 3x + 3 is an odd number. Hence, x* + 3x =
(an odd number) — 3 = an even number. So, X* + 3x, which equals x(x + 3), must be even. The product of
the two positive integers x and x + 3 is even when at least one of them is even. Now, if x + 3iseven, x is
odd; and if x + 3isodd, xiseven. So, x may or may not be odd. Statement (1) alone is not sufficient.

From Statement (2) alone, we have that x| + X = 4. For positive numbers, |x| equals x. Hence, x + x = 4;
2x=4; x = 4/2 = 2, an even number. Hence, Statement (2) aone is sufficient. The answer to the question is
“No. xiseven.”

The answer is (B).

28. We can reword the question as either “Isx%y > x2/y?’ or “1s X%y < x3ly?" A valid assumption isx?y # Xy
since the original question asks for the greater one of the two. Let's work on “Is Xy > x?/y?’ Dividing this
inequality by the positive value x? changes the question to “Isy > 1/y?’ Since the inequality in the question
no longer has X2, any further information about x isirrelevant. So, Statement (1) is not required.

From Statement (2) alone, we have that y < —1. Hence, y is negative. Dividing both sides of this inequality
by -y, a positive number, yields -1 < 1/y. Combining the inequalities y < -1 and -1 < 1/y yields
y < -1 < 1/y from which we have y < 1Jy. Hence, Statement (2) alone answers the question. Hence, the
answer is (B). The answer to the question is “No. y is not greater than 1/y.” So, the answer to the original
question is“No. X%y is not greater than x?/y,” or “x?/y isthe greater one.”

29. From Statement (1) alone, we have the equation x — 3 = 10/x. Multiplying the equation by x yields
x? — 3x = 10. Subtracting 10 from both sides yields x¥* — 3x — 10 = 0. Factoring the equation yields
(x =5)(x + 2) = 0. Now, the left-hand side of the equation is 0 when x equals 5 or —2. Since we have two
solutions for x, Statement (1) alone is not sufficient.

From Statement (2) alone, we have a range of values for x (x > 0, x is positive), not a single value. Hence,
Statement (2) aloneis not sufficient to answer the question.

Combining the results from the two statements, we eliminate the chance of x being equal to —2 since now
we know that x is positive. So, we are |eft with only one solution x = 5. Hence, the answer is (C).
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30. Letx+ y=t. Theny =t —x. Substituting this in the question changesit to
“What is the value of t?’

(1) 2x+3(t—-x)=11o0r3t—x=11
(2)3x+2(t—x)=9o0r2t+x=9

From Statement (1) alone, we have 3t —x = 11. Solving the equation for t yieldst = (11 + x)/3. Hence, the
value of t is dependent on x (which is still unknown). Hence, Statement (1) alone is not sufficient to
evaluatet.

Similarly, from Statement (2) alone, we have 2t + x = 9. Solving the equation for t yieldst = (9 — x)/2.
Hence, the value of t is dependent on x (which is still unknown). Hence, Statement (2) alone is not
sufficient to evaluatet.

Next, from statements (1) and (2) together, we have 3t —x = 11 and 2t + x = 9. Summing the two equations
yields 5t = 20; t = 20/5 = 4. Hence, the statements together answer the question. The answer is (C).

31. Dividing both sides of the equation in Statement (1) by 2 yields x = y + 1/2. Reading the equation
yields “x is 1/2 unit greater than y.” Hence, Statement (1) aloneis sufficient.

Subtracting y from both sides of the inequality yields x —y > 0. Hence, the question can be changed to
“Isx—y>07? or“Isx—y positive?’

Let’s derive an expression for x —y from Statement (2) alone. The equation in the statement is 3x = 4y — 1.
Subtracting 3y from both sides of the equation yields 3x — 3y = y — 1. Dividing both sides by 3 yields
X —y = (y — 1)/3. Now, the value of (y — 1)/3 is less than 0 (when y = —1) and greater than O (wheny = 2).
Hence, Statement (2) aloneis not sufficient to answer the question.

Hence, the answer is (A).

32. The question is“Isx positive?’ In other words, “Isx > 07’

From Statement (1) alone, we have that x + 3 is positive. Expressing this as an inequality yields x + 3> 0.
Subtracting 3 from both sides yields x > —-3. Hence, x may have a negative value, such as
—2 or 0.5, or a positive value, such as 1 or 2. Hence, we have a double case, and Statement (1) alone is not
sufficient.

From Statement (2) alone, we have that x — 3 is positive. Expressing this as an inequality yields x —3> 0.
Adding 3 to both sides of the inequality yields x > 3. Hence, x is positive. Hence, Statement (2) alone is
sufficient to answer the question. The answer is“Yes. x> 0istrue.”

Hence, the answer is (B).

33. From Statement (1) alone, we have that 4p # 64. Dividing both sides by 2 yields 2p # 3g. Subtracting
3q from both sides yields 2p — 3q # 0. Hence, Statement (1) alone is sufficient to answer the question.

From Statement (2) alone, we have p = g. Multiplying both sides by 2 yields 2p = 2q. Subtracting 39 from
both sides yields 2p — 3q = —g. Now, if g equals O, then 2p — 3q does not equal 0. But if g does not equal 0,
then 2p — 3g may equal 0 [For example, when, say, p = 3 and g = 2, then 2p — 3g = 2(3) — 3(2) = 0]. Hence,
we have adouble case, and Statement (2) aloneis not sufficient.

Since Statement (1) aoneis sufficient, the answer is (A).
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34. From Statement (1) alone, we have m=3n + 1. Hence, m+ 2n equals (3n + 1) + 2n=5n + 1.
If niseven, then 5niseven and 5n + 1isodd.
If nisodd, then 5nisodd and 5n + 1 iseven.

Hence, we have a double case, and Statement (1) alone is not sufficient. Also, in either case, only one of the
two numbers m and n is even. Hence, Statement (2) is a derivation of Statement (1). Hence, we can use the
same two cases in Statement (1) to determine that Statement (2) aloneis not sufficient.

Also, since Statement (2) is a derivation of Statement (1), the same two cases in Statement (1) can be used
to determine that the statements together are not sufficient to answer the question. Hence, the answer is (E).

35. Solving the equation 2x + 1 = 10 in Statement (1) for x yields x = 9/2. Hence, Statement (1) alone is
sufficient.

From Statement (2) alone, we have that (2x + 1)? = 100. Square rooting both sides yields two equations:
2x +1 =10 and 2x + 1 = -10. Solving the first equation for x yields x = 9/2, and solving the second
equation for x yields x = —=11/2. Hence, we have a double case, and Statement (2) alone is not sufficient to
answer the question.

Hence, the answer is (A).

36. The question is asking for the value of a,. Substituting n = 4 in the formula of the sequence
a,=(a,.,—3)?yieldsa, = (a,_, — 3)? = (a; — 3)% From this equation, it is clear that we need the value of a,
to evaluate a,. Similarly, to evaluate a;, we need the value of a, (a, alone is sufficient). Hence, a, can be
evaluated if we have a, alone. Hence, Statement (2) alone is sufficient to answer the question. Similarly, a,
can also be evaluated from a, and therefore the value of a, alone is sufficient to evaluate a,. Since each
statement alone is sufficient, the answer is (D).

37. From Statement (1), we have the rule for the general term a,, = 2m + 1. Using this formula to evaluate
the 5" and 6" termsyields

as=2(5)+1=11
a,=2(6) +1=13

Forming the difference a; — a5 yields
;—a;=13-11=2

Hence, Statement (1) alone is sufficient to answer the question.

Statement (2) gives the value of the 6™ term but does not provide a way to evaluate the 5" term of the
series. Hence, Statement (2) aloneis not sufficient to answer the question.

Since only Statement (1) aloneis sufficient, the answer is (A).
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38. From Statement (1), we have the inequality:

X¥+1>2x+4

X—2x+1>4 subtracting 2x from both sides

X=2(X)(1) +1°> 4 expressing the left side in the form a? — 2ab + b?
(x=12?>4 using the formula a® — 2ab + b? = (a—b)?

Square rooting both sides of the inequality yields two new inequalities: x—1>2 or x—1 <-2. Adding 1 to
both sides of these inequalities yields x > 3 and x < —1. So, X is either less than —1 or x is greater than 3. In
either case, x does not equal 0. Hence, Statement (1) al one answers the question.

Now, the given inequality in Statement (2) is

(X+1)2=2x>2(x+ 1) +2
X+ 2X+1—2X>2X+ 2+ 2
X+1>2x+4

This inequality is same as the inequality in Statement (1). Hence, each statement alone is sufficient to
answer the question, and the answer is (D).

39. From statements (1) and (2) together, we have x = 2y and y = 2k.

Let k equal —1. Then from the second equation, y = 2k = 2(-1) = —2; and from the first equation, x = 2y =
2(-2) = 4. Inthiscase, X (= —4) is not greater than y (= -2).

Now, let k equal 1. Then from the second equation, we havey = 2k = 2(1) = 2 and x = 2y = 2(2) = 4. In this
case, X (= 4) is greater than y (= 2). We have a double case here with statements (1) and (2) taken together.

Hence, statements (1) and (2) together are not sufficient to answer the question. The answer is (E).

40. The question asksisy > —1? We are also given the equation y = —x. Substituting this into the inequality
y > -1 yields —x > —1. Multiplying this inequality by —1 and flipping the direction of the inequality yields
x < 1. Hence, effectively, we are asked “Isx < 1.”

Now, dividing the inequality in Statement (1) by the positive value x? yields x* > 1. The solutions for this
inequality are x < —1 and x > 1. The first solution says x is less than 1 and the second solution says x is

greater than 1. Hence, we have a double case with Statement (1) alone. So, the statement is not sufficient.

Now, dividing the inequality in Statement (2), X3 < X2, by X? yields x < 1. Hence, Statement (2) says x is less
than 1. Hence, Statement (2) alone is sufficient to answer the question.

The answer is (B).
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41. From Statement (1) alone, we have

X+y=x+2y
X+y—-x—-2y=0 by subtracting x and 2y from both sides
2x-y=0

Hence, Statement (1) alone answers the question: 2x—y = 0.
Now, from Statement (2), we have

(x+y) +3(x-y)=0
X+y+3x-3y=0
4x—-2y=0
2x-y=0
Hence, Statement (2) alone a so answers the question: 2x—y = 0.
Hence, each statement alone is sufficient to answer the question. The answer is (D).
42. Multiplying the equation 1/x + 1/y = 1/3 given in Statement (1) by xy yieldsy + x = xy/3, or x +y =
xy/3. This equation is the same as the equation given in Statement (2). Hence, Statement (2) is the same as

Statement (1).

Xy

Now, multiplying both sides of the equation x+y =% by —— yields iy = 3. Hence, Statement (1)
Xty

3
X+y
alone, and therefore Statement (2) alone, is sufficient to answer the question.
The answer is (D).

43. (x—2)*=x2—4x + 22 = x2— 4x + 4. Hence, the question is “What isthe value of X —4x + 4 7’

From Statement (1) alone, we have that x* — 4x + 3 = 0. Adding 1 to both sides yields x* —4x + 4 = 1. The
answer is 1. Hence, Statement (1) aloneis sufficient.

From Statement (2) alone, we have that x> — 7x + 12 = 0. Adding 3x — 8 to both sides yields
X—Tx+12+(3x—8)=0+3x—8,0r x*—4x+4=3x—-8
Here, the value of x? —4x + 4 depends on X, an unknown, so Statement (2) alone is not sufficient.

Hence, the answer is (A).
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44. 25 percent of x is 25/100 - x. We can evaluate this if we have the value of x. Hence, the question
effectively is“What isthe value of x 7’

From Statement (1) alone, we have that 50 percent of x is 50. Hence, we have the eguation % x =50, or

g =50, or x = 100. Hence, Statement (1) aloneis sufficient to answer the question.

From Statement (2) alone, we have that 9/100 of x is 9. Hence, we have the equation %x =9,0r x=
% x 9=100. Hence, Statement (2) alone is sufficient to answer the question.

Hence, the answer is (D).

45. From Statement (1) alone, we have that x is 50% more than y. Now, 50% of y is %y=%. Hence,

x=y+%=3—2y.Subtractingyfrombothsidesyields X—y= %.Hence,thevalueof X —y depends on the

value of y, which is unknown. Hence, Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that X is the sum of y and 20. Hence, we have the equation x = y + 20.
Subtracting y from both sides yields x —y = 20. Hence, Statement (2) alone is sufficient to answer the
question.

Hence, the answer is (B).
46. Thetwo given statements form the following system:
X+y=7
X +y?=25
Solving the top equation for y yieldsy = 7 — x. Substituting this into the bottom equation yields

X+ (7-x°=25

X +49—14x+ X2 =25
2% —14x+24=0

X—7x+12=0

(x=3)(x—4)=0

Xx—3=0o0r x-4=0
Xx=3 or x=4

Now, if x=3,theny=7-3=4andx+y*=3+ 4% andif x=4,theny=7-4=3andx + Yy =4 + 3,

which does not equal 3 + 4% Thisis a double case, so the statements together are not sufficient. Hence, the
statements individually are clearly not sufficient. The answer is (E).
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47. Multiplying the inequality x/15 > y/25 by 15 yields x > (15/25)y or x > 3y/5.
Subtracting 2y + 3x from both sides of the inequality in Statement (1) yields
3y >5x

Rewriting with the variable x on the left and y on the right yields (note that the meaning of the inequality
does not change, just the way it iswritten)

5x < 3y
Dividing by 5yields

X < 3y/5
Hence, Statement (1) aloneis sufficient. The answer to the question is“No. x is not greater than 3y/5.”
Now, subtracting 3y + 5x from both sides of the inequality in Statement (2) yields

3y > 5x

Rewriting with the variable x on the left and y on the right yields (note that the meaning of the inequality
does not change, just the way it is written)

5x < 3y
Dividing by 5yields

X < 3y/5
Hence, Statement (2) alone is sufficient. The answer to the question is “No. x is not greater than 3y/5.”
Since either statement alone is sufficient, the answer is (D).

48. From Statement (1), we have aTm =25.

From Statement (2), we have vab =25, or by squaring ab = 252
Solving the equation aT-'-b = 25 for byields b = 50 — a. Substituting thisinto the equation ab = 25° yields

a(50—a) = 252
a’—50a+25%=0
a’—25a—25a+25°=0
a(a—25)—-25(a—-25)=0
(a—-25)(a-25)=0
(a—25)2=0

a-25=0

a=25

Now, b =50 —a = 50 — 25 = 25. Hence, a = b and the statement “a > b” is false. Hence, the statements
together are sufficient, and the answer is (C).
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49. From Statement (1), we have aTb =25.

From Statement (2), we have Vab =24.

The above two equations are symmetric with respect to aand b inthe sensethat if a=pandb =qgisa
solution [So, %= 25and 4/pq =24],then a= qand b= p (swapping) isaso asolution. Now, in the

case p > q, thefirst case (a = pand b = ) yields a > b and the second case (a = q and b = p) yieldsb > a.
Hence, we have a double case, and the statements together are not sufficient. The answer is (E).

50. By the Difference of Squares Formula, we have X2 —y? = (X —Y)(X + V).

From Statement (1) alone, we have x + y = 12. But we do not have the value of x —y, so x*> — y? cannot be
evaluated.

For example, suppose x=6andy =6, thenx+y =12 and ¥* —y*=6°—6*=36—-36 = 0.

Now, suppose x =12 andy = 0. Then x +y = 12, and x* — y* = 122 — 0? = 144 — 0 = 144. Thus, we have a
double case, and Statement (1) aloneis not sufficient.

From Statement (2) alone, we have the value of xy = 35. But again, we do not have the value of x* — y?, so
X2 —y? cannot be eval uated.

For example, suppose x =5andy = 7, then xy = 35, and X —y? = 72 =52 = 49 — 25 = 24,
But suppose x = 35and y = 1. Then xy = 35, and X —y? = 35 — 12 = 1225 — 1 = 1224,
Thus, we have adouble case and therefore Statement (2) alone is not sufficient.

With the statements together, we have that x + y = 12 and xy = 35. Squaring both sides of the first equation
X +y = 12 yields (x + y)? = 122 = 144. Multiplying the second equation xy = 35 by 4 yields 4xy = 140.
Subtracting this equation from the equation (x + y)? = 144 yields

(X + y)? —4xy = 144 — 140

XC+y+2xy—4xy =4

X+y—2xy=4

(x-y)*=4

X—y=4+2

Since x —y is either 2 or =2, we still do not have a unique value for x —y. Hence, the two statements
together are till not sufficient. The answer is (E).

51. f/+_b \/a_ 1/_ 1/_ \/_ \/7\/7 \/7\/7 \/7 \/7Henceweneedonlythe

value of a/b to evaluate the expression.

From Statement (1) alone, we have that a is 4 times b. Hence, a = 4b, or a/b = 4. Since we can derive the
value of a/b from Statement (1) alone, the statement is sufficient.

From Statement (2) alone, we have that b is one-fourth of a. Hence, we have b = a/4. Multiplying both
sides by 4/b yields 4 = a/b. Since we can derive the value of a/b from Statement (2) alone, the statement is
sufficient.

The answer is (D).
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52. Adding the equation yz — zx = 3 from Statement (1) and the equation zx — xy = 4 from Statement (2)
yields

(y2=29 + (x-xy) =3+4
VZ—-ZX+ ZX—Xy =7

yz—xy=17
Xy —yz=—7 multiplying both sides by —1

Hence, the statements together are sufficient to answer the question.
The answer is (C).

53. Statement (1) alone, says that x* > y°. In the case of odd exponents (here 5), we can drop the exponents
from both sides and conclude that x > y. Hence, Statement (1) aloneis sufficient.

Statement (2) alone, says that x* < y*. We cannot drop even exponents from both sides. Hence, Statement
(2) doneisnot sufficient.

For example, suppose x =1 and y = 2. Here, x <y and x* < y*.

Now, Suppose x=1andy = -2. Here, x>y and X' < y*.

We have a double case. Hence, Statement (2) aloneis not sufficient.

The answer is (A).

54. Since with the statements together we have only two of the three angles and no side length, statements

(1) and (2) together are not sufficient. The answer is (E). For example, the triangle shown below satisfies
statements (1) and (2), but has a greater length for side AB than in the original figure.
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55. Let the rectangular box be as shown in the figure:

w

h h

w

The surface area of the box islw + 2Ih + 2hw, and the volume is Iwh.
From Statement (1), we have that the area of the base, which equals Iw, is 23.
From Statement (2), we have that the volume of the box, which equals Iwh, is 23.

Dividing the value in Statement (2) by the value in Statement (1) yields

So, we have the height of the box. Since we have the values of only h and lw, there is not enough
information to determine the value of the expression Ilw + 2lh + 2hw, which has to be evaluated.

Hence, the statements together are insufficient to answer the question.

The answer is (E).

56. Factoring the common factor b from the expression ab + bc yields b(a + c).

From Statement (1) alone, we haveb = a + ¢. Replacing a + ¢ with b in the expression b(a + ¢) yields b - b,
or b?. Since we do not have the value of b or a + ¢, which equals b, the expression cannot be evaluated.
Hence, Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that b = 3. Substituting this in the expression b(a + c) yields the
expression 3(a + c). Since we do not know the value of a + ¢, we cannot evaluate the expression. Hence,
Statement (2) aloneis not sufficient.

Now, let’s combine the statements. From Statement (1), we have that the expression b(a + c) equals b* and

since from Statement (2) we have that b equals 3, the value of the expression is b? = 32 = 9. Hence, the
answer is (C).
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57. Wearegiventhat (x—y)(x +y) =15 ..(A)

From Statement (1), we have x —y = 3. Squaring both sides yields (x — y)? = 32 = 9. Dividing equation (A)
- +
by this equation yields w: E o XY _15
(x_ y) 9 X-Yy 9

Since we are looking for the ratio x/y, let’s divide every variable on the left-hand side of the equation by vy,
thereby creating the ratio x/y:

Hence, Statement (1) aloneis sufficient.

From Statement (2), we have x + y = 5. Squaring both sides yields (x + y)* = 5% = 25. Dividing equation (A)

w = E o X2Y :E. Solving the equation for  x/y as above yields
(X+ y)2 25 Xty 5

xly = 4. Hence, Statement (2) aloneis sufficient.

by this equation yields

Since either statement is sufficient, the answer is (D).

58. Compound interest is the concept of adding accumulated interest to the principal so that interest is
earned on the new principal from that moment onward. The act of declaring interest to be principal is called
compounding (i.e., interest is compounded).

To calculate the interest earned or the balance at any point, apart from the interest earned, we also need the
frequency of compounding of the interest. Hence, both statements are required to answer the question. The
answer is (C).
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59. Statement (1) is just one constrain in 2 unknowns, and Statement (2) is also just one constrain in 2
unknowns. To solve for the two unknowns m and n we need at least 2 constraints. So, either statement
aloneis not sufficient.

Using both statements, we have 7m + 5n = 29 and m and n are positive integers. Suppose p = 7m and q =
5n. Then p + g =29 and q = 29 — p [(a positive multiple of 5) equals 29 — (a positive multiple of 7)]. Since
mand n are positive integers, p isamultiple of 7 and g isamultiple of 5. Now,

Ifp=7,q=29-7=22 notamultiple of 5. Reject.
If p=14, q=29-14 =15, amultiple of 5. Accept.
If p=21,q=29-21=8, not amultiple of 5. Reject.
If p=28,q=29—-28=1, not amultiple of 5. Reject.
If p= 35, q<29-35=-6, not positive. Regject.
So, we have aunique solution m = p/7 = 14/7 = 2 and n = ¢/5 = 15/5 = 3. Hence, the answer is (C).

60. Two lines (here | and m) cut by athird line (a transversal, here k) are parallel when any one of the
following can be shown:

(1) Corresponding angles are equal: y = g. Hence, Statement (2) aloneis sufficient.

(2) Alternateinterior angles are equal: No information is given about such angles in the problem.

(3) Alternate exterior angles are equal: No information is given about such angles in the problem.

(4) Interior angles are supplementary. y + p = 180°. No information is given about such the angles in
problem.

(5) Exterior angles are supplementary. x + g = 180°. We are told that the exterior angles x and g are
equal in Statement (1), but this does not determine whether their sumis 180°.

Hence, Statement (1) alone is not sufficient, and Statement (2) aloneis sufficient. The answer is (B).

61. Xx/4 isa positive integer when x is a multiple of 4. Now, not every multiple of 4 is divisible by 14. For
example, 28 is amultiple of 4 and divisible by 14, but 32 is a multiple of 4 and not divisible by 14. Hence,
Statement (1) aloneis not sufficient.

x/6 is a positive integer when x is a multiple of 6. Now, not every multiple of 6 is divisible by 14. For
example, 42 is amultiple of 6 and divisible by 14, but 48 is a multiple of 6 and not divisible by 14. Hence,
Statement (2) aloneis not sufficient.

With statements (1) and (2) together, we have that x is a multiple of both 4 and 6. Hence, x must be a
multiple of the least common multiple of 4 and 6, which is 12. Hence, x is a multiple of 12. Now, not every
multiple of 12 is divisible by 14. For example, 84 is a multiple of 12 and divisible by 14, but 24 is a
multiple of 12 and not divisible by 14. Hence, even statements (1) and (2) together do not answer the
question. The answer is (E).
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62. Remember that Average Speed = Net Distance + Time Taken. We are given that the time taken for the
full trip is 30 minutes. Hence, we need only the distance traveled.

From Statement (1) alone, we have that the restaurant is 2 miles from home. Since Waugh jogs back along
the same route, the net distance he traveled is 2 miles + 2 miles = 4 miles. Hence, his average speed is 4
miles + 30 minutes, which can be calculated. Hence, Statement (1) aloneis sufficient.

From Statement (2) alone, we have that x = 12 and y = 6. Let d be the distance to the restaurant. Then the
time taken to jog to the restaurant, by the formula Time = Distance + Speed, equals d + x = d/12; and to
return home from restaurant, the time taken equals d + y =d + 6. Hence, the total time taken equals
d/12 + d/6, which is given to be 30 minutes (1/2 hour). Hence, d can be calculated from this formula, and

d =4 d. Hence, Statement

therefore the average speed can be calculated using Distance + Time =
5 hours

(2) aoneisalso sufficient.
Hence, the answer is (D).

63. The shaded region contains two triangles AAED and AEBC. Hence, the area of the shaded region
equals the sum of the areas of these two triangles.

Now, the formula for the area of a triangle is 1/2 x base x height. Hence, the area of AAED = 1/2 x AE x
AD, and the area of AEBC = 1/2 x EB x BC = 1/2 x EB x AD (since BC = AD).

So, the area of the shaded region equals 1/2 x AE x AD + 1/2 x EB x AD = 1/2 x AD(AE + EB) =
1/2 x AD x AB (since AB = AE + EB). Hence, to evaluate the area of the shaded region, we need AD and
AB, which are given in Statement (1). Hence, Statement (1) aloneis sufficient.

Statement (2) gives the lengths of AE and EB, which are only horizontal lengths. Since we do not have any
vertical lengths (AD and BC) in the figure, the vertical lengths are free to take any values and therefore
Statement (2) aloneis not sufficient.

Hence, the answer is (A).

64. The formulafor the area of an equilateral triangle of side length a is %az. Since the only unknown

in the equation is the side length a, given the value, the area can be determined. Hence, Statement (1) alone,
which givesthe side length BC, is sufficient.

From Statement (2) alone, we have the length of an altitude of the triangle. The formula for the side length

of an atitude of an equilateral triangle of side length a is %a. So, if disthelength of the atitude, then
_ 43 . . . _2d . . . .
d= 7a. Solving the equation for ayields a= E Hence, even if we have just an atitude, the side

length, and therefore the area of the triangle, can be evaluated. Hence, Statement (2) alone, which gives the
altitude length AD, is sufficient.

Hence, the answer is (D), either statement is sufficient.

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



464 GMAT Math Bible W4 Cwww. manfen. net)

65. We are given the expression x? —y? = 15. Applying the Difference of Squares formula (a + b)(a —b) =
a’ —b? to the left-hand side yields (x + y)(x—y) = 15.

From Statement (1) alone, we have x —y = 5. Plugging this in the equation (x + y)(x —y) = 15 yields
(x +y)(5) = 15. Dividing both sides by 5 yields x + y = 3. Hence, we have the values of both x + y and x —.
Now, we can compare the two and answer the question. So, Statement (1) alone is sufficient. The answer is
“No.x+y>x-yisfase”

From Statement (2) alone, we have x +y = 3. Plugging this in the equation (x + y)(x — y) = 15 yields
3(x —y) = 15. Dividing both sides by 3 yields x —y = 5. Hence, we have the values of both x + y and x —.
Now, we can compare the two and answer the question. Hence, Statement (2) alone is sufficient. The
answer to the question is “No. x + y is not greater than x —y.”

Hence, the answer is (D).

66. From Statement (1) alone, we have the inegquality x > 2.

Now, suppose x = 2.5. Then x —2=25-2=05,and x -3 =25-3 =-0.5. Hence, (x — 2)(x — 3) =
(0.5)(-0.5) =-0.25. So, (x—2)(x — 3) is negative.

Now, suppose x =4. Thenx—-2=4—-2=2 andx—3=4-3=1. Hence, Xx-2)(x-3) =2-1=2. So,
(x—2)(x—13) is positive.

Hence, we have a double case, and Statement (1) alone is not sufficient.
From Statement (2) alone, we have the inequality x < 3.

Now, suppose X = 25. Thenx —2=25-2=05and x -3 =25-3 =-0.5. Hence, x —2)(x = 3) =
(0.5)(-0.5) = -0.25. So, (X — 2)(x — 3) is negative.

Now, suppose x =1. Thenx—-2=1-2=-1andx—-3=1-3=-2. Hence, x —2)(x = 3) = (-1)(-2) = 2.
So, (X —2)(x — 3) is positive.

Hence, we have a double case, and Statement (2) alone is not sufficient.

Now, with statements (1) and (2) together, we have x > 2 and x < 3. Subtracting 2 from both sides of first
inequality and 3 from both sides of the second inequality yieldsx —2 >0and x — 3 < 0. Hence, x — 2 is
positive, and x — 3 is negative. Since the product of a positive and a negative number is always negative, we
have (x — 2)(x — 3) is negative and therefore less than 0. Hence, (x — 2)(x — 3) is not greater than 0, and the
answer to the question is“No. (x —2)(x — 3) islessthan 0.”

Since both statements were required, the answer is (C).
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67. If you divided the inequality x >y by xy (positive with the two statements together) and derived that
1x > 1ly and therefore answered (C), you are mistaken. Thereis an deeper study to make.

From Statement (1) alone, we have x is negative. Since x >y, y must also be negative. Hence, xy, the
product of two negative numbers, must be positive. Dividing the inequality by the positive expression xy
yields x/xy > y/xy, or 1ly > 1/x. Rearranging yields 1/x < 1/y. Hence, Statement (1) alone is sufficient. The
answer to the question is“Yes, /x < 1/y.”

From Statement (2) alone, we have y is negative. The only restriction on x is X >y (given), so x may be
negative, zero, or positive.

In case x is positive and since y is negative, xy is negative. Dividing the given inequality x >y by xy (a
negative value) and flipping the direction of inequality yields Ly < 1/x.

In case both x and y are negative, xy is positive and here we can divide the inequality x >y by xy without
flipping the direction of inequality. Thus, here we get 1/y > 1/x.

Hence, we have a double case with Statement (2) alone.
Since Statement (1) aloneis sufficient and Statement (2) alone is not, the answer is (A).

68. Let | be the length of the rectangle. Then | = 3.2 yards. The formula for the area of a rectangle is
length x width. Hence, the area of the rectangle is lw = 3.2w. So, to evaluate the area, we need only the
vaue of w. Hence, the question can be modified as “Width of rectangle =7’

From Statement (1) alone, we have the length of fence required (perimeter) for the field is 11.2 yards. The
formulafor the perimeter of a rectangle is 2(length + width). Hence, the perimeter of the field is 2(1 + w) =
11.2, or 2(3.2 + w) = 11.2. Solving for w yieldsw = 5.6 — 3.2 = 2.4. Hence, Statement (1) aone is
sufficient.

From Statement (2) alone, we have that the distance between the diagonally opposite corners (diagonal
length) of the rectangle field is 4 yards. A diagona of a rectangle forms a hypotenuse with the length and
width of the rectangle. Hence, by The Pythagorean Theorem, |1 + w? = (diagonal length)®> = 4% or
3.22 + W2 = 42 Solving this equation for w yieldsw = /42 - 3.22 = 2.4. Hence, Statement (2) aloneis also
sufficient.

The answer is (D).

69. Since OB isaradius, B isapoint on the circle. Now, BC is a tangent to the circle only if £CBO isright
angled. In this case, ACBO is right triangle, and by The Pythagorean Theorem OC? = OB? + BC2 Hence,
the question can be reduced to “1s OC? = OB? + BC? 7’

We know that OB = 3 (given in figure). Now, we need the other two sides OC and BC to answer the
question.

From Statement (1), we have PC = 2, and we know OP = radius = 3. Hence, OC=0P + PC=3+ 2 =5.
But, we still do not have the value of BC. Hence, Statement (1) is not sufficient.

From Statement (2), we have the area of the square is 16. By the formula, the area of a square = side?, we
have BC? = 16; and by square rooting, we have BC = 4. But, from this Statement alone, we cannot deter-
mine the value of OC. Hence, Statement (2) aloneis not sufficient.

From the statements together, we have OC = 5, BC = 4, and we already have OB = 3. Now, we have all the
details to determine whether OC? equals OB? + BC?. Hence, both statements are required, and the answer is

©).
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70. Aninteger iscaled primeif the only positive integers that divide it evenly are 1 and the number itself.

From Statement (1), we have that x and y are two prime numbers. So, xy does not equal x or y. Now, xy
divided by x equalsy (an integer), and xy divided by y equals x (an integer). Hence, xy has two more factors
other than 1 and xy itself. So, by the definition of a prime number, xy is not prime. Hence, Statement (1)
aloneis sufficient to answer the question.

From Statement (2), we have that x and y are two odd numbers not equal to 1. So, xy does not equal x or y.
Now, xy divided by x equalsy (an integer), and xy divided by y equals x (an integer). Hence, xy has at least
two more factors other than 1 and xy itself. So, by the definition of a prime number, xy is not prime. Hence,
Statement (2) aloneis sufficient to answer the question.

The answer is (D).

71. From Statement (1) alone, we have the inequality x < 2. So, X — 2 isnegative. So,x—-3=x—-2—-1=a
Negative Number — 1 = a Negative Number. So, (X — 2)(x — 3) = a Negative Number x a Negative Number
= a Positive Number. Hence, Statement (1) alone is sufficient.

From Statement (2) alone, we have the inequality x < 3.

Now, suppose x = 2.5. Thenx —-2=25-2=0.5and x — 3 equals 2.5 — 3 = -0.5. Hence, (x — 2)(x — 3) =
(0.5)(-0.5) =—-0.25. S0, (X —2)(x — 3) is negative.

Now, suppose x=1. Thenx—-2=1-2=-1,and x—-3=1-3 =-2. Hence, (x — 2)(x — 3) = (-1)(-2) = 2.
So, (X—2)(x — 3) is positive.

Hence, we have a double case, and Statement (2) alone is not sufficient.
The answer is (A), Statement (1) alone sufficient and Statement (2) alone not sufficient.

72. To calculate an average, we need exact quantities such as the distribution of the numbers, the averages
across sections, etc. But from statements (1) and (2) together, we have only the ranges: Half of the test
takers scored above 500, and the lowest and the highest scores on the test are 200 and 800. These are not
exact quantities and therefore do not help us evaluate an exact quantity such as an average. Hence, the
statements together are not sufficient. The answer is (E).

73. Dividing the equation 6p + 4g = 10 in Statement (2) by 2 yields 3p + 2q = 5; this is the same equation
in Statement (1). Hence, Statement (1) here is the same as Statement (2) put in another form. Now, if a
solution is possible, it should be possible by either statement alone. Otherwise, it is not possible with the
statements together. Hence, the possible answers are (D) and (E).

Now, multiplying the equation 3p + 2q = 5 by 2/3 yields 2p + 4qg/3 = 10/3. Subtracting g/3 from both sides
yields 2p + g = 10/3 — g/3. Since g is unknown, 2p + ¢ cannot be evaluated. Hence, the statements together
are not sufficient. The answer is (E).

74. From Statement (1) alone, we have that x is 1 unit greater than y. Hence, Statement (1) alone answers
the question. The answer is“Yes. x isgreater than y.”

From Statement (2) alone, we have the equation x +y = 1. This equation is symmetric in x and y. Hence,
the relation between x and y cannot be established. For example,

Ifx=1andy=0,thenx+y=1+0=1andx>y.
Ifx=0andy=1thenx+y=0+1=1andx<y.

Hence, we have a double case, and Statement (2) alone is not sufficient to answer the question.

Hence, the answer is (A).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



W4 Cwww. manfen. net) Data Sufficiency 467

75. Weare given that x = y/7.

From Statement (1) alone, we have y > 210. Dividing this inequality by 7 yields y/7 > 210/7 = 30.
Replacing y/7 with x yields x > 30. Hence, x is not less than 30. Hence, Statement (1) alone is sufficient to
answer the question.

From Statement (2) alone, we have y < 217. Dividing this inequality by 7 yields y/7 < 217/7 = 31.
Replacing y/7 with x yieldsx < 31. Now, suppose x equals 29 (x < 31), then x is less than 30. Now, suppose
x = 30 (x < 31), then x is not less than 30. Hence, we have a double case, and Statement (2) alone is not
sufficient to answer the question.

Hence, the answer is (A).

b)

—-b)+(c-
76. The question is about the fraction % . The numerator of the fractionis (a—b) + (c—b) and

the denominator is d.

From Statement (1), we do not have any information about d. So, if (a —b) + (c —b) is negative and d is
positive, the fraction is negative; and if (a —b) + (c —b) is negative and d is negative, the fraction is
positive. Hence, Statement (1) aloneis not sufficient.

From Statement (2), we do not have information about the numerator (a — b) + (c —b). So, if the numerator
is negative and the denominator d is negative, the fraction is positive; and if the numerator is positive and
the denominator d is negative, the fraction is negative. Hence, we have a double case and Statement (2)
aloneis not sufficient.

Now, the numerator is (a —b) + (c —b) = a + ¢ — 2b and according to Statement (1) alone, we have the
expression is negative (< 0). Now, from statement (2) alone, we have the denominator d is negative. So, the
fraction Numerator/Denominator = a Negative Number + a Negative Number = a Positive Number. So, the

a-b)+(c-b)
d

answer is“Yes. ( > 0". Hence, the answer is (C), the statements together are sufficient.

77. From Statement (1) alone, we have that m/14 is an integer. Now, suppose m = 42. Then m/14 = 3, a
positive integer.

Now, m=42=2-3- 7. The prime factors of mare 2, 3, and 7. Hence, the number of prime factors of mis
3. Here, the answer is“No. m does not have even 4 prime factors.”

Now, supposem=210=2-3-5- 7. Here, m/14 = 3 - 5, a positive integer, and m has 4 prime factors: 2, 3,
5,and 7.

Here, the answer is “Yes. m has exactly 4 prime factors.” Hence, we have a double case, and Statement (1)
aloneis not sufficient.

From Statement (2) alone, we have that nV15 is an integer.

Now, suppose m = 30. Then m/15 = 2, a positive integer. Now, m=30=2 - 3 - 5, so the prime factors of m
are 2, 3, and 5. Hence, the number of prime factors of m is 3. Here, the answer is “No. m does not have
even 4 prime factors.”

Now, supposem=2-3-5- 7= 210. Here, m/15 = 2 - 7, a positive integer, and m has 4 prime factors: 2, 3,

5, and 7. Here, the answer is “Yes. m has exactly 4 prime factors.” Hence, we have a double case, and
Statement (2) aloneis not sufficient.
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Now, with statements (1) and (2) together, we have that m is divisible by both 14 and 15. Hence, m is a
multiple of both 14 and 15. Hence, m must equal the least common multiple of 14 and 15 or its multiple.
Let's assume that mis only equal tothe LCM. TheLCM of 14 (=2-7)and 15(=3-5)is2-7-3-5(=
210). The LCM itself has 4 prime factors 2, 7, 3, and 5. Hence, its multiples might have more prime factors.
Hence, both statements are required to answer that m has at least 4 prime factors. Hence, the statements
together answer the question. The answer is (C).

78. From Statement (1) alone, we have that n/10 is an integer. Hence, n is either equal to 10 or a multiple
of 10.

Suppose n = 10. The number 10 factors into the primes 2 - 5. Hence, n has exactly 2 (not at least 3) prime
factors. Here, n does not even have 3 prime factors.

Now, suppose n = 30. Then n/10 eguals 3 an integer. Now, n factors into the primes 2 - 3 - 5 and has exactly
3 prime factors.

Hence, we have a double case, and Statement (1) alone is not sufficient to answer the question.

From Statement (2) alone, we have that n/30 is an integer. Hence, n is equal to either 30 or a multiple of 30.
The number 30 factors into the primes 2 - 3+ 5, and multiples of 30 may have even more prime factors.
Hence, n has at least 3 prime factors 2, 3, and 5. So, Statement (2) alone is sufficient to answer the
question.

The answer is (B).

79. From Statement (1) alone, we havethat y = il For any value of x, il cannot equal 0. For
X - X -
example, suppose il = 0. Then multiplying the equation by x — 1 yields afalse result 1 = 0. Hence, the
X -

assumption that y = il = O isfase. Hence, Statement (1) aloneis sufficient to answer the question. The
X -

answer is“No. yisnot equal to 0.”

From Statement (2) alone, we have that y = x/6. Now, suppose x = 0. Theny = x/6 = 0/6 = 0. But if x is not
zero, say X = 2, theny = x/6 = 2/6 = 0. Hence, we have a double case, and therefore Statement (2) aloneis
not sufficient to answer the question.

The answer is (A).
80. Savings (in the current context) equals Income — Expenditure.

Statement (1) has information only about income, and Statement (2) has information only about
expenditure. Hence, neither statement alone is sufficient to answer the question.

From the statements together, suppose Kelvin'sincome is $9 in 1998 and $12 in 1999 [the incomes are in
accordance with the ratio in Statement (1)]. Also suppose his expenditure is $5 in 1998 and $6 in 1999 [the
expenditures are in accordance with the ratio in Statement (2)]. Then the ratio of his savings in the year
1998 to 1999 would be ($9 - $5) : ($12—-$6) =$4:$6=2: 3.

In another case, suppose Kelvin's income is $12 in 1998 and $16 in 1999 [the incomes are in accordance
with the ratio in Statement (1)]. Also suppose his expenditure is $10 in 1998 and $12 in 1999 [the
expenditures are in accordance with the ratio in Statement (2)]. Then the ratio of his savings in 1998 to
1999 would be ($12 — $10) : ($16 —$12) = $2: $4 = 1: 2. We have a different savings ratio here. Hence,
we aready have a double case and therefore the two statements together do not determine a unique ratio for
savings.

Hence, the answer is (E).
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81. From Statement (1), we have information about the average temperature only for the period Monday
through Wednesday. Since there is no relevant information for the rest of the week, Statement (1) alone is
not sufficient.

Statement (2) has information about the minimum and the maximum temperatures for the period Thursday
through Saturday. It does not help us evaluate the average temperature for the period.

With two statements together, we do not have information about average temperatures for the complete
week. Hence, the statements together are not sufficient to answer the question.

The answer is (E).

82. Weare given theinequality a< b.

From statement (1) alone, we have ¢ < a. Combining this with the inequality a < b yields ¢ < a < b. Picking
the first and the last parts we have the inequality ¢ < b [Same as Statement (2)]. We will use this inequality
to see whether the given expression is positive. Adding the inequality to the known inequality a < b yields
a + ¢ < 2b. Subtracting 2b from both sidesyieldsa + c —2b < 0. Hence, (a—b) + (c—b)=a+c—-2bisless
than 0 and is not positive. Hence, Statement (2) alone, derived from Statement (1), is aso sufficient. The
answer is (D).

> Hard

83. Statement (1) contains two variables, but only one equation. Hence, we cannot determine the values of
p and q using the statement alone.

Similarly, we cannot determine the value of the given expression from Statement (2) alone.

Together, statements (1) and (2) form a system of two equations in two unknowns that may have a solution.
Solving the equation pg = 35 for q yields g = 35/p. Plugging thisinto the equation p + g = 12 yields

p+35/p=12

p?+35=12p by multiplying both sides by p
p?—12p+35=0 by subtracting 12p from both sides
(P-3)(p-7=0

p—-5=0or p—7=0

p=5or p=7
When p =5, the equation p + q = 12 yields g = 7. Similarly, when p = 7, q = 5. Hence, the solutions of the
system are the ordered pairs (5, 7) and (7, 5). From the symmetry in the expression i+i both ordered

4
P q

pairs will return the same value when plugged into the expression. Thus, the value of the expression

i4 +i4 can be determined only by using both statements. The answer is (C).

P q

84. The expression on the right-hand side of the equation cannot be further reduced. Hence, the variable H
(the only variable on the left-hand side) is dependent only on the variables: T, R, k, and g (the only
variables on the right-hand side). We can collect the values for al four variables on the right-hand side only
by using both statements and thereby determine the value of H. Hence, both statements are required, and
the answer is (C).
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2
85. We are asked to determine whether the equation YH? - 2H = TVi-R° istrue.

kq/1- gk
We are given that H = 3. Hence, we can evaluate the | eft-hand side.

There are four unknowns in the right-hand side: T, R, k, and g. If we know the values of these unknowns,
then the right-hand side can also be evaluated and we can determine whether the equation is true. We need
both statements to know the values of the four unknowns. Hence, the statements together are sufficient to
answer the problem. The answer is (C).

86. Let the number of girls be g, and the number of boys be b. Hence, the number of studentsisb + g.
From the statements together, we have that

, .10 g
10% of girls are blue eyed. 10% of gis —g=—.
g Ve TR ON81S 1609 7 10
20% of boys are blue eyed. 20% of bis £b=9.
100 5
Hence, the total number of blue-eyed studentsis %+E
9.,b
Hence, the required fraction is 10 5
b+g
9,1
Dividing both the numerator and the denominator of the fraction by b yields 1 5 Hence, to find the
1+=
b

value of the required fraction, we need at least the ratio of b/g. Since we do not have means to evaluate the
ratio, the statements together are not sufficient to answer the question. The answer is (E).

87. If nisodd, then both n + 1 and n + 3 are even and their product (n + 1)(n + 3) is a multiple of 4 (For
example, 6 x 10 = 60, amultiple of 4).

If niseven, then both n + 1 and n + 3 are odd and their product (n + 1)(n + 3) is odd, which is not a
multiple of 4.

These are the only two significant cases.

Hence, (n + 1)(n + 3) is a multiple of 4 only when n is odd. Hence, the question can be reduced to “Is n
odd?’

Now, from Statement (1) alone, we have that (n + 2)(n + 4) is odd. Hence, we have
(n+2)(n+4)=0dd
n?+6n+8=0dd
n? + 2(3n + 4) = Odd
n? + Even Number = Odd
n? = An Odd Number — An Even Number = An Odd Number
n? = Square Root of an Odd Number = Odd Number
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Hence, Statement (1) aloneis sufficient to answer the question: “Isn odd?’. The answer is“Yes.”

From Statement (2) alone, we have that (n + 3)(n + 6) is even.

Now, suppose n is even. Then n + 3 must be odd and n + 6 must be even and the product (n + 3)(n + 6)
must be even. Now, suppose n is odd. Then n + 3 must be even and n + 6 must be odd and the product

(n + 3)(n + 6) iseven, again.

Hence, (n + 3)(n + 6) is even, whether n is odd or whether n is even. Hence, Statement (2) alone is not
sufficient to answer the question.

The answer is (A).

88. From Statement (1) alone, we have that all 4-digits of X are greater than 5. Hence, each digit must be at
least 6 or greater. Hence, the sum of itsdigits must be at least 4 x 6 = 24.

Now, suppose Y = 111. Then the sum of itsdigitsis1 + 1 + 1 = 3, which is less than 24 (a possible value of
the sum of the digits of X).

Now, suppose Y = 999. Then the sum of its digitsis 9 + 9 + 9 = 27, which is greater than 24 (a possible
value of the sum of the digits of X).

Hence, we have a double case, and Statement (1) alone is not sufficient.

From Statement (2) alone, we have that the 3 digits of Y are less than 5. Hence, none of the digitsis greater
than 4. Hence, the sum of the digits of Y is not greater than 3 x 4 = 12.

Now, suppose X = 1111. Then the sum of itsdigitsis1+ 1+ 1 + 1 = 4, which is less than 12 (a possible
value of the sum of the digits of ).

Now, suppose X = 4444. Then the sum of its digitsis 4 + 4 + 4 + 4 = 16, which is greater than 12 (a
possible value of the sum of the digits of V).

Hence, we have a double case, and Statement (2) alone is not sufficient.
From the statements together, we have that the sum of the digits of X is greater than or equal to 24, and the

sum of the digits of Y isless than or equal to 12. Hence, the sum of the digits of X is greater than the sum of
the digits of Y. Hence, the statements together answer the question, and the answer is (C).
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89. Let E represent the total number of employees. Let w represent the number of workers, x the number of
executives, and c the number of clerks. Then we have

E=w+x+c (@)

From Statement (1) alone, we have that 41% of the employees E are workers (w), 460 are executives (X),
and the remaining 720 employees are clerks (c). Hence, we have the equations

w=41/100 x E %)
X = 460 ©)
c=720 (4)

With equations (1), (2), (3), and (4), we have four different linear equations in four unknowns E, w, x, and
¢. Hence, a unique solution must be possible and can be determined. Hence, Statement (1) alone is
sufficient. The answer to the question is “E = 2000.”

From Statement (2) alone, we have that the number of executives (x) is 460, and this is 23% of the total
number of employees (E). Hence, we have

23% of E=x=460
(23/100)E = 460
E = 460/23 x 100 = 2000

Hence, Statement (2) aloneis sufficient.
Since either statement (1) or (2) is sufficient, the answer is (D).

90. Let A be the set of families having exactly one car. Then the question is how many families are there in
set A

Next, let B be the set of families having exactly two cars, and let C be the set of families having more than
two cars.

Then the set of families having at least one car is the collection of the three sets A, B, and C. Since
Statement (1) gives only the total number of families in the three sets, the statement is not sufficient.

Next, the set of families having at least two cars is the collection of the two sets B and C. Since Statement
(2) does not have any information about set A, Statement (2) aloneis not sufficient.

Now, from the statements together we have that

The number of familiesin all the three sets A, B, and C together = 250 [from Statement (1)]
and

The number of familiesin the two sets B and C together = 60 [from Statement (2)]

Since set A is the difference between a set containing the three families of A, B, and C and a set of families
of B and C only, The number of familiesin set A=

The number of familiesin sets A, B, and C together — the number of familiesin setsB and C =
250-60=
190

Hence, both statements are required to answer the question, and the answer is (C).
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91. Let p bethe population of Paxton in 1960.

Then from Statement (1) alone, the population increased by 10,082 in the first decade. So, the new
population is p + 10,082. Hence, the percentage increase in the population is 10,082/p x 100. Since we do
not know the population increase in the second decade, we cannot calculate the percentage increase and
therefore Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that the population increase was the same (say, i) in each decade.
Hence, the population should be p + i at the end of the year 1969 and (p +1i) +i =p + 2i at the end of the
second decade. So, the percentage increase in population in the first decade equals

Increase in population in the first decade
The population in 1960

«100= - x 100
p

Also, the percentage increase in population in the second decade equals

Increase in population in the second decade «100= [ %100

The population in 1970 p+i

Now, since both p and i are positive, Lis greater than |—+ since the numerator is the samein both
p p+i

fractions and the denominator is lesser and positive. Hence, Statement (2) alone answers the question. The
answer to the question is“Y es. Percentage increase was greater in first decade than in second decade.”

The answer is (B).

92. Thevolume of arectangular tank islength x width x depth = 6 feet x 5 feet x depth. Hence, the volume
of the conical box, which is 3 times the volume of rectangular box, is 3(6 x 5 x depth). Since the time taken
to fill a tank equals the (volume of the tank) + (the rate of filling), the conical box should be filled in
3(6 x 5 x depth)/6 cubic feet per minute. The only unknown in the expression is the depth (of the
rectangular box). Hence, Statement (1) alone is sufficient to answer the question. Since the radius of the
conical box alone does not determine the volume of the conical box, Statement (2) alone is not sufficient.
Hence, the answer is (A).
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93. Let each expression in Statement (1) equal k. Then we have the equation bx = BPwre
-c c-a a-
Thisreducesto x = (b—c)k, y = (c—a)k, z= (a—b)k. Now, ax + by + czequals

a(b—-c)k+b(c—a)k+ cla—b)k=
k(ab—ac + bc—ba+ ca—ch) =
kx0=

0

Hence, Statement (1) alone determines the value of the given expression.

Now, from Statement (2) alone, we haveax : by:cz=1:2:-3. Let ax =t, by = 2t, and cz = -3t (such that
ax:by:cz=1:2:-3). Thenax+ by + cz=t+ 2t — 3t = 0. Hence, Statement (2) alone is a so sufficient.

Since both statements are individually sufficient, the answer is (D).

94. From Statement (1) alone, we have that the ratio of the three angles of the triangleis1: 2 : 3. Let k°,
2k°, and 3k° be the three angles. Summing the three angles to 180° yields k + 2k + 3k = 180; 6k = 180; k =
180/6 = 30. Now that we have the value of k, we can calculate the three angles and determine whether the
triangle is a right triangle or not. Hence, Statement (1) alone is sufficient. The third angle equals 3k = 3 x
30° = 90° and therefore the triangle is right angled. Hence, the answer to the question is “Yes. The triangle
isright angled.”

From Statement (2) alone, we have that one angle of the triangle equals the sum of the other two angles.
Let ZA= /B + £C. Summing the angles of the triangle to 180° yields ZA + B+ £C =180; LA+ LA=
180 (since £B + £C = £A); 2£A =180; £A = 180/2 = 90. Hence, the triangle is a right triangle, and
therefore Statement (2) alone is also sufficient.

Hence, the answer is (D).

95. We are given that the radius of the circle is 3 units and BC, which is tangent to the circle, is a side of
the square ABCD. Now, let’s test if we will be able to construct a figure with unique dimensions for the
problem, using the statements.

From Statement (1) alone, we have that PC = 3. From the figure, OC equals
[OP (radius of circle)] + [PC (= 3 units, given)] =
radius+ 3 =
3+3=
6

Now, draw a circle with radius OB of length 3 units (given that the radius is 3 units). Then draw a
perpendicular (tangent) to the line from the point B. Then locate a point on this line that is 6 units from the
center O of the circle. The point thus formed is C, and the side length of the square is BC. We can measure
this and calculate the area as BC® The result is the answer of the question. Hence, Statement (1) alone is
sufficient to answer the question.

From Statement (2) alone, we have that x = 60. Hence, draw a circle with radius OB and radius 3. Then
draw a perpendicular to OB from the point B. Then draw a line making 60° to meet the tangent. Name the
point of intersection C. Now, BC is the side length of the square ABCD and BC?, the area. Hence, calculate
BC and then evaluate the area. The result is the answer. Hence, Statement (2) alone is also sufficient to
answer the question.

Hence, the answer is (D).
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96. Name the first triangle ABC and the second triangle DEF. From statements (1) and (2) together, let
LA:/B:/£C=2:3:4,andlet LD : LE: LF =4:3: 2. The ordering of the ratio can be reversed and
doing this for the second ratio equation yields £ZF : ZE: 2D =2 : 3 : 4. Now since the ratios of the
corresponding angles in triangle ABC equals the ratio of angles in triangle DEF, we have that triangles ABC
and FED are similar. The statements can together answer the question. Hence, the answer is (C).

97. The angle ratio of the triangle given in Statement (1) is2 : 3 : 4 which in any order is not equal to the
ratio of angles of the triangle in Statement (2), whichis1: 1: 1. Hence, the statements together say that the
two triangles are not similar. We need both statements (1) and (2) to solveit. Hence, the answer is (C).

Method I1: The ratio of the angles of the triangle in Statement (1) is2: 3 : 4. So, let the three angles of the
triangle be 2x, 3x, and 4x. Since the sum of the angles of a triangle is 180°, 2x + 3x + 4x = 180. Solving
this equation for x yields x = 180/9 = 20. Hence, the three angles are 2x = 2 x 20 = 40, 3x = 3 x 20 = 60,
and 4x = 4 x 20 = 80.

Now, the ratio of the angles of the triangle in Statement (2) is1: 1: 1. Let the three angles of the triangle
bey, y, and y. Summing the three to 180° yieldsy +y + y = 180, so 3y = 180/3 = 60. Hence, each of the
three anglesin the triangleis 60°.

Thus, not all three angles of the two triangles are equal. Hence, the two triangles are not similar. We need
both statements (1) and (2) to solve it. Hence, the answer is (C).

98. From Statement (1), we have that sides AB and CD (the two sides are opposite in the quadrilateral
ABCD since the two do not have a common vertex) are both equal to 3. Also, from Statement (2), we have
that sides AD and BC (the two sides are opposite in the quadrilateral ABCD since the two do not have any a
common vertex) are both equal to 4.

Clearly, the statements individually cannot determine the area. So, the answer is not (A), or (B), or (D).

Such a figure, in which pairs of opposite sides are equal, must be a parallelogram, as shown in the figure
below. To evaluate the area of the parallelogram, we aso need the inclination of the parallelogram with
respect to its base. For example, in the figure shown below, even if AD equals ED, AB equals EF, and BC
equals FC, the area of the parallelogram ABCD is greater than area of the parallelogram EFCD since the
inclination of ABCD islesser than that of EFCD. The answer is (E).

A B
! F
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99. xisnot equa to 0 because the statements are not satisfied with the value of 0.

Dividing the inequality in Statement (1) by x? yields x* > 1. Now, whether x is positive or negative, x* is
positive. Hence, we cannot determine whether x is positive or negative from this inequality alone. So, we
have a double case with Statement (1) alone and therefore Statement (1) alone is not sufficient to answer
the question: Is x greater than O.

Now, dividing the inequality in Statement (2) by the positive value X? yields x® < 1. Hence, the range of x is,
xislessthan 1 (not including 0). There are numbers greater than 0 and less than 0 in the range. So, we have
adouble case and Statement (2) aloneis not sufficient.

From Statement (1) alone, we have x* > 1. Hence, x must be either greater than 1 or less than —1. From
Statement (2), we have X < 1. Hence, x must be less than 1 not including 0. The common range that can be
derived from the two statements is x < —1. Any such number is negative. Hence, the statements together
answer the question. The answer is (C).

100. Theformulafor the volume of arectangular tank is (area of base) x height. Hence, we have

volume = (area of base) x height
or
height = volume/(area of base)

This equation shows that we need the area of the base and the volume of the tank to calculate its height.
The area of the base is given in Statement (1), but Statement (1) alone does not yield the volume of the
tank. So, we just need the volume of the tank to calculate the height (to answer the question). Now, from
Statement (2), we are given that it takes 20 seconds to fill the tank at the rate of 25 cubic feet per second.
Hence, the volume of the tank = rate x time = 25 cubic feet x 20 seconds = 500 cubic feet. Using this, the
height can be calculated and therefore the question can be answered. Since statements (1) and (2) together
are sufficient to answer the question, the answer is (C).

101. Statements (1) and (2) individually are not sufficient to determine the value of x* + y® because in each
case there are two variables but only one equation.

Together the statements form the following system:

X+y=7
X +y* =25

Solving the top equation for y yieldsy = 7 — x. Substituting this into the bottom equation yields

X+ (7T-x?%=25

X +49—14x+ X2 =25
2¢—14x+24=0
X—7x+12=0
x=-3)(x—4)=0
Xx—3=0o0r x-4=0
Xx=3 or x=4

Now, if x=3,theny =7 -3 =4; and if x = 4, theny = 7 — 4 = 3. In either case, X* + y* equals 3* + 4°
(= 4* + 3%). Hence, statements (1) and (2) together are sufficient to answer the question. The answer is (C).
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102. xisone of the numbersin the set 1/54, 1/23, and 1/12.

From Statement (1) alone, we have the inequality 1/55 < x < 1/22. Since the numbers 23 and 54 lie between
22 and 55, the reciprocals 1/23 and 1/54 lie between 1/55 to 1/22. Hence, x could be either 1/23 or 1/54.
Hence, Statement (1) aloneis not sufficient.

From Statement (2) alone, we have the inequality 1/33 < x < 1/11. Since the numbers 12 and 23 lie between
the numbers 11 and 33, the reciprocals 1/12 and 1/23 lie in the range 1/33 to 1/11. Hence, x could be either
1/11 or 1/23. Hence, Statement (2) aloneis not sufficient.

Now, from statements (1) and (2) together, we have 1/55 < x < 1/22 and 1/33 < x < 1/11. Combining the
two inequalities yields 1/33 < x < 1/22. Since among the three numbers 12, 23, and 54, the number 23 isthe
only one between 22 and 33, only the number 1/23 (among the three numbers 1/54, 1/23, and 1/12) lies
between 1/23 and 1/54. Hence, x = 1/23. Since the statements together determine the value of x, the answer
is(C).

103. From Statement (2) alone, we have x =y + 3. Hence, X is 3 units greater than y. Hence x >y. Thisis
the same inequality as in Statement (1). Hence, Statement (1) is a derivation of Statement (2). Hence, if the
question can be answered by Statement (1) alone, it should be answered by using Statement (2) alone also.

From Statement (1) alone, we have that x > y. Now, we are given that in APQR, PQ = x, QR = x + 3, and
PR=y. Since PQ =x, PR=y, and x >y, PQ > PR. Also, since QR =x + 3, and PQ = X, QR equals PR + 3.
Hence, QR is greater than PQ; QR > PQ. Combining the two inequalities PQ > PR and QR > PQ yields
QR > PQ > PR. So, the longest side the triangle is QR and therefore the greatest angle in it should be the
angle opposite the side, the angle P. So, a solution is possible with Statement (1) alone. Hence, the solution
is possible with Statement (2) alone as well.

The answer is (D).
104. Lett betheentiretime of thetrip.

Then from Statement (1) alone, we have that the car traveled at 75 mph for t/2 hours and at 40 mph for the
remaining t/2 hours. Remember that Distance = Speed x Time. Hence, the net distance traveled during the
two periods equals 75 x t/2 + 40 x t/2. Now, remember that

Average Jeed =
Net Distance/ Time Taken =

75xt/2+40><t/2:
t

75x 1/2+ 40 x 1/2

Hence, Statement (1) aloneis sufficient.

Now, from Statement (2) alone, we have that if the car had constantly traveled at 75 mph, it would have
needed 5 hrs to complete the trip. But, we do not know how much time it has actually taken to complete the
trip. Hence, we cannot find the average speed. So, Statement (2) aloneis not sufficient.

The answer is (A).
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105. From Statement (1) alone, we have that s/t = 39.13. But, 39.13 is the result of one of the ratios: %

2x 3913 3x 3913

, , ..., and so on.
2x100 3x100
Thefirst fraction 3913 equals @+1—3 so 13 isthe remainder.
100 100 100
7826 7800 , 26

The second fraction ——— equals +——, so theremainder is 26.
200 200

200
Hence, we have do not have a unique value for the remainder. Hence, Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that s = 17,731 and t = 429. Since we have the values of the dividend
and the divisor, we can find the quotient and the remainder. Hence, Statement (2) alone is sufficient.
Calculating the remainder is not necessary.

The answer is (B).

106. From Statement (1) alone, we have that the cost of production for 300 units is $300. Suppose the cost
of production (in dollars) is calculated as 100 + 2/3 x quantity. Then the cost of production of 300 units
equals 300 dollars, and the cost of production of 270 units equals 100 + 2/3 x 270 = 100 + 180 = 280.

Now, suppose it were calculated as 200 + 1/3 x quantity, then the cost of production for 270 units would
equal 200 + 1/3 x 270 = 200 + 90 = 290 dollars.

Since we do not have a unique value, Statement (1) alone is not sufficient.

From Statement (2) alone, the cost of production is proportional to the number of units produced. Hence,
we have the egquation The Cost of Production = k x Quantity, where k is some constant. The Cost of
Production of 270 units equals k x 270. But we do not know the value of k. So, Statement (2) alone is not
sufficient.

Now, from the statements together, we have that 300 units cost 300 dollars. Putting this in the
proportionality equation yields 300 = k x 300. Solving the equation for k yields k = 300/300 = 1. Since we
now know the value of k, we can evaluate the cost of production of 270 items. Hence, the statements
together answer the question. Hence, the answer is (C). The answer is the cost = k x 270 = 1 x 270 = 270
dollars.

107. From Statement (1) alone, we have that X =y = z = p. Each angle in a quadrilateral is equal when the
quadrilateral is arectangle. A rectangle (only opposite sides necessarily equal) may or may not be a square
(all sides equal). Hence, Statement (1) alone is not sufficient to answer the question.

From Statement (2) alone, we have that AB = BC = CD = DA. All the sides in a quadrilateral are equal
when the quadrilateral is a rhombus. Since a rhombus (only opposite angles necessarily equal) may or may
not be a square (all angles equal), Statement (2) aloneis not sufficient to answer the question.

Now, from the statements together, we have that in the quadrilateral all the angles are equal and al the

sides are equal. This is possible only in a square. Hence, both statements are required to answer the
question. The answer is (C).
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108. In the figure, points A(O, 2) and D(0, 0) have the same x-coordinate (which is 0). Hence, the two
points must be on the same vertical linein the coordinate system.

Similarly, the x-coordinates of the points B and C are the same (both equal a). Hence, the points are on the
same vertical line in the coordinate system.

Since any two vertical lines are parallel, lines AD and BC are parallel (for any value of a).
Now, if ABCD is a parallelogram, then the opposite sides must aso be equal. Hence, AD must equal BC.

Since AD and BC are vertical lines, AD equals the y-coordinate difference of points AandD =2 -0 =2,
and BC equals the y-coordinate difference of points B and C = b — 2. Now, AD equals BC whenb —2 = 2,
or b = 4. This is when ABCD is a parallelogram and in any other case (when b # 4), it is not a
parallelogram. So, we need the value of b [value given in Statement (2)] alone and the value of a is
unimportant here. So, Statement (1) is not needed. Since b = 5 in Statement (2) (which shows that b # 4 and
therefore ABCD is not parallelogram), the statement is sufficient. Hence, the answer is (B).

109. Inthefigure, x equalsy (vertical angles are equal); and if AB is perpendicular to CD, then the angles x
and y must each equal 90°.

Now, from Statement (1) alone, we have that x + y = 180; x + x = 180 (since X = y); 2x = 180; x = 180/2 =
90. Since we have the value of x, from Statement (1) alone the statement is sufficient. The answer to the
question is“Yes. AB is perpendicular to CD.”

From Statement (2) alone, we have that AOC is an isosceles triangle. Since x equals y (earlier result) and
neither equals 0°, £A (= x°) cannot equal ZAOC (which actually equals y/2). Hence, A and O are not the
equal angles of the triangle.

Now, suppose £C = £LAOC (hence, isosceles). Then £C = £ AOC = x°, and summing the angles of the
triangle to 180° yields LAOC + £C + £A = 180; x + x + y/2 = 180 (by substituting known values); x + x +
x/2 = 180 (since y = x). Solving the equation for x yields x = 72. Here, x is not 90°, hence, AB is not
perpendicular to CD.

Now, suppose £C = LA (hence, the triangle is isosceles). Then £C = £A = y/2. Summing the angles of the
triangle AOC to 180° yields LAOC + £C + LA =180; x + y/2 + y/2 = 180; x + y = 180; x + x = 180 (since y
=X); 2x = 180; x = 180/2 = 90. Here, x equals 90°, hence, AB is perpendicular to CD.

Hence, we have a double case, and Statement (2) alone is not sufficient.

Hence, the answer is (A).

110. A unique regular hexagon can be drawn given the radius of the circle in which it isinscribed. The
area can be later measured. Hence, Statement (1) alone is sufficient.

The perimeter of the hexagon is 404/3 . Hence, the sum of the 6 equal sidesis 4043, and the side length of
4043
6

The area of the figure can then be measured. Hence, Statement (2) alone is also sufficient.

eachis . Given the side length of aregular hexagon, a unique figure can be drawn for the hexagon.

Hence, the answer is (D).
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111. From Statement (1) alone, we have that ACD is aright triangle. So, one of the three angles of the
triangle £CAD, LACD, or 2D is aright angle. If D were the right angle, then since ZBCA= /D +
£/ DAC (exterior angle of atriangle equals the sum of the interior opposite angles), ZBCA = 90° + LDAC,
clearly greater than 90°. Hence, 2BCA would be greater than 90° (obtuse angle). Hence, it's not a right
triangle. But in case LACD is the right angle, then since the angle in a line is 180°, we have
£ ACD + /BCA = 180°; 90° + ~BCA = 180°; £BCA = 90°. Here, triangle ABC is a right triangle. Hence,
we have adouble case, and Statement (1) alone is not sufficient.

From Statement (2) alone, we have that AC is the greatest side of AACD. This only confirms that the angle
opposite side £D is greater than 60° and therefore 2~ BCA is still open to be aright angle or not.

Now, from the statements together, AC is the greatest side of AACD (Hence, 2D is the greatest angle of the
triangle) and the triangle is a right triangle. Since in a right triangle, the greatest angle is the right angle,
£ D istheright angle. Now, ~BCA = /D + ~DAC (The exterior angle of atriangle equals the sum of the
interior opposite angles); £BCA = 90° + ~LDAC, clearly greater than 90°. Hence, ZBCA is greater than 90°,
and triangle ABC is an obtuse triangle. Hence, triangle ABC is not a right triangle. Since we needed both
statements (1) and (2) to answer the question, the answer is (C).

112. Subtracting (x —Y)? from both sides of (x —y)3 > (x —y)? in Statement (1) yields

(x=y)’=(x-y)*>0
Factoring out (x —Yy)? yields

(x=y)(x-y-1)>0
Since is (x — y)? positive (being a square), x —y — 1 must be positive, otherwise (x —y)*(x —y — 1) would be
negative. Hence, x—y—1>0, or x >y + 1. Thisinequality says that x is at least one unit larger thany, so
x>y. Hence, Statement (1) aloneis sufficient.
Now, dividing both sides of the inequality (x —y)* > (x —y)? in Statement (2) by the positive expression
(x —y)? yields (x —y)?> x —y. This inequality is true when either x —y is negative or x —y is positive and
greater than 1. If x —y is negative, x islessthan y; and if x —y is positive, X is greater than y. Hence, we

have a double case, and therefore Statement (2) aloneis not sufficient to answer the question.

The answer is (A).
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113. This problem can be solved with a series. Let the payments for the 7 continuous days be
a,, a,, as, ..., 8;. Since each day’s pay was 11 dollars more than the previous day’s pay, the rule for the
seriesisa,,,; = a, + 11.

If we are able to find all 7 numbers in the sequence, we can add the numbers and answer the question. In
order to find all the numbers, we need at least one element in the series.

By the rule, let the payments for each consecutive day be listed as

=]

a=a +11

p=a,+1ll=(a,+11)+11=4a,+22

=at+ll=(a,+22)+11=4a,+33

a=a,+1l=(a,+33)+11=a,+44

p=—as+1l=(a,+44)+11=a,+55

a;,=ag+11=(a, +55)+11=4a, +66
From Statement (1) alone, we have that the net pay for the first 4 days equals the net pay for the last 3 days.
The net pay for thefirst 4 daysisa;, + (a, + 11) + (a, + 22) + (a, + 33) =4a, + 11(1 + 2 + 3).
The net pay for last (next) 3 daysis (a; + 44) + (a, + 55) + (a, + 66) =3a, + 11(4 + 5+ 6).
Equating the two yields

da, +11(1+2+3)=3a, + 11(4+ 5+ 6)

This equation can be solved for a,. Then all the numbers in the series can be calculated, and all the numbers
summed to evaluate his net pay. Hence, Statement (1) alone is sufficient.

Now, from Statement (2) alone, we have that he was paid 330 dollars more for his last 3 days of work than
he was paid for his first 3 days of work. The net pay for first 3 daysisa, + (a; + 11) + (a, + 22) =
33, +11(1 + 2).
The net pay for last 3daysis(a, + 44) + (a, + 55) + (3, + 66) = 33, + 11(4 + 5 + 6).
Hence, the difference between the two is

33, +11(4+5+6)—[3a, + 11(1 + 2)] =

33, +11(4+5+6) -3, —11(1 +2) =

11(4 + 5+ 6) — 11(1 + 2), and this equals 66 dollars.

Hence, Statement (2) is an inference from the information given in the problem description and is not new
information. So, the statement is not needed.

The answer is (A).
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114. From Statement (1) alone, we have that the ratio of the sum of the reciprocals of x and y to the
product of the reciprocals of x and y is 1 : 3. Writing this as an equation yields

1.1

[ S

x y_1
113
Xy

X+y

2y 1
1 3
Xy

xty xy_1
xy 1 3
x+y=% by canceling xy from the numerator and denominator

Hence, Statement (1) aloneis sufficient.

From Statement (2) alone, we have that the product of x and y is 11/36 units greater than the sum of x and y.
Writing this as an equation yields

xy—(x+y)=11/36
X+y=xy—11/36 by solving for x +y

Since we do not know the value of xy, we cannot determine the value of x +y. Hence, Statement (2) alone
is not sufficient.

The answer is (A).

115. Draw acircle of radius 5. So, Statement (1) would be satisfied. Now, from its center, say A, locate
two points C and D which subtend an angle 120° with the center (£CAD = 120°). Now, any circle passing
through the points C and D (any one in the figure shown) satisfies the two statements along with the main
circle. Each one has a different common area with the main circle. So, the two statements together do not
yield a unique value for the common area and the answer is (E), the two statements together is not
sufficient.
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116. From Statement (1) alone, we have that the product of the three numbers a, b, and c is a multiple of
27. The number 162 (= 27 - 6) is divisible by 81, while the number 54 (= 27 - 2) is not divisible by 81.
Since we have a double case, Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that none of the three numbers a, b, and c is divisible by 9. Now, even
assuming that the three numbers a, b, and c are divisible by at least 3, though not 9, the three numbers can
be represented as 3p, 3q, and 3r, where none of the three supposed positive integers p, g, and r is divisible
by 3. Then the product of the three numbers equals 3p - 3q - 3r = 27(pqr). None of the three numbers p, q,
and r is divisible by 3. Hence, par is not divisible by 3. So, 27(pqr) is not divisible by 27 - 3, which equals
81. So, the product of abc is not divisible by 81. Hence, Statement (2) alone is sufficient to answer the
question.

Hence, the answer is (B), and the answer to the question is“No. abc is not divisible by 81.”

117. Let the number of chickens, pigs and horses on Richard's farm be ¢, p, and h. From Statement (1), we
have that the ratio of the threeisc:p:h=33:17: 21. So, let c equal 33k, p equal 17k, and h equal 21Kk,
where k is some positive integer (such that c: p : h=33: 17 : 21). Then the total number of pigs and horses
is 17k + 21k = 38k; and since this is greater than 33k, the number of chickens, the answer to the question is
“The total number of pigs and horses is greater than the number of chickens.” Hence, Statement (1) aloneis
sufficient to answer the question.

Next, Statement (2) alone gives the total number of the three species available, which is of no use. Hence,
Statement (2) aloneis not sufficient.

Hence, the answer is (A).
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118. Train X started at 10:00AM. Let the time it has been traveling be t. Since Train Y started at 11:30AM,
it has been traveling an hour and a half less. So, represent itstimeast—1 1/2 =t —3/2.

Train X travels at speed x miles per hour, and Train Y travels at speed y miles per hour. By the formula
Distance = Speed - Time, the respective distances they travel before meeting equals xt and y(t — 3/2). Since
the trains started from same point and traveled in the same direction, they will have traveled the same
distance when they meet. Hence, we have

3
xt=vylt-—
y( 2)
xt 3 - .
_:t_E by dividing both sidesby y
y
ﬁ_t:_g
y 2
X 3 .
t ——1)=—§ by factoring out the common factor t
y
3
—__2
t=- - (1)
—-1
y

Hence, Train Y will catch Train X at 4PM (10AM plus 6 hoursis 4PM), so Statement (1) alone is sufficient.

From Statement (2), we have x = 60. Substituting thisin the equation (1) yields

N w

t=——=—
00 4

y
Since we do not know the value of y, Statement (2) alone is not sufficient.

Hence, the answer is (A): Statement (1) aloneis sufficient and Statement (2) aloneis not.
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119. Wearegiventhatx=2-3-7-a=42aandy=2-2-8-b=32bh.

From Statement (1) alone, we have that the values of both x and y lie between 120 and 130, not including
the two. The only multiple of 42 in thisrange is 42 - 3 = 126. Hence, x = 126 and a = 3. The only multiple
of 32 inthisrangeis 32 - 4 = 128. Hence, y = 128 and b = 4. Since we know the values of a and b, the value
of a—Db can be calculated. Hence, Statement (1) alone is sufficient. The answer to the questionis“a—b =3
—4=-1"

Now, from Statement (2) alone, we have that the difference between x and y equals two times the
difference between a and b. Hence, we have the equation

x—y=2(a-b)
42a—-32b=2a-2b
40a—-30b=0

10a+ 30a—30b=0
30a—30b =-10a
30(a—b) =-10a
a—b=-10a/30=-a/3

Since a is unknown, a — b cannot be evaluated. Hence, Statement (2) alone is not sufficient.
The answer is (A).

120. Standard deviation equals the square root of the variance. Hence, Statement (2) alone is sufficient.
Variance is the sum of the squares of the difference between the measurements and the mean divided by
the number of measurements. But, Statement (1) gives the sum of the positive differences (not their
squares) of the measurements and the mean. Hence, Statement (1) alone is not sufficient to calculate the
variance and therefore the standard deviation. Hence, the answer is (B).

121. By square rooting the equation (x — 50) = (y — 50)? in Statement (2), we have two possible solutions
X —50 =y —50 and x — 50 = -y — 50). Canceling —50 from both sides of first solution yields x =y, and
adding y + 50 to both sides of second solution yields x + y = 100 (This is given in Statement (1)). Now,
freezing at the common solution of the two statements, we have x + y = 100. Now, supposex =5and y =
95. Then x + y = 100, but x # y. Now, suppose x = 50 and y = 50. Then x = y. Hence, we have a double case,
and the statements together are not sufficient. The answer is (E).

122. From Statement (1) alone, we have

(x+y)(1+1):4

Xy

(X + y)(ﬂ) =4
Xy
(x+y)* = 4xy
X2+ Y2+ 2xy = 4xy by the formula (a + b)? = a® + b? + 2ab
X +y —2xy=0
(x-y)?=0 by the formulaa?® + b? — 2ab = (a —b)?
x-y=0 by taking the square root of both sides
X=y
Hence, Statement (1) alone is sufficient. The answer to the questionis“Yes. x =y.”

Now, adding 100 to both sides of the equation x — 100 = y — 100 in Statement (2) yields x =y. Hence,
Statement (2) aloneis sufficient. The answer to the questionis“Yes. x=y.”

The answer is (D).
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123. From Statement (1) alone, we have that Ms. Anna has the same number of brothers as sisters. If mis
the number of male children Mrs. Smith has (so Anna has this many brothers), then she must have m sisters
also. Hence, including Ms. Anna, Mrs. Smith must have m + 1 female children. Now, the number of
children Mrs. Smith has equals m + (m + 1) = 2m + 1. But, we till do not know the value of m. Hence,
Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that Mr. Mathew has twice as many sisters as brothers. Hence, if
Mathew has, say, m — 1 brothers, then he must have 2(m — 1) sisters. Hence, the total number of children of
Mrs. Smith equals m — 1 brothers of Mathew + 1 (Mathew himself) + 2(m — 1) sisters=m +2(m - 1) =
3m— 2. Since we do not know the value m, Statement (2) alone is not sufficient.

Equating the number of children from both statements yields 2m + 1 = 3m — 2. Solving this equation for m
yields m = 3. Hence, the number of children of Mrs. Smithis2m+ 1=2-3+ 1 = 7. Hence, the statements
together answer the question.

The answer is (C).

124. From Statement (1) alone, we have that p/10 + g/10 is an integer. Suppose p = 20 and g = 10. Then
p/10 + ¢/10 = 20/10 + 10/10 =2 + 1 = 3, an integer. Here, p isnot divisible by 9.

Now, suppose p = 90 and q = 10. Then p/10 + ¢/10 = 90/10 + 10/10 = 9 + 1 = 10, an integer. Here, p is
divisible by 9.

Hence, we have a double case, and Statement (1) alone is not sufficient.

If pisnot divisible by 9 and g is not divisible by 10, then p/9 results in a non-terminating decimal and g/10
results in a terminating decimal and the sum of the two would not result in an integer. [Because
(a terminating decimal) + (a non-terminating decimal) is always a non-terminating decimal, and a non-
terminating decimal is not an integer.]

Since we are given that the expression is an integer, p must be divisible by 9. Hence, Statement (2) alone is
sufficient.

For example, if p=1and g = 10, the expression equals /9 + 10/10 = 1.11....., not an integer.
If p=9andq=5, theexpression equals 9/9 + 5/10 = 1.5, not an integer.

If p=9and q =10, the expression equals 9/9 + 10/10 = 2, an integer.

The answer is(B).

125. Certainly, both k and p may have five different prime factors, but there is a possibility that the prime
factors may be the same for the two or that k and p may have at |least one different factor.

In thefirst case, m, which equalsk - p, will have exactly 5 different prime factors.

In the second case, m, which equals k - p, may have more than 5 prime factors.

Hence, we have a double case, and statements (1) and (2) together do not answer the question.
The answer is (E).

For example, k=2-2-3-5-7-11andp=2-3-5-7-11. Haee m=k-p=(2-2-3-5-7-11)-(2-3-
5-7-11). Here, the prime factors of m are the five numbers: 2, 3, 5, 7, and 11.
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Now, take another example, k=2-2-3-5-7-11andp=2-3-5-7-13. Hare, m=k-p=(2-2-3-5-7
-11) - (2-3-5- 7 - 13). Here, the prime factors of m are the six numbers: 2, 3, 5, 7, 11, and 13. Hence, we
have adouble case.

126. From Statement (2) alone, we have that n/10 is a positive integer. Hence, n must be amultiple of 10.

Suppose n = 10, a multiple of 10. Then the expression 50+5n S 50+5x10 = 50+50 —@—

ual = =1,an
e o 102 100 100
integer.
Now, suppose n = 20, a multiple of 10. Then the expression 50+ 5n equals 50+5x20 _50+100 @
n? 20° 400 400

not an integer.
Thisisadouble case, and therefore Statement (2) aloneis not sufficient.

Now, if n is a multiple of 10, it is a multiple of 5. Hence, the same two case studies in the above
explanation (n = 10 and n = 20) also indicate that Statement (1) alone is not sufficient. Additionally, the
same two cases also indicate that statements (1) and (2) together are not sufficient.

Hence, the answer is (E).

127. From Statement (1) alone, we have the equation 1 + 1 % in two unknowns mand n. Hence, we
m n

can have multiple solutions for the two numbers. For each set of possible values, we will have different
values for the expression 0.1 + 0.1"™ + 0.1Y™ Hence, Statement (1) alone is not sufficient.

Similarly, Statement (2) alone gives the equation mn = 3, which has two unknowns. Hence, m and n can
have multiple solutions, and Statement (2) alone is not sufficient.

Now, with statements (1) and (2) together, we have the two equations i+1 -4 and mn=3. Hence, n=

m n
3/m. Substituting this in the equation i+1 =% yields i+% =%. Multiplying the equation by 3 myields
m n m

m? —4m + 3 = 0. The two possible solutions of this equation are 1 and 3. Whenm=1,n=3/m=3/1=3
and the expression 0.1 + 0.1"™ + 0.1'" equals 0.1 + 0.1Y* + 0.1%3%; and when m = 3, n = 3/m = 3/3 = 1. Here,
the expression 0.1 + 0.1Y™ + 0.1Y" equals 0.1 + 0.1** + 0.1**. In both cases, the expression remains the same
and isequal to 0.1 + 0.1¥° + 0.1**. Hence, the statements together answer the question. The answer is (C).

128. Suppose John did not get the discount. Then he might have paid exactly the list price amount, which
would have been $459 [from Statement (1)]. Thisis afeasible case where the discount was not received.

Now, suppose John actually got the discount. Let | be the list price of the computer. Then after the 10%
discount [from Statement (2)], the cost of the computer would be (List Price)(1 — Discount Percent/100) =
[(1—10/100) = 9I/10 and this equals 459 dollars (from Statement (1)). Hence, we have the equation:

91/10 = 459
| =459 - 10/9 =510

Hence, it is certainly possible that the list price of the computer is $510; and since this is greater than $500,
he got the discount offer and paid only $459.

We are till not sureif he got the discount offer. So, the question could not be answered. The answer is (E):
the statements together could not answer the question.
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129. Let ¢ and s be the cost and the selling price of the commodity, respectively. Then the profit on the
commodity equals the selling price —the cost = s—c.

From statements (1) and (2) together, we have that the cost increases by 9% and the selling price increases
by 10% the next year. Hence, the new cost is c(1 + 9/100) = 1.09c, and the new selling price is
s(1 + 10/100) = 1.1s. Hence, the new profit is New Selling Price — New Cost = 1.1s — 1.09c. Hence, the
percentage growth in profit is

New Profit — Old Profit
Old Profit
(1.13—1.090) —(s— c)
s-c
0.1s-0.09c
s—c

0.1(5)- 0.09
B
S_1
C

-100=

-100=

-100=

We need at least the ratio of the cost and the selling price of the current year to evaluate the growth in
profit. Since we do not have the information, the two statements are not sufficient. The answer is (E).

> Very Hard
130. Let A, T, and P be the parts of the estate obtained by Allen, Tommy, and Peter, respectively.

From Statement (1), Allen got 4/5 of what Tommy got. Hence, we have A = 4T/5. Also, from Statement (1),
Allen got 3/5 of what Peter got. Hence, A = 3P/5. Since both 3/5 and 4/5 are less than 1, we have A < P and
A<T. So, Allen got the smallest part. Hence, Statement (1) is sufficient to answer the question.

From Statement (2), Peter got 5/4 of what Tommy got. Hence, P = 5T/4. Since 5/4 is greater than 1, we
have P > T (or T < P). Also, from Statement (2), Tommy got 100 dollars more than what Allen got. Hence,
T = A + 100, from which we have A < T. Now, combining this inequality with inequality T < P yields
A < T < P. Hence, Statement (2) alone is also sufficient. Hence, both statements are individually sufficient
to answer the question, and the answer is (D).
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131. The expression on the right-hand side of the equation cannot be further reduced. On the left-hand side
of the equation, we have an expression in the variable H, and therefore the value of this variable depends on
only the variables on the right-hand side: T, R, k, and g. Hence, if possible, the expression in H and
therefore the value of H can be derived by knowing all four of these variables (both statements are required
to collect the four variables). So, the answer should be either (C), the statements together solve, or (D), the
statements together are not sufficient. Now, putting the known values from the two statements in the

equation yields
2
[hZ_ oy = TVI-R
kl—gk
2
-
2
1
i
16
11
_ 4
7
16
3
-_14
\F
16
3
4_.[34_[3,.43
- = ——=.—=-4=—-4=24/3
R TR et
4
H2—2H=(2w/§)2:12
H?-2H-12=0
(H+3)(H-4)=0

Hence, H equals —3 or 4. So, 3H equals —9 or 12. Since we do not have a unique solution, the statements
together are not sufficient. The answer is (E).
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132. The formula for the interest earned in 1 year is Interest = Principal x Interest Rate. We have the
principal ($300) in the question and the interest rate per annum (20%) in Statement (1). Hence, the two
determine the interest earned, and Statement (1) alone is sufficient. The interest earned on the amount in 1
year is 300 x Interest Rate = 300 x 20% = 300 x 20/100 = 60. Hence, Statement (1) alone is sufficient.

From Statement (2) alone, we have that the interest earned in two years on $300 is $132. Hence, the
principal after the 2 years equals 300 + 132 = 432 dollars. Since the interest is compounded annually, after
1 year, the principal should grow to Principal (1 + Interest Rate) = 300(1 + Interest Rate); and after 1 more
year, it should grow over thisto [300(1 + Interest Rate)] (1 + Interest Rate). Equating this to 432 yields

300(1 + Interest Rate)(1 + Interest Rate) = 432
(1 + Interest Rate)? = 432/300

1+ Interest Rate= 432
300
432 : . _
Interest Rate = 100 00 1| equals some numeric value. Evaluating thisis not necessary.

Hence, Statement (2) aloneis sufficient.
The answer is (D).

133. This problem cannot be solved using a constructability check because we cannot determine a unique
value for BC, rather here, we are interested in the range of values that BC can take on. If we know the

range, we can then check whether BC is greater than 3v/2 and find out if we answer the question with
either “Yes/True” or “No/False.”

Now, from Statement (1) alone, we have that the AABC is obtuse. But, we do not know which one of the
three angles of the triangleis obtuse.

In case ZA is the obtuse angle, BC the side opposite the angle would be the longest and should be greater

than AC (= 2). Here, it could be either greater than 32 or not. Hence, we have a double case, and
therefore Statement (1) alone is not sufficient.

Now, from Statement (2) alone, we have that that the AABC is isosceles.

Now, if AB and AC are the equal sides, then AB equals 2. Hence, the third side BC would be less than
AB + AC (Since in atriangle, the length of any side is less than the sum of the other two sides) which

equals2 +2=4. Since4islessthan 32 (=3x 1.41=4.23), BCislessthan 32.

Now, in case, AC and BC are the two equal sides, BC equals 2. Here, BC is also less than 32 (since

2< 3/2).

Now, in case AB and BC are the equal sides, BC could be of any length and can be greater than 32.

Hence, we have a double case, and therefore Statement (2) alone is not sufficient.

Now, from the statements together, we have that the AABC is an isosceles and obtuse triangle. Hence, the
equal sides should be the sides adjacent to the obtuse angle. Also, the obtuse angle being the greatest angle

of any triangle, the side opposite the angle is the longest.

Now, in case £C is the obtuse angle, AB, the side opposite the biggest angle would be the longest side of
the triangle. Hence, BC must be less than AB (which equals 2). Since 2 is less than 3V2, BCislessthan

2.
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In case £A is the obtuse angle, the sides AB and AC are equal. Hence, AC also equals 2. Hence, BC, the
third side must be less than AB + AC which equals 2 + 2 = 4. Since 4 is less than 3V2, here BC isless than

2.

In case 4B is the obtuse angle, the sides AB and BC are equal. Hence, BC would equal 2 and therefore is
lessthan 3/2.

Hence, in either case, BC is less than 3v/2 . Hence, the statements together answer the question. Hence, the
answer is (C). The answer to the question is“No. BC is not greater than W2

134. Suppose the Brand B bike costs x dollars. Then the cost of the Brand A bike must be 2x dollars (as
given).

Now, the total expenditure after timet is defined as the (Purchase Cost) + (Maintenance cost till the timet).

From Statement (1) alone, we have that the monthly maintenance cost of the Brand A bike is 5% of its
purchase cost. 5% of 2x = (5/100)2x = x/10. Hence, monthly maintenance cost is x/10.

Since we are given that the monthly maintenance cost of Brand B bike equals two times the monthly
maintenance cost of the Brand A bike, the former equals 2(x/10) = x/5.

Now, we are required to find the time when the total expenditure (includes purchase cost and maintenance
cost) on bike A equals the expenditure on bike B. But, we still do not have the time difference between the
two purchases. Hence, we cannot evaluate when the two brands would yield equal costs. Hence, Statement
(1) dloneis not sufficient.

From Statement (2) alone, we have the required time difference, but we do not have the relation between
the maintenance costs of the two bikes. Hence, Statement (2) alone is not sufficient.

With the statements together, we have the required costs in terms of x and, say, the total expenditures equal
after n months.

Then the total expenditure on bike A equals
(Purchase cost) + (Maintenance cost) =
2x + (X/10)n
And the total expenditure on the bike B equals
(Purchase cost) + (Maintenance cost) =
X+ (X5)n

The two are equal when 2x + xn/10 = x + xn/5. Dividing both sides by x yields 2 + n/10 = 1 + n/5. Solving
the equation for n yields n = 10. Hence, the statements together answer the question. The answer is (C).
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135. Since each angle in a square is 90°, ZB = 90°. Hence, ZEBC, which is only part of 2B, must be less
than 90° (acute angle).

Similarly, £C = 90°. Hence, £BCE, which is only part of £C, is less than 90° (acute angle). Hence, in
AEBC, £EBC and £BCE are only acute angles.

Hence, triangle BEC will be right angled if the ZBEC itself is right angled. Hence, if we are able to
determine whether ~BEC isright angled, or not, we can answer the question.

A B
N\ E

doe N b

D C

Thefigure is not drawn to scale.

From Statement (1) alone, we have that point E is on the line joining the midpoints of AD and BC. Since
there are infinitely many points on the line joining the midpoints and each point makes a different ZBEC
ranging between approximately 17° (when E is on AD) and 180° (when E is on BC), ZBEC need not be a
right angle. Hence, ~BEC may or may not be aright angle. Hence, Statement (1) aloneis not sufficient.

Now, from Statement (2) alone, we have that ZAED is 100°. Hence, E makes an angle of 100° with any
point in the points A and D. Hence, E could be any point on the circular arc made by AD as a chord and
with angle of the chord equal to 100° as shown in the figure. Each point makes a different angle ZBEC
starting from 0° to 180°. Since the range includes the angle 90°, the triangle may or may not be a right
triangle.

Now, with the statements together, the point E is the common point between the circular arc and the line
joining the midpoints. There is only one such point and therefore, since we know the unique such point, we
can always measure the angle made by the ZBEC. We are not interested in the actual measure. We are only
interested in whether we have data sufficient to answer the question. Hence, the statements together answer
the question, and therefore the answer is (C).
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136. Suppose x and y are the amounts received in dollars by the elder and the younger son, respectively.
Then the amount the father had isx +.

From Statement (1), we have “The elder son received 3/5 of the amount.” Expressing this as an equation
yieldsx = (3/5)(x +y), or x = 3x/5 + 3y/5, or 2x/5 = 3y/5, or x = 3y/2.

From Statement (2), we have that the younger son received $30,000. Expressing this as an equation yields
y = 30,000.

Hence, the question can now be modified as:
What isthevalueof x +y ?

(1) x = 3y/2
(2) y = 30,000

From Statement (1) alone, we have that x = 3y/2. Hence, x +y = 3y/2 + y = 5y/2. Since the value of y is
unknown, Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that y = 30,000. Hence, x +y = x + 30,000. Since the value of x is
unknown, Statement (2) alone is not sufficient.

From the statements together, we have that x + y = 5y/2 and y = 30,000. Hence, x +y = 5/2 x 30,000 =
75,000. Hence, the statements together are sufficient, and the answer is (C).

137. Let t hours be the time taken by Chelsea to travel from A to B. Then since the total time taken by her
to travel from Ato Cis 1 hour, the time taken by Chelseato travel from B to C should be 1 —t in hours.

From Statement (1) alone, we have that from A to B, her average speed was 40 mph and from B to C her
average speed was 60 mph. Remember that Distance = Rate x Time. Hence, the distance between A and B
= 40 mph x t hours, and distance between B and C = 60 mph x (1 —t) hours = 40t + 60 — 60t = 60 — 20t. So,
the distance traveled depends on t, which is unknown. Hence, Statement (1) aloneis not sufficient.

From Statement (2) alone, we have that her average speed is 50 mph. The formula for the Average Speed is
Total Distance Traveled + Time Taken. Hence, we have the equation 50 mph = Distance Traveled + 1 hour.
Solving this equation yields Distance Traveled = 50 miles. Hence, Statement (2) aloneis sufficient.

The answer is (B).
138. Let p be theincome of Mr. Teng in the year 2003.

From Statement (1) alone, we have that his income increased by 20% each year. So, the income in the
second year, 2004, must be p(1 + 20/100) = p(1 + 0.2) = 1.2p. The income in the third year, 2005, must be
1.2p(1 + 20/100) = 1.2p(1 + 0.2) = 1.2p(1.2) = 1.44p. Hence, the total income in the three years equals
p + 1.2p + 1.44p. Since the total income is 36,400, we have p + 1.2p + 1.44p = 36,400, or 3.64p = 36,400,
or p = 36,400/3.64 = 10,000. Hence, the income in the third year equals 1.44p = 1.44 x 10,000 = 14,400.
Hence, Statement (1) alone is sufficient to answer the question.

From Statement (2) alone, we have that his income in 2004 was $2000 more than that in 2003. Now,
suppose g is the income in 2004. Then we have g — p = 2000, or g = p + 2000. Also, the income in 2005 is
unknown to us and let it be r. Then the total income p + q + r equals 36,400, or p + q + r = 36,400.
Substituting this in the equation yields p + (p + 2000) + r = 36,400, or 2p + 2000 + r = 36,400. Solving the
equation for r yields r = 36,400 — 2p — 2000 = 34,400 — 2p. Since the value of r depends on the value of p,
which is unknown, the value of r cannot be calculated. Hence, Statement (2) alone is not sufficient.

The answer is (A).
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139. Let'snamethe verticesin the figure as shown below.
B F

XO

In the figure, ZCAB equalsits vertical angle z°. Next, summing the angles of AABC yields

/LCAB+ /B+ /BCA=180
z+x+ £BCA=180
/BCA=180-(z+Xx)

Now, in the figure, ~DCE equals ZBCA (vertical angles are equal). Hence, ~/DCE = ZBCA =
180 — (z + X). Summing the angles of ACED to 180° yields

£/DCE + £CED + £EDC = 180
[180—-(z+ X)] + LCED +x =180
180—-z—-x+ £LCED +x =180
-z+/£CED=0

LCED =2

Now, in the figure, £ CED equals 2~ GEF (vertical angles are equal). Hence, £GEF = ZCED = z. Summing
the angles of AGEF to 180° yields

L GEF + LEFG + £LFGE = 180
z+90+ LFGE =180
£FGE =180-(z+ 90)
y=180-(z+ 90) L FGE =V, vertical angles are equal
y=90-2z
Solving the equation yields z = 90 —y. So, to determine the value of z, we need only the value of y, which

is given in Statement (2). The value of z does not depend upon x here. Hence, it is unimportant. So,
Statement (1) alone cannot answer the question.

The answer is (B).
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140. Let the number of male and female citizens in the country be m and f, respectively.

Now, 65% of the male citizens are eligible to vote, and 65% of mis i_))—rg

68% of female citizens are eligible to vote, and 68% of fis @

From statements (1) and (2) together, we have

68% of male citizens eligible to vote voted, and 68% of i_))—rg is 68 65m _ 65-68m

100 100 10,000

65% of female citizens eligible to vote voted, and 65% of et is E@:M

100 100 100 10,000

So, out of the total m + f citizens, the total number of voters who voted is

65-68m , 65-68f _ (65-68)(m+ f)
10,000 10,000 10,000

Hence, the required fraction is

(65-68)(m+ f)
10,000  _ 6568
m+ f 10,000

Hence, the statements together answer the question; and from the lack of the crucial details, the statements
individually are not sufficient. Hence, the answer is (C).
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141. Let the number of male and female citizens in the country be m and f, respectively.

Now, 65% of male citizens are eligible to vote, and 65% of mis i_))—rg

68% of female citizens are eligible to vote, and 68% of f is @

From statements (1) and (2) together, we have

65% of male citizens eligible for voting voted, and 65% of 65m is 685 65m_ 65-65m

100 100 100 10,000

68% of female citizens eligible for voting voted, and 68% of et is ﬁﬂ:w

100 100 100 10,000 -
So, out of the total m + f, the total number of voters who voted is

65-65m + 68-68f
10,000 10,000

Hence, the required fraction is

65-65m N 68-68f
10,000 10,000
m+ f

Dividing the numerator and the denominator by f, we get the fraction
65-65 "
f. 68- 68
10,000 10,000

m+1

This fraction cannot be reduced further. Hence, the value of the fraction depends on the ratio mto f, which
is unknown. Hence, the statements together cannot answer the question. The answer is (E).
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142. After adepreciation of x% on the m dollars, the depreciated price of the car is m(l— %) .

After an appreciation of y% on this price, the appreciated price is m(l— ﬁ)(l+ ﬁ) which equals n (given).

misthe price and is therefore positive. Now, if m> n, dividing by myields n <1.
m

Since n= m(l—i)(ﬂ y ) L (1 X )(1+ L) Hence, the question can be changed to

100" 100/ m " 100" 100
“s [1- 2 1+ Y| <17
100 100
From Statement (1) alone, we have y= X - 100x . Hence, Y =X . Also, 1+L=
1__ % 100-x 100 100- x 100
100
1+ X =(100—x)+x= 100
100-x  100-x  100-x
Hence, 1—L 1+L =
100 100
(100_)()( 100 )= by getting a common denominator in both terms
100 /\100-x

1

Hence, the answer to the question “Is 1- X 1+ |<1"is*No. They are equal.”
100 100

Hence, Statement (1) aloneis sufficient.

Now, from Statement (2) alone, we have y = 3x/4. Substituting thisin the expression (1— L)(h y )

100\ 100
(1_ L)(“ 3X_/4) -
100 100
(100— x)(100+ 3x/4) _
100 100

yields

(100- x)(100+ 3x/4)
10,000

Since the value of this expression depends on the value of x, we cannot determine whether the expression is
greater than 1 or not. Hence, Statement (2) alone isinsufficient.

The answer is (A).
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143. If you thought that because m and n are two unknowns we need two equations to determine m and n
and thereby determine the value of mn [and so decided to chose (C), both statements required], it would be
amistake here.
Usually, an equation such as 7m + 5n = 29 alone will not have a unique solution. But if we attach a
constraint into the system such as an inequality or in some other information (Here, m and n are constrained
to take positive integers values only), we might have a unique solution. Let's see:
From Statement (1) alone, we have 7m + 5n = 29. Now, let p = 7m and g = 5n. Since m and n are positive
integers, p isamultiple of 7 and q is a multiple of 5 and p + g = 29. Subtracting p from both sides yields
g = 29 — p [(a positive multiple of 5) equals 29 — (a positive multiple of 7)]. Let’s look at how many such
solutions exist:

Ifp=7,q=29-7=22 notamultiple of 5. Reject.

If p=14, q=29-14 =15, amultiple of 5. Accept.

If p=21,q=29-21=8, notamultiple of 5. Reject.

If p=28,q=29—-28=1, not amultiple of 5. Reject.

If p= 35, q=<29-35=-6, not positive. Reject.

So, we have a unique solution m = p/7 = 14/7 = 2 and n = ¢/5 = 15/5 = 3. Hence, mn will have the unique
solution 2 - 3 = 6. So, Statement (1) alone is sufficient.

From Statement (2) alone, we have that m + n = 5. There are multiple solutions for the equation such as
m=1and n=4 (here, mn = 4),
m=2and n = 3 (here, mn = 6),
and so on.

Hence, Statement (2) aloneis not sufficient.

The answer is (A).
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144. Let mand n be the costs of each equity of type A and each equity of type B equity, respectively. Since
the costs are integers (given), m and n must be positive integers.

Now, the cost of 2 equities of type A and 3 equities of type B is 2m + 3n. Hence, the question is “What is
the value of 2m + 3n?’

From Statement (1) alone, we have that 4 equities of type A and 5 equities of type B together costs 27
dollars. Hence, we have the equation 4m + 5n = 27. Since mis a positive integer, 4mis positive integer; and
since n is a positive integer, 5n is a positive integer. Let p = 4mand g = 5n. So, pisamultipleof 4 and g is
amultiple of 5 and p + g = 27. Subtracting g from both sides yields p = 27 — q [(a positive multiple of 4)
equals 27 — (apositive multiple of 5)]. Let’slook at how many such solutions exist:

If g=5, p=27-5=22, not amultiple of 4. Reject.

If =10, p=27-10= 17, not amultiple of 4. Reject.
If g=15, p=27-15=12, amultiple of 4. Acceptable.
If =20, p=27-20=7, not amultiple of 4. Reject.
If g=25, p=27-25=2, not amultiple of 4. Reject.
If g= 30, p<27-30=-3, not positive. Reject.

Hence, only one solution exists and that isp =15 o0r q = 12 or n = g/5 = 15/5 = 3 and m = 12/4 = 3. Hence,
2m+ 3n=2x 3+ 3 x 3 =15, aunique solution. Hence, Statement (1) aloneis sufficient.

Now, from Statement (2) alone, we have that the cost of an equity of type A plus the cost of an equity of
type B is 6. Hence, we have m + n = 6. But, there are multiple solutions, m and n, of the equation: (m, n) =
(1,5), (2, 4), (3, 3), (4, 2), (5, 1). Not all the cases have the same value for the expression 2m + 3n varies.
Hence, Statement (2) aloneis not sufficient.

Hence, the answer is (A).

145. The first train started at 12 noon. Let the time it has been traveling be t. Since the second train started
at 12:30 PM, it has been traveling a half-hour less. So, represent itstime ast — 1/2.

The first train travels at x miles per hour, and the second train travels at y miles per hour. By the formula
Distance = Speed - Time, the respective distances they travel before meeting equals xt and y(t — 1/2). Since
the trains started at different stations and traveled towards each other, they meet when the distances
traveled by them sum to the distance between their starting stations (let that distance be d). Then we have

xt+yt—-12)=d

xt+yt—y/2=d (by distributing the y)

xt+yt=y/2+d

tx+y)=yl2+d (by factoring out the common factor t)
t=(y2+d)/(x+Yy)

t= (y/2x + d/X)/(1 + yIX) . (A)

From Statement (1), we can determine the value of y/x; but even with both statements, we cannot determine
the value of d and thereby the value of d/x in equation (A). Hence, we cannot determine the value of t.
Therefore, the statements together are not sufficient, and the answer is (E).
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146. The Range is the difference between the greatest and the smallest measurements. Now, the smallest
known number in the series is 5, and the greatest known number in the series is 9. x and y are two
unknowns. The question “Is the Range greater than 57’ can be re-represented as “|s not the Range less than
or equal to 57

Now, the rangeisless than or equal to 5 when either

Condition 1: Both unknowns x and y lie between 9 —5 = 4 and 9 (including both).
Condition 2: Both unknowns x and y lie between 5 and 5 + 5 = 10 (including both).

In case neither of the conditions is satisfied, the Range is surely greater than 5. The question is answered
here and the data used is sufficient.

In case both conditions are satisfied, the range is surely less than or equal to 5. Hence, the answer to the
question is “No. The range is not greater than 5.” The question is answered here also and the data used is
sufficient.

In case exactly one of the two conditions is not satisfied or in case of any ambiguity, the range may or may
not be less than or equal to 5 and data used would be insufficient.

From Statement (1) alone, we have x = 3y. Now, assume x lies between 4 and 9, inclusive. Then we have
the inequality 4 < x < 9. Multiplying each side by 3 yields 12 < 3x < 27, or 12 <y < 27 (since 3x = y).
Hence, y does not lie between 4 and 9. Hence, the condition (1) is not satisfied.

Now, assume X lies between 5 and 10, inclusive. Then we have the inequality 5 < x < 10. Multiplying each
side by 3yields 15 < 3x < 30, or 15 <y < 30 (since 3x = y). Hence, y does not lie between 5 and 10. Hence,
condition 2 is not satisfied.

Since neither of the two conditionsis satisfied, as discussed earlier, Statement (1) alone is sufficient.

From Statement (2) alone, we have that x < 2y or x/2 <y (by dividing inequality by 2).

Now, assume X lies between 4 and 9, inclusive. Then we have the inequality 4 < x < 9. Dividing the
inequality by 2 yields 2 < x/2 < 9/2; and since y is greater than x/2, we have 2 <y < 9/2; and sincey is an
integer, we have 2 <y < 5. Here, condition (1) is not satisfied since y may equal 2 or 3 in which case
condition (1) fails.

Now, assume x lies between 5 and 10, inclusive. Then we have the inequality 5 < x < 10. Dividing the
inequality by 2 yields 5/2 < x/2 < 5 and since y is greater than x/2, we have 5/2 <y < 10 and since y is an
integer, we have 2 <y < 5. Here, in case, y equals 2, or 3, or 4, the condition (2) is not satisfied and when'y
equals 5, the condition is satisfied.

Hence, as discussed, the range may or may not be greater than 5 and therefore Statement (2) alone is not
sufficient.

Hence, the answer is (A).
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147. If d miles is the distance to his office from home, v miles per minute his usual speed, and t minutes
the time he usually takes in minutes, then, by the formula Time = Distance + Speed, the time taken on a
regular day ist = d/v. Now, the question is“How much isd/v?’ or “What ist?’

From Statement (1) alone, we have an instance when he started 30 minutes late and drove 25% slower [i.e.,
at speed (1 —25/100)v = 0.75v]. Then he reached his office exactly 50 minutes late.

In this case, there are two delays. One is the “30 minute delay in starting from home” and the other one is
the delay caused by driving slower than the regular speed, which equals d/(0.75v) — d/v = 0.25d/0.75v =
d/3v. The total delay is 50 minutes. Hence, summing the delays to 50 minutes yields d/3v + 30 = 50; d/3v =
20 minutes; d/v = 60. Hence, Statement (1) aloneis sufficient.

Now, using Statement (2) alone, we have that after a delay of 30 minutes he traveled at a speed of s = 25
miles per hour = 25/60 miles per minute to exactly make up (compensate) for the delay. So, the time taken
in thisinstance is d/s = d/(25/60). The time taken is 30 minutes (as given) less than the time taken regularly.
Hence, we have the equation d/(25/60) = t — 30 minutes or t = d/(25/60) + 30. Since we do not know the
value of d, the value of t cannot be determined and Statement (2) aloneis not sufficient.

Hence, the answer is (A).

148. Let d be the distance to his office from home, and let v be the regular speed. Then the time David
takesto travel to his office equals d/v (by the formula Time = Distance + Speed).

Now, if he started half an hour late (started at 9:30AM instead of 9:00AM), then he would have driven
d/v — 30 minutes to reach his office in time. If he drove 25% faster, his speed is v(1 + 25/100) = 1.25v.
Hence, by the formula Time = Distance/Speed, the time taken for the trip is d/1.25v.

Hence, to reach his office in time he should have saved at least 30 minutes of the travel time, lest he did not
reach it in time. By driving 25% faster, the travel time he saved equals d/v — d/(1.25v) = d/5v. Hence, the
question is “Is d/5v < 30" which if true, says, David did not reach his office in time on Wednesday.
Multiplying the inequality in the question by 5 yields “Isd/v < 1507".

Now, from Statement (1) alone, we have that on Monday he started to his office 20 minutes late but was
just in time (So, he traveled 20 minutes longer) and drove 20% slower than usual.

Hence, the speed on Monday (20% slower) equals v(1 — 20/100) = 0.8v. Hence, by the formula Time =
Distance/Speed, the time taken to reach the office now equals d/0.8v. This is greater than the regular time
d/v by d/(0.8v) — d/v = (d/v)(1/0.8 — 1). Since we know that he drove 20 minutes longer, we have the
equation (d/v)(1/0.8 — 1) = 20; d/v = 20/(1/0.8 — 1) =20 - 0.8/(1 — 0.8) = 20 - 0.8/0.2 = 80. Hence, Statement
(1) aone answersthat “No. d/vislessthan 150.” So, David did not reach his office in time last Wednesday .
Now, from Statement (2) alone, we have that last Tuesday he started to his office 10 minutes early and
reached the office 10 minutes early driving at regular speed. This is an automatic inference since starting 10
minutes early and traveling at regular speed, one would always reach the office 10 minutes early. Hence,
this statement alone is not sufficient.

Hence, the answer is (A).
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149. From Statement (2) alone, we have that the number 2ab5 is divisible by 25. Any number divisible by
25 ends with the last two digits 00, 25, 50, or 75. So, b5 should equal 25 or 75. Hence, b=2or 7. Since a is
now free to take any digit from O through 9, ab can have multiple values. So, we have multiple solutions,
and Statement (2) aloneis not sufficient.

From Statement (1) alone, we have that ab is divisible by 13. Hence, ab can be any one of the numbers 13,
26, 39, 52, 65, 78, and 91. For each one of them, we will have a different value for ab. Hence, Statement
(1) alone is aso not sufficient.

Now, from the statements together, we have ab equals one of the numbers 13, 26, 39, 52, 65, 78, and 91,
and b equals either 2 or 7. The only number ending with 2 or 7 and belonging to the set 13, 26, 39, 52, 65,
78, and 91 is52. Hence, a=5and b =2 and ab = 52. So, the statements together are sufficient. The answer
is(C).

150. From Statement (1) alone, we have the equation m = n + 14. Replacing m with n + 14 in the

expression VQ/H yields \A/n+14 .
Suppose n = 2. Then \/Q/n +14 =1/?\/2+14 =\/w/2+14 =\/x/ﬁ =+/4 =2. Here, \}/m isaninteger.
Suppose n = 3. Then 111{/_ =43/3+14 = 1/3(/]7 . Thisis certainly not an integer since 17 is a prime number

and therefore cannot be a perfect square or cube or any power of an integer.

Hence, we have a double case, and Statement (1) alone is not sufficient.

From Statement (2), we have the equation m = 5n + 6. Hence, 1[% =y/5n+6 .
Now, suppose n = 2. Then \/Q/5n+6 =x/%/5-2+6 =W/W/E =+/4 = 2. Here, {8/m isan integer.
Suppose n = 3. Then W{/ﬁ =1/>°(/5'3+6 = J%/Z . Thisis certainly not an integer. Here, 1[% isnot an

integer.

Hence, we have a double case, and Statement (2) alone is not sufficient.

Now, with the statements together, we have a system of two equationsm=n + 14 and m=5n + 6 in two
unknowns m and n. Since the slopes of the two equations are different (Slopeis 1 for the first equation and
5 for the second equation), we will have a unique solution for the system. Once the values of mand n are

determined from the system, we can evaluate 1[% and determine whether it is an integer. Hence, the
statements together answer the question and the answer is (C).
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151. From Statement (1) alone, we have that when m + n is divided by 6 the remainder is 5. Suppose m =
10and n =1 (Then m+ n equals 11 and when divided by 6 yields aremainder of 5). Then mn = 10, and this
number is not divisible by 3. Now, suppose m= 15 and n = 2 (Then m + n equals 17 and when divided by 6
has a remainder of 5). Then mn = 30, and this number is divisible by 3. Hence, we have a double case, and
therefore Statement (1) alone is not sufficient.

From Statement (2) alone, we have that when m—n is divided by 6 the remainder is 3. Suppose m = 10, and
n =1 (Then m—n equals 9 and when divided by 6 has a remainder of 3). Then mn = 10 and this number is
not divisible by 3. Now, suppose m = 12 and n = 3 (Then m —n equals 9 and when divided by 6 has a
remainder of 3). Then mn = 36 and this number is divisible by 3. Hence, we have a double case, and
therefore Statement (2) alone is not sufficient.

From the statements together, we have that since the remainder when m+ nisdivided by 6 is5, m + n can
be expressed as 6p + 5; and since the remainder when m —n is divided by 6 is 3, m —n can be expressed as
69 + 3. Here, p and q are two integers. Adding the two equations yields 2m = 6p + 6q + 8. Solving for m
yieldsm=3p+3q+4=3(p+qg+1)+1=3r+1 wherer isaninteger equaling p +q + 1. Now, let's
subtract the equationsm + n =6p + 5, and m —n = 6q + 3. Thisyields 2n = (6p + 5) — (6g + 3) =
6(p—q) + 2. Solving for nyieldsn =3(p—q) = 3t + 1, wheret isa positive integer equaling p —q.

Hence, we have

mn=(3r+1)(3t+ 1)
=Oort+3r+3t+1
=3@rt+r+t)+1 by factoring out 3

From this equation, it is clear that mn is not divisible by 3, and actually leaves a remainder of 1 when
divided by 3. Hence, the statements together answer the question. The answer is (C).

152. Let c and s bethe cost and the selling price, respectively, for the seller on each item.

From Statement (1) alone, we have that the selling price of 20 items equals the cost of 15 items. Hence, we
have 20s = 15¢, or s = (15/20)c = 3c/4. Now, profit = selling price —cost = s—c = 3c/4 —c = /4, a
negative value (c is price and therefore is positive. Hence, —c/4 is negative). A negative profit should be
considered aloss. Hence, Statement (1) alone is sufficient to determine that the seller did not earn a profit.

From Statement (2) alone, we have that the cost of 10 items is $55 more than the selling price of 8 items.
The cost of 10 itemsis 10c and the selling price of 8 itemsis 8s. Hence, we have 10c — 8s = 55. Subtracting
2s from both sides yields 10c — 10s = 55 — 2s; 10(c — s) = 55— 2s; ¢ — s = (55 — 29)/10. Now, if 55 — 2sis
positive, ¢ —s, which equals (55 — 2s)/10, is positive. Here, Cost > Selling Price, and seller made a profit.
Otherwise, he did not make a profit. 55 — 2s is not positive if s < 55/2. Hence, we have a double case and
Statement (2) aloneis not sufficient.

The answer is (A).
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153. From Statement (1) alone, we have that %+% isaninteger. Suppose p=8and g=2.Then,

£+ﬂ=i+£=1, aninteger. Here, g is not divisible by 10.
10 10 10 10

_ _ p,q_10, 6 10_ _ . . o
Now, suppose p = 10 and g = 10. Then E+E_E+E-1+1—2,anmteger. Here, qis 10 and divisible

by 10.
Since we have a double case, Statement (1) aloneis not sufficient.

Turning to Statement (2), if p were not divisible by 9, then p/9 would result in a non-terminating decimal
(For example, if p = 3, then p/9 = 0.333...); and still if q were not divisible by 10, g/10 would result in a
terminating decimal (For example, if g = 4. Then, ¢/10 = 0.4, a terminating decimal) and their sum which
equal s the expression p/9 + /10, would then never be an integer (since the sum of a terminating and a non-
terminating decimal is never an integer. For example, 0.333... + 0.4 = 0.733.., a non-terminating number.).
But we are given that the expression is an integer. So, q must be divisible by 10, and Statement (2) alone is
sufficient.
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7xX+2y+5z

154. Letp=
P 8a+b+3c

, the expression to be evaluated.

From Statement (1) alone, we have x = 10a, y = 3b, z = 7c. Substituting these values into the expression
yields

p =

7X+2y+5z _

8a+b+3c
7(10a) +2(30) +5(7c) _
8a+b+3 -
70a+ 6b+ 35
8a+b+3c

Since the value of the ratio is dependent on the values of a, b, and c, the relation between which we do not
know, Statement (1) aloneis not sufficient.

Now, from Statement (2) alone, we havex :y:z=10: 3: 7. Forming the ratio yields x/10 = y/3 = Z/7 = k,
where k is a number. This reduces to x = 10k, y = 3k, and z = 7k. Substituting these values into the
expression yields

p:
7X+2y+5z _
Ba+b+x
7(10K) +2(3k) + 5(7K) _
8a+bh+3
70k + 6k + 35k
8a+b+3

We cannot proceed further to evaluate p. Hence, Statement (2) alone is not sufficient.

From the statements together, we have the equations x = 10a, y = 3b, z = 7¢ and the proportionx : y : z =
10:3:7.

Substituting the first three equations into the last equation (ratio equation) yields 10a: 3b:7c=10:3:7.
Forming the resultant ratio yields 10a/10 = 3b/3 = 7¢/7. Simplifying the equation yields a = b = ¢. Hence,
both a and b equal c. Substituting this result into the given equations x = 10a, y = 3b, z = 7c yields x = 10a
=10c, y = 3b = 3c, and z= 7c. Now, we have
p =
7X+2y+5z _
Ba+b+3
7(10c) +2(3) +§(7c) _
8c+c+3c -
111c _
Do -
111
12

Hence, both statements were required, and the answer is (C).
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155. From Statement (1) alone, we have x/a =y/b = z/c. Now, leea=b =c=1. Also, let x=y=z=1.
Then

x+3y-10z 1+3-1-10-1_ 1+3-10_ -6 _

a+3-10c 1+3-1-10-1 1+3-10 -6

Now, letx=1,y=2,andz=3; andleta=2,b=4,and c=6. Then

Xx+3y-10z _1+3-2-10-3 _ 1+6-30 _-23_1

a+30-10c 2+3-4-10-6 2+12-60 -46 2

We have a double case, and therefore Statement (1) aloneis not sufficient.

Now, with Statement (2) alone, we have x = 2y = 3z. Since there is no mention of the variables a, b, and c
X+ 3y-10z

here, the variables are free to take any value independently and therefore
a+3p-10c

may take any ratio.

Hence, Statement (2) aloneis not sufficient.

From the statements together, we have x/a = y/b = Zic and x = 2y = 3z. Now, let x =6,y =3,and z= 2, and
leta=6,b=3,andc=2. Then

x+3y-10z _6+3-3-10-2 _6+9-20 -5 _

a+3-10c 6+3-3-10-2 6+9-20 -5

Now, leta=12,b=6,andc=4andletx=6,y=3,and z= 2. Then

Xx+3y-10z _ 6+3-3-10-2 _ 6+9-20 _ -5 1
a+3-10c 12+3-6-10-4 12+18-40 -10 2

We have a double case, and therefore the statements together are not sufficient. The answer is (E).
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Part Three
Summary of

Math Properties

Boo~Nooh~wdDE

=4

11.
12.

13.
14.
15.
16.

17.

18.

A prime number is an integer that is divisible only by itself and 1.
An even number isdivisible by 2, and can be written as 2x.

An odd number is not divisible by 2, and can be written as 2x + 1.
Division by zero is undefined.

Perfect squares: 1, 4, 9, 16, 25, 36, 49, 64, 81 . . .

Perfect cubes: 1, 8, 27,64, 125 . . .

If the last digit of ainteger isO, 2, 4, 6, or 8, thenitisdivisible by 2.
Aninteger isdivisible by 3 if the sum of its digitsis divisible by 3.
If thelast digit of ainteger isO or 5, then it isdivisible by 5.
Miscellaneous Properties of Positive and Negative Numbers:

The product (quotient) of positive numbersis positive.

The product (quotient) of a positive number and a negative number is negative.
The product (quotient) of an even number of negative numbersis positive.
The product (quotient) of an odd number of negative numbersis negative.

The sum of negative numbersis negative.

A number raised to an even exponent is greater than or equal to zero.

mmoow>

even x even = even
odd x odd = odd
even x odd = even

even + even = even
odd + odd = even
even + odd = odd

Consecutive integersare writtenas x, X+ 1, x + 2K

Consecutive even or odd integers are writtenas x, x + 2, X + 4, K

Theinteger zero is neither positive nor negative, but itiseven: 0=2- 0.

Commutative property: x+y=y+X. Example:5+4=4+5,

Associative property: (X+y) +z=x+(y +2). Example: (1+2)+3=1+(2+ 3).

Order of operations: Parentheses, Exponents, Multiplication, Division, Addition, Subtraction.
X =X X 2 -2 2

-—=—=— . Example: - - =—=—
y y -y 3 3 -3

1
33=%= -
3

3
>
I

g

wll\_)w |
als alw gl ol

663%:
3

25% =

2

50% =

N[k MR
AN
I
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1 1 2

—=.01 —_ =, -_=,

100 10 ! 5 4

%:.02 %:.2 %:.5
19. 1 1 5

—=.04 -=.25 — =.666..

25 4 3

1 1 3

—=.05 -=.333.. —-=.75

20 3 4

20. Common measurements:
1foot = 12 inches
1yard = 3 feet
1 quart = 2 pints
1 gallon = 4 quarts
1 pound = 16 ounces

21. Important approximations: 1/5 =14 ﬁ ~1.7 T =314

22. “Theremainder isr when pisdivided by " means p = qz + r; the integer zis called the quotient. For
instance, “ The remainder is1 when 7 isdivided by 3" means 7 =3-2+1.

number of outcomes
total number of possible outcomes

23.  Probability =

Algebra

24. Multiplying or dividing both sides of an inequality by a negative number reverses the inequality. That
is, if x>y and c <0, then cx<cy.

25. Transitive Property: If x<yandy <z thenx<z
26. LikelnegualitiesCan Be Added: If x<yandw< z thenx+w<y+z.

27. Rulesfor exponents:

X2 x? = x®®  Caution, x® + x° = x3P
(Xa)b:Xab

a__a .a
Oy)* =xy

a

-y
y y
x2 b . x2 1
—b:xab,|fa>b. - =—5o.ifb>a
X N
x’=1

28. There areonly two rulesfor roots that you need to know for the GMAT:

xy = {/xRly For example, /3x =+/3/x .

rJz:ﬂ Forexan']p|e, izﬁzﬂ_
y &y 8 38 2

Caution: g/x+y =R/x +§fy.
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29. Factoring formulas:
X(y +2) =xy+ xz

2oy =(x+y)(x-Y)
(x-y)?=x" -2xy+y*
(x+y)? =X +2xy+y

X

2

—(x-y)=y-x
30. Adding, multiplying, and dividing fractions:
§+;Z/:X;Z and %—iz% Example: %+%:223:%
23y care 13253
e $-3-34-4-2.
31. x%:ﬁ)

32. Quadratic Formula: x =

-b++/b? - 4ac
2a

are the solutions of the equation ax? +bx+c=0.

33. Thereare four major types of angle measures:

An acute angle has measure |l ess than 90°:

A right angle has measure 90°:

900
An obtuse angle has measure greater than 90°: /

A straight angle has measure 180°: y° Xo X +y=180°
34. Two angles are supplementary if their angle sum is 180°: 45° \ 135’
45+ 135=180

35. Two angles are complementary if their angle sumis 90"

30+ 60=90
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|
36. Perpendicular lines meet at right angles: L H I L1y

37. When two straight lines meet at a point, they form
four angles. The angles opposite each other are
called vertical angles, and they are congruent (equal).

Inthefiguretotheright,a=b,and c=d. a=bandc=d

38. When parallel lines are cut by atransversal, three important angle relationships exist:

Alternate interior angles Corresponding angles Interior angles on the same side of
areequal. areequal. the transversal are supplementary.
c
a b
a+b=180
a c a
39. The shortest distance from a point not on aline to Shortest
the lineis along a perpendicular line. distance
Longer
< distance
40. A triangle containing a right angle is called a
right triangle. The right angle is denoted by a
small square:
41. A triangle with two equal sides is called X X
isosceles. The angles opposite the equal sides
are called the base angles:
Base angles
60°
S S
42. Inan equilateral triangle, all three sides are equal and each angle is 60°:
60° 60°
S
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43.

45.

46.

47.

48.

49.

50.

51.

The atitude to the base of an isosceles or equilateral triangle bisects the base and bisects the vertex
angle:

d|d
. d|d ; . S S _ S\/g
Isosceles: s Equilateral: h h—T
§2 §2
The angle sum of atriangle is 180°: b
a+b+c=180
a c

1
The areaof atriangleis > bh, where b is the base and h is the height.

1
h h h ==
l\ %l A th
L]
b b

b
In atriangle, the longer side is opposite the larger angle, and vice versa:

a /100 b 50° is larger than 30°, so side b is

longer than side a.
50° 30

Pythagorean Theorem (right triangles only): The
square of the hypotenuse is equal to the sum of a c 2= a2 + b
the sguares of the legs.

L]

b
A Pythagorean triple: the numbers 3, 4, and 5 can always represent the sides of a right triangle and
they appear very often: 52 =32 +42.

Two triangles are similar (same shape and usually different size) if their corresponding angles are
equal. If two triangles are similar, their corresponding sides are proportional :

f
e
Cc

|

If two angles of a triangle are congruent to two angles of another
triangle, the triangles are similar.
In the figure to the right, the large and small triangles are
similar because both contain aright angle and they share ZA. o o

Two triangles are congruent (identical) if they have the same size and shape.
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52. Inatriangle, an exterior angle is equal to the sum of its remote interior angles and is therefore greater
than either of them:

a
e—at+bande>aande>b
e b
53. Inatriangle, the sum of the lengths of any two sides is greater than the length of the remaining side:
« y X+y>z
y+2z>X
7 X+2z>y

54. In a30°-60°-90° triangle, the sides have the following relationships:

2 In general S— 2X
/3 x/3

55. In a45°-45°-90° triangle, the sides have the following relationships:

56. Opposite sides of a parallelogram are both parallel and congruent:

57. Thediagonals of aparallelogram bisect each other:

58. A parallelogram with four right angles is a ] L]
rectangle. If wisthe width and | is the length A=l-w
of a rectangle, then its area is A=lw and its w
perimeter isP = 2w + 2I: P=2w+2l
L] []
|
59. If the opposite sides of a rectangle are equal, it S
is a square and its area is A= §* and its - L
perimeter is P = 4s, where s is the length of a S S A=g2
side:
P=4s
L] []
S
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60.

61.

62.

63.

64.

65.

The diagonals of a square bisect each other and
are perpendicular to each other:

A quadrilateral with only one pair of paralel
sides is a trapezoid. The parallel sides are
called bases and the non-parallel sides are
called legs:

The area of a trapezoid is the average of the
bases times the height:

base
leg leg
base
by
h A:(bﬁbz)h
2
b,

The volume of arectangular solid (a box) is the product of the length, width, and height. The surface

areais the sum of the area of the six faces:

w

V=l-w-h
S=2wl +2hl + 2wh

If the length, width, and height of a rectangular solid (a box) are the same, it isacube. Itsvolumeis
the cube of one of its sides, and its surface areais the sum of the areas of the six faces:

X

V=x3

S=6x°

The volume of a cylinder is V = arh, and the lateral surface (excluding the top and bottom) is

S=2arh, wherer istheradius and h is the height:

V =nr’h
S=2nrh+ 2nr?
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66.

67.

68.

69.

70.

71.

72.

73.

A line segment form the circle to its center isaradius.

A line segment with both end points on acircleisachord. chord

A chord passing though the center of acircle isadiameter.

A diameter can be viewed as two radii, and hence a diameter’s diameter

length istwice that of aradius.

A line passing through two points on acircle is a secant. {— ac

A piece of the circumferenceisan arc.
The area bounded by the circumference and an angle with vertex \
at the center of the circleis a sector.
secant

A tangent line to a circle intersects the circle at only one point.
The radius of the circle is perpendicular to the tangent line at the
point of tangency:

Two tangents to a circle from a common
exterior point of the circle are congruent: A AB=AC

An angleinscribed in asemicircleisaright angle: @

A central angle has by definition the same measure as its intercepted arc.

A

60°

An inscribed angle has one-half the measure of its intercepted arc.

600
The area of acircleis ar? , and its circumference A= a1

(perimeter) is 2ar, wherer istheradius: C =2

To find the area of the shaded region of a figure, subtract the area of the unshaded region from the
area of the entire figure.
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74.

When drawing geometric figures, don’'t forget extreme cases.

Miscellaneous

75.

76.

7.

78.

79.

80.

81.

82.

83.

85.

86.

87.

88.

B ZGMATY

To compare two fractions, cross-multiply. The larger product will be on the same side as the larger
fraction.

Taking the square root of afraction between 0 and 1 makesit larger.

Caution: Thisisnot true for fractions greater than 1. For example, \/g = g But g < %

Squaring a fraction between 0 and 1 makes it smaller.

ax?=(ax)?.  Infact, a2x%=(ax)’.

e
% o T3]
—(a+b)#—-a+b. Infact, (a+ b)=—a-b.

increase

percentage increase = ———————
original amount

Systems of simultaneous equations can most often be solved by merely adding or subtracting the
equations.

When counting elements that are in overlapping sets, the total number will equal the number in one
group plus the number in the other group minus the number common to both groups.

The number of integers between two integers inclusive is one more than their difference.

Substltutlon (Special Cases):
Ina problem with two variables, say, x andy, you must check the case in whichx =y. (This
often gives a double case.)

B. When you are given that x < 0, you must plug in negative whole numbers, negative fractions,
and —1. (Choose the numbers -1, -2, and -1/2, in that order.)

C. Sometimes you have to plug in the first three numbers (but never more than three) from a class
of numbers.

Elimination strategies:

On hard problems, if you are asked to find the least (or greatest) number, then eliminate the least
(or greatest) answer-choice.

On hard problems, eliminate the answer-choice “not enough information.”

On hard problems, eliminate answer-choices that merely repeat numbers from the problem.

On hard problems, eliminate answer-choices that can be derived from elementary operations.
After you have eliminated as many answer-choices as you can, choose from the more
complicated or more unusual answer-choices remaining.

moow »

To solve afractional equation, multiply both sides by the LCD (lowest common denominator) to clear
fractions.

Y ou can cancel only over multiplication, not over addition or subtraction. For example, the ¢'sin the
. C+X
expression = cannot be canceled.
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89.

90.

91.

92.

93.
94.

95.

Often you can solve a system of two equations in two unknowns by merely adding or subtracting the
equations.

sum
The average of N numbersistheir sum divided by N, that is, average = N

Weighted average: The average between two sets of numbersis closer to the set with more numbers.

Total Distance

A eed = -
verage p Total Time

Distance = Rate x Time

Work = Rate x Time, or W=R x T. The amount of work done isusually 1 unit. Hence, the formula
. . . 1
becomes1=Rx T. Solving thisfor Rgives R= T

Interest = Amount x Time x Rate
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Part Four

Diagnostic/
Review Test

This diagnostic test appears at the end of the book because it is probably best for you to use it as areview
test. Unlessyour math skills are very strong, you should thoroughly study every math chapter. Afterwards,
you can use this diagnostic/review test to determine which chapters you need to work on more. If you do
not have much time to study, this test can also be used to concentrate your studies on your weakest areas.
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If 3x+9=15,thenx+2=

(A)
(B)
(©)
(D)
(E)

OOk, WN

a2

If a=3b, h%2 = 2¢, 9c=d, then F:

(A) 12
(B) 2
(C) 10/3
(D) 5
(B 6

a+b+c/2=60
—-a-b+c¢/2=-10
In the system of equations above, what is the
valueof b ?

(A) 8
(B) 20
(C) 35
(D) 50
(E) Not enough information to decide.

3-(22-2[3-16+2]) =

(A) -15
(B) 5
© 1
(D) 2
(E) 30
X=2)(x+4) -(x-3)(x-1) =0
(A) 5
B) -1
© o
(D) 12
(E) 1le

_24_ (X2 _]_)2 =

(A) ~x*+2x? +15
B) —x*-2x?+17
(B)

© -x*+2x*-17
D) -x*+2x*-15
(

E) -x*+2x*+17
(

The smallest prime number greater than 48
is

(A) 49

(B) 50

(© 51

(D) 52

(E) 53

10.

11

12.

13.

If a, b, and ¢ are consecutive integers and
a<b<c, which of the following must be
true?

(A) b? isaprime number
® 2Cop

2
(C) a+biseven

(D) %isaninteger
(E) c—a=b

\(42-6)(20+16) =

(A) 2
(B) 20
(C) 28
(D) 30
(E) 36

(+) =
(A) 24x
(B) 4x+2
(C) 22x+2
(D) 4%
(E) 22x2

If 8"°=27, thenz=

(A) 10
(B) 13
(C) 19
(D) 26
(E) 39

1/2 of 0.2 percent equals

(A) 1

(B) 0.1
(C) 0.01
(D) 0.001
(E) 0.0001

(A) 1
(B) 1/2
(©) 2
(D) 3
(E) 4
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14. If x+y =k, then 3% + 6xy + 3y’ = 19. A unit square is circumscribed about a
circle. If the circumference of the circle is

(A) k | "
(B) 3k g, what isthe value of g~
(C) 6k (A) 1
(D) K (B) 2
(E) 3K C =
(D) 27
(E) Sz
15. 8¢ —18=
(A) 8(¥-2)
(B) 2(2x+ 3)(2x-3) 9
(C) 2(4x+ 3)(4x-3)
(D) 2(2x+ 9)(2x—9)
(E) 2(4x+3)(x—3) 15
20. What isthe area of the triangle above?
16. For which values of x is the following (A) 20
inequality true: ¥ < 2x. (B) 24
(A) x<0 8 >
(B) 0<x<2 (E) 64
(C) —2<x<2
(D) x<2
(B) x>2 21. If the average of 2xand 4xis 12, then x=
(A) 1
17. If xisan integer and y = —3x + 7, what is the (B) 2
least value of x for which y is less than 1? © 3
(D) 4
(A) 1 (E) 24
(B) 2
© 3
(D) 4 22. The average of x, y, and z is 8 and the aver-
(B) 5 ageof yand zis4. What isthe value of x?
(A) 4
B (B) 9
(C 16
(D) 20
4 (E) 24
23. If the ratio of two numbers is 6 and their
A I sum is 21, what is the value of the larger
_ number?
Note, figure not drawn to scale A) 1
18. Inthefigure above, triangle ABC is isosceles (B) 5
with base AC. If x=60", then AC = () 12
(D) 17
A) 2
EB; 2 (E) 18
© 4
(E) ];}4/_3 24. What percent of 3xis 6y if x = 4y?
® 30 (A) 50%
(B) 40%
(C) 30%
(D) 20%
(E) 18%
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25.

26.

27.

If y= 3, then the value of 10% of yis

(A) .003x
(B) .3x
(C) 3x
(D) 30x
(E) 300x

How many ounces of water must be added to
a 30-ounce solution that is 40 percent
alcohol to dilute the solution to 25 percent
alcohol ?

(A) 9
(B) 10
(C) 15
(D) 16
(E) 18

What is the value of the 201% term of a
sequence if the first term of the sequence is
2 and each successive term is 4 more than
the term immediately preceding it?

(A) 798
(B) 800
(C) 802
(D) 804
(E) 806

28. A particular carmaker sells four models of

29.

30.

cars, and each model comes with 5 options.
How many different types of cars does the
carmaker sell?

(A) 15
(B) 16
(C) 17
(D) 18
(E) 20

Definea @ btobe & — 1. What isthe value
of x@17?

(A) O

(B) &

€ x*-1

(D) x*+1

B 2

Define the symbol * by the following equa-
tion: x* = 1 —x, for al non-negative x. If

((1— X) *)* =(1-X)*, thenx =

(A) 12
(B) 3/4
© 1
(D) 2
B 3
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1. Dividing both sides of the equation by 3 yields
Xx+3=5

Subtracting 1 from both sides of this equation (because we are looking for x + 2) yields
X+2=4

The answer is (C).

= sincea=3band9c=d

—= since b? = 2¢

The answer is (B).

3. Merely adding the two equations yields
c=50
Next, multiplying the bottom equation by —1 and then adding the equations yields
a+b+c/2=60

(+) a+b-d2=10
2a+2b=70

Dividing this equation by 2 yields
a+b=35

This equation does not allow us to determine the value of b. For example, if a = 0, then b = 35. Now
suppose, is a = —15, then b = 50. This is a double case and therefore the answer is (E), not enough
information to decide.

4.

3- (23 —-2[3-16+2)) = Within the innermost parentheses, division is performed before subtraction:

3-(2°-2[3-9)) =

3-(2°-2[-5) =

3-(8-2-5)) =

3-(8+10)=

3-18=

-15

The answer is (A).
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5. Multiplying (using foil multiplication) both termsin the expression yields
X +4x—2x—8— (¢ —x—3x+3)=0

(Notice that parentheses are used in the second expansion but not in the first. Parentheses must be used in
the second expansion because the negative sign must be distributed to every term within the parentheses.)

Combining like termsyields
X +2x—8— (€ —4x+3)=0
Distributing the negative sign to every term within the parentheses yields
X +2x—8-X +4x—-3=0
(Note, although distributing the negative sign over the parentheses is an elementary operation, many, if not
most, students will apply the negative sign to only the first term:
¢ —4x+3

The writers of the test are aware of this common mistake and structure the test so that there are many
opportunities to make this mistake.)

Grouping like terms together yields
(@ —x) +(2x+4x)+(-8-3)=0
Combining the like terms yields
6x—-11=0
6x=11
x=11/6

The answer is (E).

6. 24— -17°=
16 -[(X®)?-2¢ +1] =
“16-[¥-2¢ +1] =
16X +2¢-1=
X+ 22 -17

The answer is (C).

Notice that —24 = —16, not 16. This is one of the most common mistakes on the test. To see why —2* =
—16 more clearly, rewrite —2* asfollows:

-2t = (-2

In thisform, it is clearer that the exponent, 4, applies only to the number 2, not to the number —1. So
24 =(-1)2* = (-1)16 = -16.
To make the answer positive 16, the —2 could be placed in parentheses:

(2)*=[(-1)2]* = (-1)* 2* = (+1)16 =16

7. Since the question asks for the smallest prime greater then 48, we start with the smallest answer-choice.
Now, 49 isnot prime since 49 = 7-7. Next, 50 isnot primesince 50 =5-10. Next, 51 isnot prime since
51=3-17. Next, 52 isnot primesince 52 =2-26. Finaly, 53 isprimesinceit isdivisible by only itself
and 1. Theanswer is (E).

Note, an integer is prime if it greater than 1 and divisible by only itself and 1. The number 2 is the
smallest prime (and the only even prime) because the only integers that divide into it evenly are 1 and 2.
The number 3 isthe next larger prime. The number 4 is not prime because 4 = 2-2. Following isapartia
list of the prime numbers. Y ou should memorize it.

2,3,57,11,13,17,19, 23,29, 31, . . .
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8. Recdll that an integer isprimeif it isdivisible by only itself and 1. In other words, an integer is prime if
it cannot be written as a product of two other integers, other than itself and 1. Now, b? = bb. Since b? can
be written as a product of b andb, it isnot prime. Statement (A) isfalse.

Turning to Choice (B), since a, b, and c are consecutive integers, in that order,b is one unit larger
thana: b=a+ 1, and cisoneunit larger thanb: c=b+1=(a+ 1) + 1=a+ 2. Now, plugging this infor-

L . a+tc .
mation into the expression > yields

The answer is (B).

Regarding the other answer-choices, Choice (C) is true in some cases and false in others. To show
that it can be false, let’s plug in some numbers satisfying the given conditions. How abouta=1andb=2.
Inthiscase, a+b =1+ 2 =3, whichisodd, not even. This eliminates Choice (C). Notice that to show a
statement is false, we need only find one exception. However, to show a statement is true by plugging in
numbers, you usually have to plug in more than one set of numbers because the statement may be true for
one set of numbers but not for another set. We'll discussin detail later the conditions under which you can
say that a statement is true by plugging in numbers.

Choice (D) is not necessarily true. For instance, leta=1andb =2. Then % = % :é,which is
not an integer. This eliminates Choice (D).

Finally, c —a=bisnot necessarily true. For instance, leta=2,b=3,andc=4. Thenc-a=4-2=
2 # 3. Thiseiminates Choice (E).

. (42-6)(20+16) =
(36)(3) -
/36+/36 = fromtherule 4/xy = /x4fy
6-6=
36
The answer is (E).
10. () =
2x a\P ab
47 = bytherule(x ) =X
(22)2x = by replacing 4 with 22
(2)* by the rule (xa)b =x2°

The answer is (A). Note, thisis considered to be a hard problem.
As to the other answer-choices, Choice (B) wrongly adds the exponentsx and 2. The exponents are
added when the same bases are multiplied:

a‘a¥ =a*"Y
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For example: 2°22 = 232 = 2° =32 Be careful not to multiply unlike bases. For example, do not add
exponents in the following expression: 242, The exponents cannot be added here because the bases, 2 and
4, are not the same.

Choice (C), first changes 4 into 22, and then correctly multiplies 2 and x: (Zz)x =2 However, it

2
then errsin adding 2xand 2: (ZZX) = 22X2,

Choice (D) wrongly squares the x. When a power is raised to another power, the powers are
multiplied:
b
(Xa) :Xab

2
so (4*) = 42,
Choice (E) makes the same mistake asin Choice (D).

11. The number 8 can be written as 2°. Plugging thisinto the equation gt3=27 yields
13
(2=
. a b ab .
Applying therule (x ) =x""yields
239 - 22
Since the bases are the same, the exponents must be the same. Hence, z = 39, and the answer is (E).
12. Recall that percent means to divide by 100. So .2 percent equals .2/100 = .002. (Recall that the

decimal point is moved to the |eft one space for each zero in the denominator.) Now, asadecimal 1/2 = .5.
In percent problems, “of” means multiplication. So multiplying .5 and .002 yields

.002
x .5
.001
Hence, the answer is (D).
13 =
. 1 +1
3
4 _ . .
13- by creating a common denominator of 3
4+ -
3 3
4 .
1+3
3
4
7 =
3
4 ; = Recall: “to divide” means to invert and multiply
3 by canceling the 4's

Hence, the answer is (D).

14, 3% + 6xy + 3y’ =

3¢ +2xy + yP) = by factoring out the common factor 3
3(x+y)P = by the perfect square trinomial formulaxX + 2xy + y? = (X + y)
3K

Hence, the answer is (E).
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15. 8¢ —18 =
2(4% -9) = by the distributive property ax + ay = a(x + )
2(22¢ -3%) =
2([2* -3 =
2(2x+ 3)(2x—13) by the difference of squares formulax? —y? = (X + y)(x—Y)
The answer is (B).

It is common for students to wrongly apply the difference of squares formulato a perfect square:

(X=yF # (x+Y)(x=Y)
The correct formulas follow. Notice that the first formula is the square of a difference, and the second
formulais the difference of two squares.

Perfect square trinomial: (X—yP =X —2xy +y?
Difference of squares: X -y = (X+Yy)(X—Y)
It isalso common for studentsto wrongly distribute the 2 in a perfect square:

(c=yP % R —y?

Note, there is no factoring formula for a sum of squares: x* + y2. It cannot be factored.

16. First, replace the inequality symbol with an equal symbol: X2 = 2x
Subtracting 2x from both sides yields X —-2x=0
Factoring by the distributive rule yields Xx—2)=0
Setting each factor to 0 yields x=0andx—-2=0
Or x=0andx=2

Now, the only numbers at which the expression can change sign are 0 and 2. So 0 and 2 divide the number
lineinto threeintervals. Let's set up anumber line and choose test pointsin each interval:

>

Interval | Interval 1 Interval 11

@ o @ 20

When x = -1, X < 2x becomes 1 < —2. Thisisfase. Hence, no numbersin Interval | satisfy the inequality.
Whenx = 1, X2 < 2x becomes 1 < 2. Thisistrue. Hence, all numbersin Interval 11 satisfy the inequality.
That is, 0 < x < 2. When x= 3, x? < 2x becomes 9 < 6. Thisisfase. Hence, no numbersin Interval 11|
satisfy theinequality. The answer is(B). The graph of the solution follows:

© =)
N =)

0 2

17. Sinceyistobelessthan 1 andy =-3x + 7, we get

3x+7<1
-3x<-6 by subtracting 7 from both sides of the inequality
X>2 by dividing both sides of the inequality by —3

(Note that the inequality changes direction when we divide both sides by a negative number. Thisis also
the case if you multiply both sides of an inequality by a negative number.)

Since x isan integer and isto be as small as possible, x = 3. The answer is (C).

HZOMATE EHE i) : http://manfen. net/thread-7582-1-1. html



526 GMAT Math Bible W4y M (www. manfen. net)

18. Since the triangle is isosceles, with base AC, the base angles are congruent (equal). That is, A=C.
Since the angle sum of atriangle is 180, we get

A+C+x=180
Replacing C with A and x with 60 gives

A+A+60=180
A+A+60=180
2A+60=180
2A =120
A=60

Hence, the triangle is equilateral (all three sides are congruent). Since we are given that side AB has length
4, side AC also haslength 4. The answer is(C).

19. Since the unit square is circumscribed about the circle, the diameter of the circleis 1 and the radius of
thecircleisr =d/2 =1/2. Thisisillustrated in the following figure:

i
_

Now, the circumference of a circleis given by the formula 2zr. For this circle the formula becomes
2nr = 27(1/2) = 1. We are told that the circumference of the circle isqm. Setting these two expressions
equal yields

12

T=qr
Dividing both sides of this equation by sz yields

1=q
The answer is (A).

20. Let xbe the unknown side of the triangle. Applying the Pythagorean Theorem yields

9%+ x* =15

81+ x* =225 by squaring the terms

X2 =144 by subtracting 81 from both sides of the equation

x = ++/144 by taking the square root of both sides of the equation
x=12 since we are looking for alength, we take the positive root

1 1
In aright triangle, the legs are the base and the height of the triangle. Hence, A= Ebh = 5-9-12= 54.

The answer is (D).

21. Since the average of 2xand 4xis 12, we get
2X+ 4xX

2

6X

—=12
2

3Xx=12
X=4

The answer is (D).
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22. Recall that the average of N numbersistheir sum divided by N. That is, average = sum/N. Since the
average of x, y, and zis 8 and the average of yand zis 4, this formulayields
X+ty+z

=8
Y*z_,
2
Solving the bottom equation for y + z yieldsy + z= 8. Plugging this into the top equation gives
X+8
— =8
3
X+8=24
X=16

The answer is (C).

23. Let the two numbers be xandy. Now, aratio is simply afraction. Forming the fraction yields x/y = 6,
and forming the sum yields x + y = 21. Solving the first equation for x yieldsx = 6y. Plugging thisinto the
second equation yields
by+y=21
Ty=21
y=3
Plugging this into the equation x= 6y yields
x=6(3) =18
The answer is (E).

24. Let 2% represent the unknown percent. Now, when solving percent problems, “of” means times.
Trandating the statement “What percent of 3x is 6y” into an equation yields

2%(3x) = 6y
Substituting x = 4y into this equation yields
Z%(3-4y) = 6y
2%(12y) = 6y
%= by
12y
2% = 1/2 = .50 = 50%

The answer is (A).

25. The percent symbol, %, means to divide by 100. So 10% = 10/100 = .10. Hence, the expression 10%
of y tranlsatesinto .10y. Sincey = 3x, this becomes .10y = .10(3x) = .30x. The answer is (B).

26. Letx bethe amount of water added. Since there is no alcohol in the water, the percent of alcohol in the
water is 0%x. The amount of alcohol in the original solution is 40%(30), and the amount of acohol in the
final solution will be 25%(30 + x). Now, the concentration of alcohol in the original solution plus the
concentration of alcohol in the added solution (water) must equal the concentration of alcohol in the result-
ing solution:
40%(30) + 0%x = 25%(30 + X)
Multiplying this equation by 100 to clear the percent symbol yields
40(30) + 0=25(30 + X)
1200 = 750 + 25x
450 = 25x
18=x

The answer is (E).
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27. Except for the first term, each term of the sequence is found by adding 4 to the term immediately
preceding it. In other words, we are simply adding 4 to the sequence 200 times. Thisyields

4- 200 =800
Adding the 2 in the first term gives 800 + 2 = 802. The answer is (C).

We can also solve this problem formally. The first term of the sequence is 2, and since each
successive term is 4 more than the term immediately preceding it, the second term is 2 + 4, and the third
termis (2 + 4) + 4, and the fourthterm is[(2 + 4) + 4] + 4, etc. Regrouping yields (note that we rewrite the
firsttermas2 + 4(0). You'll see why in amoment.)

2+4(0), 2+ 4(1), 2+ 4(2), 2+ 4(3), . . .

Notice that the number within each pair of parenthesesis 1 less than the numerical order of the term. For
instance, thefirst term has a 0 within the parentheses, the second term has a 1 within the parentheses, etc.
Hence, the n'" term of the sequenceis

2+4(n-1)

Using this formula, the 201% term is 2 + 4(201 — 1) = 2 + 4(200) = 2 + 800 = 802.
28. For the first model, there are 5 options. So there are 5 different types of cars in this model. For the
second model, there are the same number of different types of cars. Likewise, for the other two types of
models. Hence, thereare5 + 5+ 5+ 5 = 20 different types of cars. The answer is (E).
This problem illustrates the Fundamental Principle of Counting:

If an event occurs mtimes, and each of the m eventsis followed by a second event which

occurs k times, then the first event follows the second event m - k times.

29. Thisis considered to be a hard problem. However, it is actualy quite easy. By the definition given,
the function @ merely cubes the term on the left and then subtracts 1 from it (the value of the term on the
right isirrelevant). Theterm ontheleftisx. Hence, x@ 1 = x® — 1, and the answer is (C).

30. (@=x)*) = (1-x)*

() = (1-x)*

1-x=1-(1-x)

1-x=1-1+x

1-x=x

1=

V2=x
The answer is (A).

Study Plan

Use the list below to review the appropriate chapters for any questions you missed.
Equations: Page 202 Factoring: Page 246 Per cents. Page 258
Questions: 1, 2, 3 Questions: 14, 15 Questions: 24, 25
Algebraic Expressions: Page251  Inequalities: Page 185 Word Problems: Page 299
Questions: 4, 5, 6 Questions: 16, 17 Question: 26
Number Theory: Page 30 Geometry: Page 46 Sequences & Series: Page 315
Questions:. 7, 8 Questions: 18, 19, 20 Question: 27
Exponents & Roots. Page 234 Averages. Page 213 Counting: Page 322
Questions: 9, 10, 11 Questions: 21, 22 Question: 28
Fractions & Decimals: Page 193  Ratio & Proportion: Page 221 Defined Functions: Page 23
Questions: 12, 13 Question: 23 Questions: 29, 30
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